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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 49 |. This is test number [ 193 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (49 ) | 0.00 (0)
Mathematica | 97.96 (48 ) | 2.04 (1)
Maple 97.96 (48) | 2.04 (1)
Maxima 59.18 (29 ) | 40.82 (20)
Fricas 34.69 (17) | 65.31 (32)
Mupad | 34.60 (17) | 65.31 (32)
Giac 34.69 (17) | 65.31(32)
Sympy | 20.41 (10) | 79.59 ( 39)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 73.47 0.00 24.49 2.04
Maple 57.14 24.49 16.33 2.04
Maxima, 40.82 18.37 0.00 40.82
Giac 20.41 14.29 0.00 65.31
Fricas 8.16 20.41 6.12 65.31
Mupad N/A 30.61 0.00 65.31
Sympy 4.08 16.33 0.00 79.59

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 1 100.00 % 0.00 % 0.00 %
Maple 1 100.00 % 0.00 % 0.00 %
Fricas 32 100.00 % 0.00 % 0.00 %
Giac 32 100.00 % 0.00 % 0.00 %
Maxima 20 100.00 % 0.00 % 0.00 %
Sympy 39 66.67 % 33.33 % 0.00 %
Mupad 32 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.31 270.80 0.98 192.00 1.00
Mathematica | 4.67 348.40 1.43 273.00 1.08
Maple 2.21 2051.25 4.52 327.50 1.58
Maxima 0.37 234.34 1.37 208.00 1.33
Fricas 6.98 8906.29 29.08 975.00 6.25
Sympy 3.35 2278.60 14.61 721.50 6.93
Giac 3.73 500.59 3.29 279.00 1.60
Mupad 1.85 592.82 2.70 309.00 2.07

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.



10

Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

(30,31
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {[18[21][22]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: {@p@m@ , 12}[13} [14} 15} 16} [L7} 18} [19] [24[25,26, 27
[B71[38} (39 0L 41} |42, 43} [44} |45 46,

B grade: { }
C grade: { }
F grade: { }

E
3y
B
— g

2.1.2 Mathematica

A gvacte: { 1,258,675 B0} 11 15 16} 7 25) 24 25 27 25 29, 50,51 52 53,55 B, 57 B8
50, 40|12 43,5 47} 48, 49

B grade: { }

C grade: { 5121318 519, 23, 22,26, B A 6
F grade: {20 }

2.1.3 Maple
g@d}e: { HBL[6,[7BL[14} 21} 22} 23} 24} 25, [26} 27} [28),[30} BT} 32} 33} 35} [36} 37} [38} [44} 45} 46} (47}

B grade: { [T} [21[3} 9 L0} [L1} [L3} 39} 40} (AT} {42, [43] }
C grade: { [12}[15][161[17,[18|[19,[20,[34] }
F grade: {29 }

2.1.4 Maxima

A grade: { [23,4)[6, 78} 23} 24} [25}[27 [28) [30} 31} 32} 33} [35}[36} 37, 38} 39 }
B grade: { [1}[0}[10}[11}[22} 40} 41 (42, 43] }

C grade: { }

P grade: { 123,45 6, 7[5 0 20L 2, 26, 295 15 i A 9 )
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2.1.5 FriCAS

A grade: { [4[2580,31 }
B grade: { [1}[2},3,[6},[7,8,23} 24} 27} [28] }
C grade: { }

F grade: { 5}[9}[10}[11}[12}[13}[14[15} 16} [L7}[18} 19} [20}[21} [22} 26} 29} 34} 36} 37} 38} 3% 40} A1, |42}
M3l [A4 {45, 46} 47, 48} 49 }

2.1.6 Sympy

A grade: {[4}[25] }
B grade: { [1,[2,3}[6}[7}/8 23,24 }
C grade: { }

P grade: { )50} L1} L3[4 [5) 6 [7 [ 19) 20, 2 22, 26) 27 25 29, 50} B B B3, B 5
156, 5758 30, A0, 1 42} A3, ) Sy A6 A A 9 )

2.1.7 Giac

A grade: { [23)[24[25] 27 [28, 30} 31} [32},33}35] }
B grade: { [L2[3, {46718 }

C grade: { }
F grade: { 5}[0}10}[11}[12}[13}[14 15} 16} 17} 18} 19} [20}[21} [22} [26} [29} 34} 36} 37} 38} 39} A0} A 1} 42}
3,44 [45] 46} (47, 48} 49 }

2.1.8 Mupad

A grade: { }
B grade: { [1}2,8}[4,6} 7} 8} 23} 24,25} 27, [28, [32, [33} 5] }

C grade: { }

F grade: { 51[9}[10}[11}[12}[13}[14[15} 16} 17} 18} 19} [20}[21} [22} 26} 29} 34} 36} 37} 38} 3% 40} A 1} 42}
A3 [A4 |45, 46} 47, 48} 49 }

N
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A B B B B B B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 149 149 274 353 269 975 381 1576 272
N.S. 1 1.00 1.84 2.37 1.81 6.54 2.56 10.58 1.83

time (sec) N/A 0.107 0.085 0.148 0.258 0.387 0531 0.434 1.696

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 125 125 205 280 207 594 279 970 197
N.S. 1 1.00 1.64 2.24 1.66 4.75 2.23 7.76 1.58
time (sec) N/A 0.1056 0.063 0.142 0.262 0.451 0.402 0.420 1.150

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 129 204 137 316 178 532 127
N.S. 1 1.00 1.34 2.12 1.43 3.29 1.85 5.54 1.32

time (sec) N/A 0.087 0.049 0.141 0.261 0.388  0.306 0.440 0.941
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 96 99 85 137 92 245 67
N.S. 1 1.00 1.14 1.18 1.01 1.63 1.10 2.92 0.80
time (sec) N/A 0.057 0.011 0.089 0.267 0.382 0.220 0.418 0.827
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 257 158 0 0 0 0 -1
N.S. 1 1.00 2.25 1.39 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.057 0.239 0.753 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 102 128 99 393 690 243 115
N.S. 1 1.00 1.10 1.38 1.06 4.23 7.42 2.61 1.24
time (sec) N/A 0.048 0.099 0.151 0.335 0.467 1271 0415 3.596
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 133 158 184 1555 3216 809 427
N.S. 1 1.00 1.02 1.22 1.42 11.96 24.74 6.22 3.28
time (sec) N/A 0.100 0.101 0.188 0.268  0.468 3.257 0.423 3.998
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 175 175 173 227 322 4030 10946 1792 418
N.S. 1 1.00 0.99 1.30 1.84 23.03 62.55 10.24 2.39
time (sec) N/A 0.140 0.186 0.215 0.269 0.635 5.318 0.435 2.295
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 359 359 506 1373 808 0 0 0 -1
N.S. 1 1.00 1.41 3.82 2.25 0.00 0.00 0.00 -0.00
time (sec) N/A 0.384 0.637 0.376 0.429  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 257 257 319 1011 548 0 0 0 -1
N.S. 1 1.00 1.24 3.93 2.13 0.00 0.00 0.00  -0.00
time (sec) N/A 0.281 0.431 0.348 0.420  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 160 160 174 442 329 0 0 0 -1
N.S. 1 1.00 1.09 2.76 2.06 0.00 0.00 0.00 -0.01
time (sec) N/A 0.208 0.257 0.281 0.407  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 188 188 938 1197 0 0 0 0 -1
N.S. 1 1.00  4.99 6.37 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.034 10.586 5.763 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 321 321 317 649 0 0 0 0 -1
N.S. 1 1.00 0.99 2.02 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.226 3.571 1.234 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 480 480 470 828 0 0 0 0 -1
N.S. 1 1.00 0.98 1.72 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.363 6.002 1.355 0.000 0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 614 614 830 6004 0 0 0 0 -1
N.S. 1 1.00 1.35 9.78 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.965 1.399 27.531  0.000 0.000  0.000 0.000 0.000

Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 387 387 591 4520 0 0 0 0 -1
N.S. 1 1.00 1.53 11.68 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.552 1.285 16.236 0.000  0.000 0.000 0.000 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 244 244 331 12134 0 0 0 0 -1
N.S. 1 1.00 136 49.73 0.00 0.00 0.00 0.00  -0.00

time (sec) N/A 0.425 0.437 6.658 0.000 0.000 0.000 0.000 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 272 272 2179 2415 0 0 0 0 -1
N.S. 1 1.00 8.01 8.88 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.042 31.923 11.467  0.000 0.000  0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 517 517 990 3591 0 0 0 0 -1
N.S. 1 1.00 1.91 6.95 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.377 11.584 8.039 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 953 953 0 53542 0 0 0 0 -1
N.S. 1 1.00 0.00 56.18 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.756 62.534 15.394  0.000 0.000  0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 67 109 240 101 0 0 0 0 -1
N.S. 1 1.63  3.58 1.51 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.052 0.180 0.264 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 88 108 272 127 144 0 0 0 -1
N.S. 1 1.23  3.09 1.44 1.64 0.00 0.00 0.00 -0.01
time (sec) N/A 0.050 0.066 0.184 0.459  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 182 182 254 276 238 1137 2786 227 823
N.S. 1 1.00 1.40 1.52 1.31 6.25 15.31 1.25 4.52
time (sec) N/A 0.200 0.340 0.348 0.471 0.404 8.669 7.829 2.045




28

Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 158 158 170 205 171 677 3465 171 309
N.S. 1 1.00 1.08 1.30 1.08 428 2193 1.08 1.96
time (sec) N/A 0.133 0.097 0.283 0.465 0.461 7.494 1.309 1.385
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 104 92 97 315 753 135 242
N.S. 1 1.00 0.89 0.79 0.83 2.69 6.44 1.15 2.07
time (sec) N/A 0.087 0.040 0.153 0.472 0.361 6.011 0.553 1.310
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 325 325 285 362 0 0 0 0 -1
N.S. 1 1.00 0.88 1.11 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.414 13.633 0.142 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 166 166 261 181 171 1762 0 269 727
N.S. 1 1.00 1.57 1.09 1.03 10.61  0.00 1.62 4.38
time (sec) N/A 0.199 0.239 0.334 0.461 2.568 0.000 0.447 2.598
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 226 226 379 310 300 8795 0 362 2016
N.S. 1 1.00 1.68 1.37 1.33 38.92 0.00 1.60 8.92
time (sec) N/A 0.261 0.456  0.342 0.480 19.412 0.000 22.470 5.280
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1085 1085 684 0 0 0 0 0 -1
N.S. 1 1.00 0.63 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.340 2.129 0.056 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.022 30.389 0.098 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.023 25.991 0.096 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 336 336 299 482 295 79566 0 346 1081
N.S. 1 1.00 0.89 1.43 0.88 236.80  0.00 1.03 3.22
time (sec) N/A 0.530 0.171  0.249 0.465 6.555 0.000 11.887 1.819
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 285 285 333 363 250 14519 0 279 621
N.S. 1 1.00 1.17 1.27 0.88 50.94  0.00 0.98 2.18
time (sec) N/A 0.310 0.069 0.145 0.471 1.294 0.000 1.086 1.033
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 523 523 515 182 0 0 0 0 -1
N.S. 1 1.00  0.98 0.35 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.711 69.941 0.177 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 414 414 534 591 393 36636 0 554 2638
N.S. 1 1.00 1.29 1.43 0.95 88.49 0.00 1.34 6.37
time (sec) N/A 0.522 0.378 0.299 0.468  84.382 0.000 14.891 1.405
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 195 195 160 277 246 0 0 0 -1
N.S. 1 1.00 0.82 1.42 1.26 0.00 0.00 0.00 -0.01
time (sec) N/A 0.418 0.479 0.456 0.411 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 160 160 130 244 208 0 0 0 -1
N.S. 1 1.00 0.81 1.52 1.30 0.00 0.00 0.00 -0.01
time (sec) N/A 0.301 0.291 0.424 0.394  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 96 211 166 0 0 0 -1
N.S. 1 1.00 0.80 1.76 1.38 0.00 0.00 0.00 -0.01
time (sec) N/A 0.187 0.141 0.362 0.401 0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 75 162 101 0 0 0 -1
N.S. 1 1.00 0.96 2.08 1.29 0.00 0.00 0.00 -0.01
time (sec) N/A 0.090 0.060 0.223 0.571 0.000  0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 72 217 159 0 0 0 -1
N.S. 1 1.00 1.04 3.14 2.30 0.00 0.00 0.00 -0.01
time (sec) N/A 0.184 0.079 0.252 0.373  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 118 278 248 0 0 0 -1
N.S. 1 1.00 1.01 2.38 2.12 0.00 0.00 0.00 -0.01
time (sec) N/A 0.270 0.222 0.260 0.409  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 158 311 291 0 0 0 -1
N.S. 1 1.00 1.01 1.98 1.85 0.00 0.00 0.00 -0.01
time (sec) N/A 0.342 0.387 0.271 0.415 0.000  0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 192 192 187 344 330 0 0 0 -1
N.S. 1 1.00 0.97 1.79 1.72 0.00 0.00 0.00 -0.01
time (sec) N/A 0.405 0.558 0.277 0.412 0.000  0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 460 460 558 706 0 0 0 0 -1
N.S. 1 1.00 1.21 1.53 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.576 2.659  0.648 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 374 374 337 589 0 0 0 0 -1
N.S. 1 1.00 0.90 1.57 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.366 1.027 0.638 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 318 318 432 505 0 0 0 0 -1
N.S. 1 1.00 1.36 1.59 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.230 1.481 0.559 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 358 358 302 540 0 0 0 0 -1
N.S. 1 1.00 0.84 1.51 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.435 0.826 0.645 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 413 413 360 683 0 0 0 0 -1
N.S. 1 1.00 0.87 1.65 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.534 1.129 0.671 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 506 506 394 808 0 0 0 0 -1
N.S. 1 1.00 0.78  1.60 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.638 1.829 0.649 0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

ﬂ%ﬁgﬁ;ﬁé glilzlgs is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [36] had the largest ratio of [26]

the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 6 4 1.00 16 0.250
2 A 6 4 1.00 16 0.250
3 A 6 4 1.00 16 0.250
4 A 6 4 1.00 14 0.286
5! A 4 4 1.00 16 0.250
6 A 6 4 1.00 16 0.250
7 A 4 3 1.00 16 0.188
3 A 4 3 1.00 16 0.188
9 A 19 14 1.00 18 0.778
10 A 15 12 1.00 18 0.667
11 A 12 9 1.00 16 0.562
12 A 1 1 1.00 18 0.056
13 A 12 6 1.00 18 0.333
14 A 18 10 1.00 18 0.556
15 A 29 15 1.00 18 0.833
16 A 20 13 1.00 18 0.722
17, A 14 10 1.00 16 0.625
18 A 1 1 1.00 18 0.056
19 A 1.00 18 0.389
20 A 21 11 1.00 18 0.611
21] A 4 4 1.63 17 0.235
22 A 4 4 1.23 15 0.267
23] A 13 10 1.00 18 0.556
24 A 11 9 1.00 18 0.500
25) A 10 8 1.00 16 0.500
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 19 8 1.00 18 0.444
27 A 9 6 1.00 18 0.333
28 A 9 6 1.00 18 0.333
29 A 7 24 1.00 18 1.333
30 A 0 0 0.00 0 0.000
31 A 0 0 0.00 0 0.000
32 A 24 14 1.00 18 0.778
33 A 22 12 1.00 16 0.750
34 A 25 8 1.00 18 0.444
35 A 19 11 1.00 18 0.611
36 A 19 10 1.00 26 0.385
37 A 14 10 1.00 26 0.385
38 A 9 9 1.00 24 0.375
39 A 5 5 1.00 23 0.217
40j A 5 7 1.00 26 0.269
41 A 9 9 1.00 26 0.346
42 A 14 9 1.00 26 0.346
43 A 20 9 1.00 26 0.346
44 A 20 11 1.00 23 0.478
45 A 15 10 1.00 21 0.476
46 A 11 6 1.00 20 0.300
47 A 15 11 1.00 23 0.478
48 A 19 13 1.00 23 0.565
49 A 24 13 1.00 23 0.565
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3.1 [(d+ ex)* (a+btanh~'(cz)) dz

Optimal. Leaf size=149

bde(22d% + )z be2(10c2d? + €2) ®  bdedz® be'z! (d+ex)® (a+btanh™'(cz)) b(cd + e)®log(l —.
+ + + +
c3 10¢3 3c 20c Se 10c%e

[Out] bxdxe*(2%xc~2*d"2+e~2) *x/c”3+1/10%b*e~2% (10*c~2*xd~2+e~2) *x~2/c~3+1/3*b*d*e”3
*x~3/c+1/20%bxe~4xx~4/c+1/5*% (exx+d) “5* (at+tb*arctanh(c*x))/e+1/10%b* (c*d+e) "5
*1n(-c*x+1)/c"5/e-1/10*b* (c*xd-e) “5*1n(c*x+1) /c"5/e

Rubi [A]
time = 0.11, antiderivative size = 149, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.250
integrand size ’

steps used = 6, number of rules used = 4, integrand size = 16,
Rules used = {6063, 716, 647, 31}

(d+ez)® (a+btanh™(cz))  b(cd — €)log(cx + 1) N b(cd + €)®log(l —cx)  be’x?(10cd® + €?)  bdex(2c*d® +€?)  bde’z®  belz*

5e 10cbe 10cbe + 10c3 + c + 3c + 20c

Antiderivative was successfully verified.
[In] Int[(d + e*x)~4*(a + b*ArcTanh[c*x]),x]

[Out] (bxd*xe*(2*%c™2*xd"2 + e72)*x)/c”3 + (b*xe"2*%(10*%c™2*xd"2 + e72)*x”2)/(10%c~3) +
(bxd*e~3*x~3)/(3*c) + (bxe~4*x~4)/(20*%c) + ((d + e*x) 5*(a + bkArcTanh[c*x

1))/(5%e) + (bx(c*d + e)~5*Logl[l - c*x])/(10%c"5*e) - (bx(c*d - e) 5*Logl1

+ c*x])/(10%c"5%e)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 647

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)~"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + c*x(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*cl

Rule 716

Int[((d_) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
x(c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQl{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rubi steps

d 5 bt h—l be (d+ex)® dr
/(d+ex)4 (a + btanh~*(cz)) dz = (d+ex)’ (a+btanh™'(cz))  (bc) [ e

oe oe
5de? (2c%d?+€2 €3 (10c2d?+e?)z

_ (d+ex)® (a+ btanh™'(cz)) (be) [ (‘ ( o b=l A =
B oe
_ bde(2¢d* + €?) x N be?(10c?d? + €*) 2 bdedx? N betzt N (d + ex)®
B c3 10¢3 3c 20c

bde(2c?d? + e?)x  be?(10cd® + e?)2®  bde®z®  be'z*  (d+ ex)®
B c * 10c3 T Toe T

bde(2c?d? + e?)x  be?(10cd® + e?)2?  bde®z®  belz*  (d+ex)®
= + + + 2y

c3 10¢3 3c 20c

Mathematica [A]
time = 0.09, size = 274, normalized size = 1.84

60c%d(acd® + be(2%d” + %))  + Bc’e(20ac’d® + be(106%d? + %)) a* + 20c*de? (Bacd + be)a® + 3ce®(20acd + be)a* + 12ac%e’z’ + 12bc°x(5d* + 104z + 104°€%s? + 5de’s” + e'a*) tanh " (cx) + 6b(5c'd* + 10°d%e + 10cd%e? + Sede® + e*) log(1 — ex) + 6b(5c'd? — 10c%d% + 10d%€? — Bede® + ') log(1 + ez)
60"

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~4*(a + bxArcTanh[c*x]),x]

[Out] (60*c™2*d*(a*xc™3*d"3 + bxex(2*%c™2*%d"2 + e72))*x + 6*c 2%ex(20*a*c”™3*d"3 + b
*ex (10*c™2+%d"2 + e72))*x"2 + 20*c"4xd*e 2% (6*a*xcxd + b*e)*x~3 + 3kc"4*e” 3% (
20%axcxd + bxe)*x~4 + 12%a*xc”5*%e”4*x"5 + 12%bxc~Hxx*(5%d~4 + 10%d"3*e*xx + 1
0*d~2*e”2*x"2 + bxd*e~3*%x"3 + e"4*x"4)*ArcTanh[c*x] + 6*b*(5%c”™4*d"4 + 10*c
“3xd"3%e + 10%c"2xd"2%e”2 + bxckxd*e”3 + e"4)*Logl[l - c*x] + 6xbx(5xc~4*d"4

- 10*%c~3*d"3%e + 10*%c~2*d"2xe"2 - bxcxdxe”3 + e"4)*Logl[l + c*x])/(60%c”5)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 352 vs.
2(137) = 274.
time = 0.15, size = 353, normalized size = 2.37

method result

bln(c:v+1)d4
2

—1)q4 3 3,3 4 5 3 _
+bln(cw2 Ld +bced arctanh(cw)da:4+2bed3a:+bec%+be2d2$2+be gw +bc5 arCtgnh(cz)w -l-be 1“2(6‘? L)

derivativedivides
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4 g4 3 3,.3 4 5 3 _
bln(w;l)d +b1n(w2 Ld +bced arctanh(cx)d:l:4+2bed3x+7b502dm+b62d2x2+be g” +b°e a’“";““‘”)’” -I-be h‘(c;f :

2c

default

. 4.4 2p d2 12 3 3 1 1)bd3
risch bei 4 edadat + 2¢’a d?s® + 2ea dPa® + adiy + S2I 4 2Ly cbdn € n(cx;r )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~4*(at+b*arctanh(c*x)),x,method= RETURNVERBOSE)

[Out] 1/c*x(1/2%b*1n(c*x+1)*d~4+1/2*b*1n(c*xx—1)*d"4+2xbxe*xd”3*x+b/c~2*e” 3*d*x+b*e”
2%d"2*x"2+1/3*bxe”~3*d*x"3+1/5xb*c*e 4*arctanh (c*x) *x~5+2*b*c*exarctanh (c*x)
*d~3*%x"2+2*bxcxe” 2*arctanh (c*xx) *d"2*x~3+b*c*e~3*arctanh (c*x) *d*x~4+b*arctan
h(c*x) *d~4*xc*x+1/2%b/c"3*e”~3*1n(c*x-1) *d+1/10%b/c 2*xe"4*x"2+1/20%b*e"4*x"4-
1/10%b*c/ex1n(c*x+1)*d~5-b/c*ex1n(c*x+1)*d~3+b/c"2*e~2*x1n(c*x+1) *d~2-1/2*b/
c"3*e"3*1n(c*xx+1)*d+1/10%bxc/e*1n(c*x—-1) *d~5+b/c*e*1n(c*x—-1) *d~3+b/c”"2*e~ 2%
In(c*x-1) *d"2+1/5*%b*c/e*arctanh (c*x)*d~5+1/10%b/c"4*e"4*1n(c*xx+1)+1/10%b/c”
4xe~4x1n(c*xx-1)+1/5*(cxe*xx+c*d) “5*a/c"4/e)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 269 vs.
2(133) = 266.
time = 0.26, size = 269, normalized size = 1.81

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~4*(atb*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/5xa*x~5xe”4 + a*xd*x"4%e”3 + 2%ka*xd™2*x"3*e”2 + 2xa*xd”3*x"2xe + axd"4xx + (
2xx~2xarctanh(c*x) + c*(2*xx/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3))*bx*d

~3xe + 1/2x(2*kcxxxarctanh(c*x) + log(-c”2*x"2 + 1))*b*d~4/c + (2*x"3*arctan
h(cxx) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*b*d"2%e"2 + 1/6*(6%x"4*arctanh

(cxx) + c*(2%x(c™2%x"3 + 3*x)/c™4 - 3*log(c*x + 1)/c”5 + 3*log(c*x - 1)/c”5)
)*xbxd*e~3 + 1/20*%(4*x"5*arctanh(c*x) + c*((c™2*x"4 + 2*xx72)/c”4 + 2xlog(c™2

*x"2 - 1)/c”6))*bxe~4

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 975 vs.
2(133) = 266.
time = 0.39, size = 975, normalized size = 6.54

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “4*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/60%(60%a*xc”~5*xd~4*x + 3x(4*xa*c™5*xx~5 + b*c 4*xx"4 + 2xb*xc~2*x"2)*cosh(1)~4
+ 3% (4%axc”5%x"5 + b*cT4*x"4 + 2%b*c™2*x"2)*sinh(1) "4 + 20*%(3*a*c~5*xd*xx"4 +
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b*c”4*d*x"3 + 3*b*c”2xd*x)*cosh(1)”"3 + 4*(15*xaxc”5*%d*x~4 + 5*b*c™4*xd*x"3 +
15%b*c™2xd*x + 3*(4*axc”5*x"5 + bxc~4*x"4 + 2xbxc”~2*x"2)*cosh(1))*sinh(1)”~
3 + 60*x(2*a*c”5xd"2*x"3 + b*xc~4*d"2*x"2)*cosh(1) "2 + 6% (20*a*c~5xd~2*x"3 +

10*b*xc~4*d"2*%x"2 + 3*(4*a*c”5*x"5 + b*c~4*x"4 + 2*b*c”2*x"2)*cosh(1)”"2 + 10
*(3*xaxc”™5*%d*x"4 + b*c"4*d*xx"3 + 3*b*c”2xd*x)*cosh(1))*sinh(1)~2 + 120*(axc”
5%¥d~3*x"2 + b*c~4*d"3*x)*cosh(1) + 6% (5xbxc"4*d"4 - 10*b*c~3*d~3*cosh(1) +

10*bxc~2xd~2*cosh (1) "2 - 5*b*c*d*cosh(1)~3 + b*cosh(1)"4 + b*sinh(1)"4 - (5
*bxcxd - 4*bxcosh(1))*sinh(1)~3 + (10*bxc~2*d"2 - 15*b*c*d*cosh(1) + 6*b*co
sh(1)~2)*sinh(1)~"2 - (10*b*c~3*%d~3 - 20*b*c~2*d"2*cosh(1) + 15*b*c*d*cosh(1
)~2 - 4xbxcosh(1)~3)*sinh(1))*log(c*x + 1) + 6x(5*bxc~4*d"4 + 10%*b*c~3%d~3x
cosh(1) + 10*b*c~2*xd"2*cosh(1)~2 + 5*b*c*d*cosh(1)~3 + b*cosh(1)~4 + b*sinh
(1)"4 + (5%bxc*xd + 4*b*cosh(1))*sinh(1)~3 + (10*b*xc~2*d"2 + 15xb*c*d*cosh(1
) + 6%b*cosh(1)~2)*sinh(1)"2 + (10*b*c~3*%d"3 + 20*b*c~2*d~2*cosh(1) + 15%b*
ckd*cosh(1) "2 + 4xbxcosh(1)~3)*sinh(1))*log(c*x - 1) + 6x(b*xc~5*x~5*cosh(1)
~4 + b*c~5*x"5*sinh(1)~4 + 5*b*c~5*d*x~4*cosh(1)~3 + 10*b*c~5xd~2*x~3*cosh(
1)72 + 10*b*c”™5*%d"3*x"2*cosh(1) + 5*b*c”5*xd~4*x + (4*bxc~5*x"5*cosh(1) + 5%
b*c™5*%d*x~4)*sinh (1) "3 + (6%b*c~5*x"5*%cosh(1)”~2 + 15%b*xc~5*xd*x"4*cosh(1) +

10*b*c~5*xd"2*x"3) *sinh (1) "2 + (4*bxc~5*x"5*cosh(1)~3 + 15xb*c~5*d*x~4*cosh(
1)72 + 20*b*xc~5*d~2*x"3*cosh(1) + 10*bxc~5*d~3*x~2)*sinh(1))*log(-(c*x + 1)
/(cxx — 1)) + 12%(10*a*xc”5+%d"3*x"2 + 10*b*c~4*d"3*x + (4*axc™5*%x"5 + bkc™4x*
X4 + 2xbxc”2*x72)*cosh(1) "3 + 5x(3*a*c”5*xd*x"4 + b*c~4xd*x"3 + 3*bxc”2kd*x
Yxcosh(1)"2 + 10*%(2*a*xc™5*xd~2*xx~3 + b*c~4*d"2*x"2)*cosh(1))*sinh(1))/c”~5

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 381 vs.
2(134) = 268.
time = 0.53, size = 381, normalized size = 2.56

ad's + 2adex® + 2 e® + ade’s’ + %2 1 bd'z atanh (cz) + 2bd%es? atanh (cz) + 2526’ atanh (cr) + bde’? atanh (c) + L Nomh(en) | MU () | bttanh(cn) | gier G bty elt | 2bPentanhes) | BPellof (o)) | b amh (o) bz . eta? bdchatanh(en) | Mg (ed) | betwtmhe) gor 4

{a(n"z +2Pea? + 2P + et + 28 otherwise
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**4*(at+b*atanh(c*x)),x)

[Out] Piecewise((a*d**4*x + 2*axdk*k3kexx**2 + 2kaxd**2ke**2*kx**3 + axdrexx3xxx*4
+ axe*x*4xx**5/5 + bxd*x4xx*atanh(cxx) + 2¥bxd*x*3xe*xx**x2*atanh(c*x) + 2xb*dx
*2xexk2kx**3*xatanh (c*x) + bxdke*x*3*x*xx4dxatanh(c*x) + bkex*4*xxx5xatanh (c*x)

/5 + bxdx*4*xlog(x - 1/c)/c + bxdx*x4xatanh(c*x)/c + 2xb*xd**3*e*x/c + bxd**2x
ex*x2xx*x*x2/c + bxdxex*3*x**x3/(3*%c) + brxexxdxx**4/(20%c) - 2*bxd*x*3*kexatanh(c
*xx)/cx*2 + 2xbkxd*x2%e**x2xlog(x - 1/c)/c**3 + 2xb*d**2*e**2*atanh(c*x)/c**3

+ bkd*e*x3*x/c**3 + bxexkxd*xxx*2/(10*c**3) - bxd*ex*3*atanh(c*x)/c**4 + bkex
*x4x1log(x - 1/c)/(B*c**5) + bkex*4*atanh(c*x)/(5xcx*5), Ne(c, 0)), (ax(dx*4x*

X + 2xdxk3kekx**x2 + 2kdkk2kexkkxk*k3 + dkexk3kx**x4 + ex*k4dkx**5/5), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 1576 vs.
2(137) = 274.
time = 0.43, size = 1576, normalized size = 10.58

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 4*(a+b*arctanh(c*x)),x, algorithm="giac")

[Out] 1/15*%c*(3*(5*(c*x + 1) 4xbxc”™4*d~4/(cxx - 1)74 - 20*%(c*x + 1) " 3*b*c™4*d~4/(
cxx — 1)73 + 30*(c*x + 1) 2xbkc”™4*d~4/(c*xx - 1)72 - 20*%(c*x + 1)*b*c~4*d~4/
(cxx - 1) + 5xb*c™4%d~4 + 20*%(c*x + 1) "4*b*c™3*d"3*e/(c*x - 1)74 - 60*(c*x
+ 1) "3*%bxc”~3*d"3*e/(c*x - 1)73 + 60*(cxx + 1) 2%b*c~3*d"3*e/(c*x - 1)72 - 2
0% (c*xx + 1)*b*c~3*xd"3*e/(cxx — 1) + 30*(c*xx + 1) 4xbxc”™2*d"2*xe"2/(c*x - 1)~
4 - 60x(cxx + 1)73*b*c™2%d"2*%e"2/(ckx - 1)73 + 40*(c*x + 1) "2*b*c~2%d"2xe”2
/(cxx — 1)72 - 20*(c*x + 1)*bxc”™2*d"2*%e"2/(c*x - 1) + 10%b*c™2xd"2*e”2 + 20
*(cxx + 1) 4xbxckd*e”3/(cxx — 1)74 - 20%(c*x + 1) 3*b*c*d*e~3/(c*x - 1)°3 +
20* (c*x + 1) 2xbxcxd*e~3/(c*x - 1)72 - 20%(c*x + 1)*bxc*xd*e”3/(c*x - 1) +
5%(c*x + 1)"4xb*e~4/(c*xx - 1)74 + 10*%(c*x + 1) 2*b*e~4/(c*x - 1)72 + b*e"4)
xlog(-(cxx + 1)/(cxx - 1))/((cxx + 1)75%c”6/(c*xx - 1)75 - Bx(c*x + 1)74xc”6
/(cxx = 1)74 + 10x(c*xx + 1)73*%c”6/(c*x - 1)73 - 10*x(c*x + 1)"2%c”6/(c*x - 1
)72 + 5x(cxx + 1)*c”6/(cxx — 1) - c¢76) + 2% (15x(c*kx + 1) 4*xaxc™4*d~4/(cxx -
1)74 - 60x(cxx + 1)"3*axc™4*d"4/(cxx - 1)73 + 90*(c*x + 1) 2*a*c™4*xd~4/(c*
X - 1)72 - 60*x(c*xx + 1)*a*c™4*d"4/(cxx - 1) + 15*a*c”4*%d"4 + 60*(c*x + 1)74
*xaxc~3xd"3*e/(c*x - 1)74 - 180*(c*x + 1) 3*axc™3*d"3*e/(c*xx - 1)~3 + 180*(c
*x + 1) 2%axc”3*d"3*xe/(cxx - 1)72 - 60*%(c*x + 1)*axc~3*xd"3xe/(c*x - 1) + 30
*(cxx + 1) 4xbxc”3*d"3*e/(cxx - 1)74 - 120*%(c*x + 1) " 3*b*c~3*d"3*e/(c*x - 1
)"3 + 180*(c*x + 1) 2xbxc~3*d"3*e/(c*x - 1)72 - 120*(c*x + 1)*b*c~3*d~3*e/(
c*x - 1) + 30*b*c”3*d"3*e + 90*(c*x + 1) 4*axc”™2xd"2*xe"2/(c*x - 1)74 - 180%
(c*xx + 1)73*a*c™2*d"2*%e”"2/(cxx - 1)73 + 120*(c*x + 1) " 2*axc™2xd"2xe~2/ (c*x
- 1)72 - 60*%(c*xx + 1)*a*c™2xd"2*e”2/(c*x — 1) + 30*axc”2*d"2*e”2 + 30*(c*x
+ 1) "4xbxc”™2*d"2%e"2/(c*x - 1)74 - 90*(c*x + 1) 3*b*c™2xd"2*e"2/(cxx - 1)73
+ 90*(c*xx + 1) "2xbxc”~2*d"2%e"2/(c*x - 1)72 - 30*%(c*x + 1)*b*c™2xd"2*xe"2/(c
*x — 1) + 60*(c*x + 1) 4*axckdxe~3/(cxx - 1)74 - 60*(ckx + 1) 3*a*ckdxe™3/(
cxx - 1)73 + 60*(c*x + 1) 2xa*cxd*e”3/(c*x - 1)72 - 60*(cxx + 1)*a*xcxd*e~3/
(cxx - 1) + 30*(c*x + 1) 4xb*c*d*e~3/(c*x - 1)74 - 90*(c*x + 1) " 3*b*cxd*e”3
/(cxx — 1)73 + 110*(c*x + 1) 2*%b*c*d*e~3/(c*x - 1)72 — 70*(c*x + 1)*b*c*d*e
~3/(c*x - 1) + 20*b*c*d*e~3 + 15%(c*x + 1) 4*axe”4/(c*x - 1)74 + 30*(c*x +
1)~ 2xaxe~4/(c*xx - 1)72 + 3*a*e”™4 + 6x(cxx + 1)~ 4xb*xe”4/(c*x - 1)74 - 12*x(cx*
x + 1)"3xb*xe”4/(c*x - 1)73 + 12*%(c*x + 1) 2xb*xe”4/(c*x - 1)72 - 6%(c*xx + 1)
*bke~4/(c*x - 1))/((c*xx + 1)75%c™6/(cxx - 1)75 - 5k(c*kx + 1)74*c”6/(c*x - 1
)74 + 10%(c*x + 1)73*%c”6/(c*xx - 1)73 - 10*x(c*x + 1)"2*%c”6/(ckxx - 1)72 + 5x(
cxx + 1)*%c”6/(cxx - 1) - c76) - 3*%(5xbxc”4*d"4 + 10*b*c™2*%d"2*xe”2 + b*e~4)x*
log(-(c*x + 1)/(c*x - 1) + 1)/c”6 + 3*(5¥b*c™4*d"4 + 10xbxc~2xd"2xe~2 + bxe
~4)*log(-(c*x + 1)/(c*x - 1))/c”6)

Mupad [B]
time = 1.70, size = 272, normalized size = 1.83

) bde s 2 n(ea? - perg
2+ 2+ BT bdtsatanh(ea) + 2ades? +aded ot + tonhles) VACHANET) 310 atamcs) + bde’ o atanhiea) + 007 + 26 Patanh(er) + LEEWET 1) D

“‘;‘!M«‘H”d'"‘(”i‘z")+b"l"(a2l2’l)+2 papy bed bt bg’zyaz‘amxlcu+2bu:‘£L+Dd(£“z72bd‘zatam x

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a + bxatanh(c*x))*(d + e*x)~4,x)

[Out] (axe”4*x75)/5 + axd~4*x + (b*d"4*xlog(c”2*x"2 - 1))/(2%c) + (bxe~4*log(c™2#*x
2 - 1))/(10%c”5) + 2%axd~2xe”2*x"3 + (b*e"4*x74)/(20*%c) + (bxe~4*x~2)/(10x*

c”3) + b*d"4*x*atanh(c*x) + 2*a*d~3*e*x"2 + a*xd*e”3*x"4 + (b*e~4*x"5*atanh(
c*x))/5 + (2xb*d~3%exx)/c + (b*d*e~3%x)/c”3 - (2%b*d~3*e*atanh(c*x))/c"2 -
(b*xd*e~3*atanh(c*x))/c"4 + 2xbxd~3*exx"2*atanh(c*x) + b*d*e~3*x~4*atanh (c*x

) + (b*d*e~3*x73)/(3%c) + 2¥bxd~2%e”2*x"3*atanh(c*x) + (b*d 2*e~2xlog(c”~2*x

~2 - 1))/c”3 + (bxd™2xe"2xx~2)/c
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3.2 [(d+ ex)® (a+btanh~'(cz)) dz

Optimal. Leaf size=125

be(6c2d? + €?) m+bd62m2 +be3x3+ (d+ ez)* (a+ btanh™(cz)) +b(cd +e)*log(l —cx) b(cd — e)*log(1 -
4¢3 2c 12¢ de 8cte 8cte

[Out] 1/4xbxex(6xc~2*%d"2+e”2)*x/c”3+1/2*bxd*e~2xx~2/c+1/12*%b*e"3*x"3/c+1/4* (exx+d
) "4x(at+b*arctanh(c*x))/e+1/8*b* (cxd+e) ~4*x1n(-c*x+1) /c~4/e-1/8*b* (cxd-e) ~4x1
n(c*x+1)/c"4/e

Rubi [A]

time = 0.10, antiderivative size = 125, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 6, number of rules used = 4, integrand size = 16,
Rules used = {6063, 716, 647, 31}

(d+ ex)* (a + btanh™(cz)) _ b(cd —e)*log(cz +1) | bcd +e)*log(1 — cx) 4 bez(6c’d® + €?) 4 bde?z? N bedz3
de 8cle 8cle 4c3 2c 12¢

Antiderivative was successfully verified.
[In] Int[(d + e*x)~3%(a + b*ArcTanh[c*x]),x]

[Out] (bxex(6xc™2xd™2 + e72)*x)/(4*c™3) + (bk*dxe™2xx"2)/(2%c) + (bxe~3xx"3)/(12xc
) + ((d + exx)~4x(a + bxArcTanh[c*x]))/(4*e) + (b*(c*d + e) 4xLog[l - c*x])
/(8xc~4xe) - (bx(cxd - e)”~4xLogl[l + c*x])/(8*c~4x*e)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 21}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 716

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
d+ ez)* (a+ btanh™ (be) [ L da
/(d +ex)® (a+ btanh ™ (cz)) dz = (d+ez)* (a+btanh™ (cz))  (be) | T
4e 4e
6c2d2+e2 3 o2 c
_(d+ex)* (a+ btanh_l(ca;)) (be) J ( : — et e+
N 4e 4e
_ be(6c*d® + )z N bde?z? N be3x? N (d + ex)* (a + btanh*(cz)) K
N 4¢3 2c 12¢ 4e
be(62d? + €2)x  bde?z?  bedz®  (d+ex)* (a+btanh '(cz)) |
= + + + + -
4¢3 2c 12¢ 4e
be(6c2d? 4+ €?)z  bde?z® be’r®  (d+ex)* (a+btanh '(cz)) ¢
- + + ==+ -
4¢3 2c 12¢ 4e

Mathematica [A]
time = 0.06, size = 205, normalized size = 1.64

6c(dac’d® + be(6c2d? + €%)) z + 12c3de(3acd + be)z? + 2c%€*(12acd + be)z® + 6ac'e®s* + 6bc'z(4d® + 6d%ex + 4de’a? + €32®) tanh ™" (cx) + 3b(4Pd® + 6d%e + dcde® + €2) log(1 — cx) + 3b(4c*d® — 6¢2d%e + 4cde? — €) log(1 + cx)
24ct

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + b*ArcTanh[c*x]),x]

[Out] (6*c*(4*a*xc™3*d"3 + bxex(6*c™2*%d"2 + e€72))*x + 12xc~3*d*ex(3*axc*d + bxe)*x
2 + 2k%c"3%e"2x(12*a*c*d + bke)*x"3 + 6kakc”4*e"3*x"4 + 6xbxc”4kx*(4*%d"3 +
6*%d"2xe*xx + 4*xdxe”2*x"2 + e~ 3*x"3)*ArcTanh[c*x] + 3*bx(4*c™3*%d"3 + 6%c™2xd~

2%e + 4xckd*e”2 + e”3)*Logl[l - c*x] + 3*b*(4%c”3*%d"3 - 6*c”™2*d"2xe + 4*xcxdx

e”2 - e"3)xLog[1 + c*x])/(24xc"4)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 279 vs.

2(113) = 226.
time = 0.14, size = 280, normalized size = 2.24

method result

(cem+dc)4a be arctanh(ca:)d4 3 3bce arctanh(cz)d2m2 2 3, be e3 arctanh(cw)m4 3be d2
derivativedivides v PR 1o +barctanh(cz)d® cx+=————5————+bce? arctanh(cz)d z°+ 1 +2¢

2,2 3 4 2
(cem+dc) a+bcarcta:h(ca:)d +ba,rcta,nh(cx)d30:1:+ 3bce arctar;h(cz)d T +bc€2 arcta,nh(cx)dxs—i-bce arctznh(ca:)m +3be2d

default dc%e




47

. d)*bl 1 3ba? In(—cz+1 2bd 23 In(—cz+1 3g24  3ebd?z?In(—cz+1
risch (ez+d)“bln(cz+1) e zng( cz+l) e xr;( c:c—i—)_i_e(iw __ 3ebd’z?In( cw+)+62adz3_

8e 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 3*(at+b*arctanh(c*x)),x,method= RETURNVERBOSE)

[Out] 1/c*x(1/4*(cxexx+c*d) “4*a/c”3/e+1/4xbxc/exarctanh (c*x)*d"4+b*arctanh (c*x)*d~
3*cxx+3/2*b*c*exarctanh (c*x) *d~2*x~2+b*cxe”2*arctanh (c*xx) *d*x~3+1/4*b*c*e”~3
*xarctanh (c*x) *x~4+3/2xb*xe*xd”~2*x+1/2¥bxe " 2xd*x~2+1/12xb*e~3*x"3+1/4%b/c"2xe”
3*x+1/8*b*c/e*x1ln(cxx-1) *d~4+1/2*b*1n(c*xx—-1) *d"3+3/4*xb/c*e*1ln(cxx—-1) *d~2+1/2
*b/c”2*%e”2*1n(cxx-1) *d+1/8*b/c”"3*e~3*1n(c*x-1)-1/8*b*xc/e*1n(cxx+1) *d~4+1/2x%
b*1n(c*x+1)*d~3-3/4*b/cxex1n(cxx+1)*d~2+1/2%b/c"2*e”~2*1n(c*x+1)*d-1/8*b/c~3
*e~3*x1n(c*x+1))

Maxima [A]
time = 0.26, size = 207, normalized size = 1.66

1o, 32,8 s o3[y 22 log(er+1)  log(ex—1)\\, , _ (2cvartanh (cz) +log (~¢? + 1))bd® 1(, 4 2 log(da?~1)
e + adz’e +2udzs+adz+4 2z artanh (cz) + c| = P + = bd%e + %0 +2 22° artanh (cz) + ¢ (J+ o

2g0 . @ (cx —
b+ L (62 artanh (ca) 4 o 2E2H32)_ Bloglew 1) log(er — 1),
24 ct I <

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(at+b*arctanh(c*x)),x, algorithm="maxima")
g g

[Out] 1/4*a*x~4*e~3 + a*xd*x~3%e”2 + 3/2%a*d”2*x"2%e + axd~3%x + 3/4*(2*x"2*arctan
h(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3))*b*d"2xe + 1/2%(
2xcxxxarctanh(cxx) + log(-c™2%x"2 + 1))*b*d~3/c + 1/2%(2*x"3*arctanh(c*x) +
c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*bxdxe~2 + 1/24%(6*x"4*arctanh(c*x) + c

* (2% (c™2*x"3 + 3%x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*log(cxx - 1)/c”5))*b*xe”3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 594 vs.
2(111) = 222.
time = 0.45, size = 594, normalized size = 4.75

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~3*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/24*(24xaxc”4*d"3*x + 2% (3*%axc™4*xx"4 + bxc~3*%x~3 + 3*b*c*x)*cosh(1)~3 + 2%
(3*a*xc™4%x~4 + b*c™3%x"3 + 3*b*c*x)*sinh(1)73 + 12x(2*a*c”4*xd*x"3 + b*c~3*d
*x"2)*cosh(1) "2 + 6% (4*axc™4*xd*x"3 + 2xbkc”™3*d*x"2 + (3*a*c™4*xx"4 + b*xc~3*x
~3 + 3*b*c*x)*cosh(1))*sinh(1)~2 + 36*(a*c™4*d"2*x"2 + b*c~3*d"2#*x)*cosh(1)
+ 3% (4xbxc~3*%d"3 - 6*b*c”2+*d"2*xcosh(1) + 4xb*c*d*cosh(1)~2 - b*cosh(1)"3 -
b*sinh(1)~3 + (4%b*cxd - 3*b*cosh(1))*sinh(1)”"2 - (6*b*c~2*xd"2 - 8*bxc*xd*c
osh(1) + 3xb*cosh(1)~2)*sinh(1))*log(c*x + 1) + 3*(4xb*c”3*%d~3 + 6*b*c~2xd~
2*xcosh(1) + 4xbxcxd*cosh(1)~2 + b*cosh(1)”"3 + b*sinh(1)~3 + (4xbxck*d + 3*bx*
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cosh(1))*sinh(1)"2 + (6xb*xc~2*%d~2 + 8*b*c*d*cosh(1l) + 3*bxcosh(1)~2)*sinh(1
))*log(c*x - 1) + 3x(b*c"4xx"4*cosh(1)~3 + bkc"4*xx"4*sinh(1)~3 + 4xbxc~4x*d*
x"3*cosh(1) "2 + 6xbxc™4*d"2*x"2*cosh(1) + 4xbxc~4*d~3*x + (3*b*c~4*xx"4*cosh
(1) + 4xb*c™4*d*x"3)*sinh(1)”"2 + (3*b*c~4*x"4*cosh(1)”2 + 8*b*xc~4*d*x~3*cos
h(1) + 6%b*c™4*d"2+x"2)*sinh(1))*1log(-(c*x + 1)/(cxx - 1)) + 6x(6*a*c”4*d"2
*X72 + 6%b*c”3*xd"2*x + (3*axc”4*x"4 + bxc"3*x"3 + 3*xbkc*x)*cosh(1)72 + 4x(2
*a*xc”4*d*x"3 + b*c~3xd*xx"2)*cosh(1))*sinh(1))/c"4

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 279 vs.
2(109) = 218.
time = 0.40, size = 279, normalized size = 2.23

2 &

5 4 S log (a-1 atanh (cz) |, 3hile: 2 & e atanh (cz) e? log (e—1) atanh (cz atanh (cz
{admerdaa;m+adezzs+#+b(pmam‘h(m)+awzezlmnh(a]+bde;mgatmh(cm)+be‘z m:,.h(a)Jra.ugr( N tanh )Jr%Jr%Jr%iw? stanh () b log(a=}) | bde? tash ]+%7be' tanh(er) for ¢ £

a(d"r + M 4 ey + #) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(a+b*atanh(c*x)),x)

[Out] Piecewise((a*d**3*x + 3ka*xdx*2kexx**2/2 + axdrex*x2*xx**3 + ake**x3*xx*x4/4 + b
*dxx3*kx*katanh (cxx) + 3*bxd*x*x2ke*x**x2xatanh(c*x)/2 + bkd*ex*x2xx**3*atanh(c*xx

) + bkex*3kx*x*4*atanh(c*x)/4 + bxd**3*log(x - 1/c)/c + bxdx*3*atanh(c*x)/c

+ 3xbxd*x*x2xexx/(2%c) + bkdkxe*x*x2kxx**x2/(2%c) + bke*x3*xx**x3/(12%c) — 3*xbkd*x*2x
exatanh (c*x) /(2%c**2) + bkd*e**2xlog(x - 1/c)/c**3 + bkd*ke**2xatanh(c*x)/c*

*3 + bxe**3*x/(4*c**3) - bxe*x3*atanh(c*x)/(4*c**4), Ne(c, 0)), (ax(d**3*x

+ 3kdkk2ke*xx**2/2 + dkex*2kx**3 + ex*3kx*x*x4/4), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 970 vs. 2(113) =
226.
time = 0.42, size = 970, normalized size = 7.76

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x)),x, algorithm="giac")
g g g

[Out] 1/3*c*x(3*((c*x + 1) 3*b*c™3*d"3/(c*xx - 1)73 - 3*(c*x + 1) " 2%b*c~3*d"3/(c*x
- 1)72 + 3*(c*kx + 1)*b*xc”™3*%d"3/(c*x - 1) - b*c™3*d"3 + 3*(c*kx + 1) 3*xb*c™2*
d"2%e/(cxx - 1)73 - 6*x(c*x + 1) 2%b*c™2+%d"2*e/(c*x - 1)72 + 3*(c*x + 1)*b*c
~2xd"2*e/(c*x — 1) + 3*(cxx + 1) "3*bxcxd*e”2/(c*x — 1)73 - 3*x(c*xx + 1) 2xbx*
cxdxe"2/(c*x - 1)72 + (c*x + 1)*b*c*xd*e”2/(c*x - 1) - b*c*d*e”2 + (c*x + 1)
“3xb*e~3/(c*x - 1)73 + (c*x + 1)*bxe”3/(c*x - 1))*log(-(c*x + 1)/(c*x - 1))
/((c*x + 1)74*%c™5/(c*x - 1)74 - 4x(c*x + 1)7"3*%c”5/(c*x - 1)73 + 6%(c*xx + 1)
~2%c”5/(c*x - 1)72 - 4x(cxx + 1)*c”5/(c*x - 1) + ¢c75) + (6x(c*x + 1) 3*a*xc™
3%d~3/(c*x - 1)73 - 18*(c*x + 1) 2%a*c™3*d"3/(c*x - 1)72 + 18x(c*xx + 1)*axc
~3*%d"3/(c*x - 1) - 6*a*c”3*d"3 + 18*(c*xx + 1) 3*axc”2*d"2*e/(c*x - 1)°3 - 3
6% (c*xx + 1) 2xaxc™2xd"2*e/(c*x - 1)72 + 18*(c*x + 1)*a*xc™2*d"2*e/(c*x - 1)
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+ 9% (cxx + 1) "3*bxc”2*xd"2%e/(cxx — 1)73 - 27*x(c*x + 1) 2xb*c™2+*d"2*e/(c*x -
1)72 + 27x(c*xx + 1)*bxc™2*d"2%e/(c*xx — 1) - 9*bxc™2*d"2*e + 18*(c*x + 1)73
xaxckdxe~2/(cxx — 1)73 - 18x(ckx + 1) 2xakxckd*e”2/(cxx - 1)72 + 6x(c*x + 1)
xa*xckd*e”2/(ckx - 1) - 6*xaxcxd*xe”2 + 6*(c*x + 1) " 3*bkckxd*xe~2/(cxx - 1)73 -

12% (c*x + 1) 2%b*ckxd*e”2/(c*x - 1)72 + 6*(cxx + 1)*b*cxd*e”2/(c*x - 1) + 6%
(c*xx + 1)"3*a*e”3/(c*x - 1)°3 + 6x(c*x + 1)*a*e”3/(ckx - 1) + 3x(cxx + 1)°3
*bxe~3/(c*x - 1)73 - 6%(cxx + 1) 2%b*e”3/(c*x - 1)72 + 5*(c*x + 1)*b*e~3/(c
*x — 1) - 2x%bxe”~3)/((c*x + 1)"4%xc”5/(c*x - 1)"4 - 4x(c*xx + 1)~ 3%c”5/(c*x -

1)°3 + 6x(c*xx + 1)72%c”5/(c*x - 1)72 - 4x(c*x + 1)*c”5/(c*x - 1) + ¢c75) - 3
*(b*c™2%d"3 + b*d*e~2)*log(-(c*x + 1)/(c*x - 1) + 1)/c”™4 + 3*(b*xc™2*xd"3 + b
xdxe~2)*log(-(cxx + 1)/(cxx - 1))/c”4)

Mupad [B]
time = 1.15, size = 197, normalized size = 1.58

+bde?2® atanh(ca)

3
+——— +bd’ zatanh(cz) +

bd In(Fa?—1) | be'a
2c 12¢

3adex? s 5 belz belatanh(cx) | belsiatanh(cz)  3bdPexr 3bd’eatanh(cz)  3bd?ea’atanh(cz)
erudezﬁ»i* + te oF) + 2

bde (@t = 1) | bdes?
i 1o 1 * 20

34
acte 5
7 tadz+ 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))*(d + e*x)~3,x)

[Out] (a*e™3*x74)/4 + a*d~3xx + (bxd~3*log(c™2*x~2 - 1))/(2*c) + (bxe~3*x~3)/(12*
c) + b*d"3*x*atanh(c*x) + (3*a*xd™2*exx"2)/2 + axdxe”2*x"3 + (bxe”~3*x)/(4xc”

3) - (b*e~3*atanh(c*x))/(4*c™4) + (b*e~3*x"4*atanh(c*x))/4 + (3*b*xd~2xe*x)/

(2*%c) - (3xb*d~2xe*atanh(c*x))/(2*%c~2) + (3*b*xd”~2*exx”2*atanh(c*x))/2 + b*d
xe~2+x"3*atanh(c*x) + (bxd*e~2*log(c™2*x"2 - 1))/(2%c~3) + (bxd*e~2*x"2)/(2

*C)
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3.3 [(d+ ex)? (a+btanh~'(cz)) dz

Optimal. Leaf size=96

bdex N bex? N (d+ ez)® (a + btanh ' (cz)) N b(cd + €)*log(1 — cx) b(cd — e)?log(1 + cx)

c 6¢ 3e 6c3e 6ce

[Out] bxdxe*xx/c+1/6%bxe~2%x"2/c+1/3*(e*x+d) ~3*(at+b*arctanh(c*x))/e+1/6xb*(cxd+e)”
3x1n(-c*x+1)/c"3/e-1/6xb* (cxd—e) “3*1n(c*x+1)/c"3/e

Rubi [A]
time = 0.09, antiderivative size = 96, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 6, number of rules used = 4, integrand size = 16
Rules used = {6063, 716, 647, 31}

(d+ ex)® (a+btanh™(cz))  b(cd —e)log(cx +1)  blcd+e)Plog(l — cz)  bdex = be’x?
- + + 2y
3e 6cle 6cle c 6c

Antiderivative was successfully verified.
[In] Int[(d + exx)~2%(a + b*ArcTanh[c*x]),x]

[Out] (b*d*exx)/c + (bxe™2*x"2)/(6*c) + ((d + exx)~3x(a + b*ArcTanh[c*x]))/(3*e)
+ (bx(c*d + e)~3*xLogl[l - c*x])/(6xc”3%e) - (bx(cxd - e)~3xLogl[l + cx*x])/ (6%
c”"3x*e)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 21}, Dist[e/2 + cx(d/(2*%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a) *c]

Rule 716

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQlq, -1]

Rubi steps
d+ez)® (a+ btanh™! (be) [ 507 dar
/(d +ez)? (a+ btanh™'(cz)) dz = (d+ec)® (a+btanh™ (cz)) ()] i
3e 3e
e 3z | c*d3+3de?+e(3cd’
_ (d+ex)® (a+ btanh_l(cm)) (be) | ( M+ 02(1—£2x2)
N 3e 3e
C2 3 82 e C2 2 €
bdex be?z? (d+ex)®(a+btanh '(cz)) bf d+5d :02(22 s
c 6c 3e 3ce
bdezx be?z® (d+ex)®(a+btanh '(cz)) (blcd —e)?) [ 2
==+ +
c 6c 3e 6ce
bdex be?z? (d+ex)® (a+btanh '(cz))  b(cd + e)?log(l — ca
=24 T +
c 6c 3e 6ce

Mathematica [A]
time = 0.05, size = 129, normalized size = 1.34

2 242 2 _ 242
%(Gd(acdc+ be)x n e(6acdc+ be)x +2a6%® + 2z (3 + 3dex + €2) tanh™ (cz) + b(3c?d? + 3cde 2—3 e?)log(1 — cx) b(3c d? — 3cde ;4; e?)log(1 + cz))

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2x(a + b¥ArcTanh[c*x]),x]
[Out] ((6%d*(axc*d + bxe)*x)/c + (ex(6xa*xckd + bke)*x"2)/c + 2%a*e”2xx"3 + 2xb*xx*

(3%*d"2 + 3xd*exx + e~ 2*x"2)*ArcTanh[c*x] + (b*(3*c~2*d"2 + 3*cxd*e + e~2)*L
ogll - c*x])/c™3 + (b*(3*%c™2*d"2 - 3*c*kd*e + e~2)*Logl[l + c*x])/c”3)/6

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 203 vs.
2(88) = 176.
time = 0.14, size = 204, normalized size = 2.12

method result
dc)3a | b h d3 bee? h 3 e222 | beln(ca—1)d°
derivativedivides (Cez?:z:) LR camtan (cz) +barctanh(cx)d?cz+bce arctanh(cx)d z2 4 2£&2rCANANCD)T M“gn (c2)2” 4 peda-b e+ ¢ "(cﬁme 1
c
3 2 3 2.2 _ 3
default (cen;—(tg;:) a+bc arctanh(ca:)d +b a,rcta,nh(cm)d2c:c+bce arctanh(cm)dw2+bce arctz;nh(cz)a: +bedm+beﬁz +bc ln(cgce 1)d
c
. (ez+d)3bIn(cz+1) _ e*bxdIn(—ca+1)  ebdz?In(—cz+1) e2az3 _ bd?zIn(—cz+1) 2 _ In(ca-
risch > o > + <% 5 +eadz* — ==,

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx+d) ~2*(at+b*arctanh(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c*x(1/3*(cxexx+c*d) ~3*a/c~2/e+1/3*bxc/e*arctanh (c*xx)*d~3+b*arctanh (c*x)*d~
2*ckx+b*ckexarctanh (c*x) *d*x~2+1/3*b*cke”2xarctanh (c*x) *x~3+b*e*xd*x+1/6*xb*e
~2xx”2+1/6%b*xc/ex1n(c*x-1)*d~3+1/2*b*1n(c*x-1) *d~2+1/2*b/c*ex1n(c*x-1) *d+1/
6%b/c”2*e”2*1n(c*xx—-1)-1/6%bxc/e*x1n(c*x+1)*d"3+1/2*xbx1n(c*x+1)*d~2-1/2%b/c*e
*1n(cxx+1) *d+1/6*b/c"2*%e~2x1n(c*x+1))

Maxima [A]
time = 0.26, size = 137, normalized size = 1.43

2 1 1 1 -1 2 h log (—c?z® +1 21 5 2l 202 — 1
?f, og (o + )+ Og(c; )))bde+( cartanh (cz) +log (~¢'a” + 1))bd +g<2&cdartanh(cz)+c(%+ og (2 )))b62

1 1
3 az’e® + adz’e + ad’z + 3 (2 2% artanh (cz) + c( s %c S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 2*(a+b*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/3*a*x”"3*%e”™2 + axd*x"2%e + a*d™2*x + 1/2%(2xx"2*arctanh(c*x) + c*(2*x/c”2
- log(cxx + 1)/c”3 + log(c*x - 1)/c”3))*b*dxe + 1/2%(2*cxx*arctanh(cxx) + 1
og(-c™2%x"2 + 1))*b*d"2/c + 1/6%(2*x"3*arctanh(c*x) + c*x(x"2/c”2 + log(c~2%

X"2 - 1)/c”4))xb*xe”2

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 316 vs.
2(88) = 176.

time = 0.39, size = 316, normalized size = 3.29

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 2*(a+b*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/6*(6*a*xc”3*d"2*x + (2%a*c™3*x"3 + b*xc™2*x"2)*cosh(1)"2 + (2*a*c™3*x"3 + b
*Cc"2*x"2)*sinh (1) "2 + 6% (a*xc”3*d*x"2 + b*c~2*d*x)*cosh(1) + (3*xbxc~2*d"2 -
3*xb*ckd*cosh(1l) + bxcosh(1)~2 + b*sinh(1)”"2 - (3*bxc*d - 2*b*cosh(1))*sinh(
1))*log(c*x + 1) + (3*bxc™2*%d"2 + 3*b*c*d*cosh(1l) + bxcosh(1)~2 + b*sinh(1)

~2 + (3xb*c*d + 2xb*cosh(1))*sinh(1))*log(c*x - 1) + (b*c~3*x"3%cosh(1)"2 +
b*xc~3*x"3*%sinh (1) "2 + 3*b*c~3*kd*x"2*cosh(1l) + 3*b*c”3*d"2*x + (2%b*c~3*x"3
xcosh(1) + 3*bxc~3*d*x"2)*sinh(1))*log(-(c*x + 1)/(c*x - 1)) + 2%(3*axc”3*d

*x72 + 3*bkcT2kd*x + (2%axc”3*x"3 + b*c"2*x"2)*cosh(1))*sinh(1))/c”3

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 178 vs.
2(82) = 164.
time = 0.31, size = 178, normalized size = 1.85

: ; 2 10g (-1 | 2 1og (o1
ad’z + adex® + 992 4 bz atanh (cz) + bdea? atanh (cz) + beta atanh(er) 4 bd logc(z o) 4 b stanh(er) y bdes | belo? _ bdeatah(ex) | be 1056(31 o) 4o () forc# 0

a (de + dex? + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)**2*(at+b*atanh(c*x)),x)

[Out] Piecewise((axd**2*x + axdxe*xx**2 + axex*x2*xx**3/3 + bkxd**2*x*xatanh(c*x) + bx*
dxexx**2xatanh(c*x) + bxex*2xxx*3*atanh(c*x)/3 + bxdx*2xlog(x - 1/c)/c + bx
dx*2xatanh(c*x)/c + b*d*e*x/c + bkexx2xx*x2/(6*%c) - b*d*e*atanh(c*x)/cx*2 +
b¥exx2*xlog(x - 1/c)/(3xc**3) + bxex*2xatanh(ckxx)/(3*c**3), Ne(c, 0)), (ax*(
d**2%x + dke*xx**2 + ex*x2*x**3/3), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 532 vs. 2(88) =

176.
time = 0.44, size = 532, normalized size = 5.54

1)

+ Bbode + Lot 4 g2 ol e

) _ (Bbc*d” + be?) log (25 +1) N (3bc*d® +bcz)lug[7%]>
o o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctanh(c*x)),x, algorithm="giac")

[Out] 1/3*c*x((3*(c*x + 1) 2%b*c™2*d"2/(c*x - 1)72 - 6%(c*x + 1)*b*c™2*d"2/(c*x -
1) + 3*bxc™2*d"2 + 6x(c*x + 1) 2xbkckd*e/(cxx — 1)72 - 6*x(c*x + 1)*bxckd*e/
(cxx - 1) + 3%(c*x + 1)"2*%b*e”2/(c*xx - 1)72 + b*e"2)*log(-(c*x + 1)/(c*x -
1))/ ((c*xx + 1)73*%c™4/(c*x - 1)73 - 3*(c*x + 1)72*%c™4/(c*xx - 1)72 + 3*x(c*x +
D*c™4/(cxx — 1) - c74) + 2%(3*x(cxx + 1) 2*xaxc™2*d"2/(c*xx - 1)72 - 6*x(c*x
+ 1)*axc™2xd"2/(c*x - 1) + 3*axc™2*xd"2 + 6x(c*xx + 1) 2*a*ckd*e/(cxx - 1)72
- 6x(cxx + 1)*axcxd*e/(c*x - 1) + 3*(c*xx + 1) 2%b*cxd*e/(c*x - 1)72 - 6*(c*
X + 1)xbxckd*e/(c*x — 1) + 3*bxckxd*e + 3*(cxx + 1) 2xaxe”2/(c*x - 1)72 + a*
e”2 + (ckx + 1) 2xbxe”2/(c*x - 1)72 - (c*x + 1)*b*xe”2/(c*x - 1))/((c*x + 1)
~3*%c”4/(cxx - 1)73 - 3x(cxx + 1)72%c”4/(c*x - 1)72 + 3x(c*xx + 1)*c"4/(c*x -

1) - c74) - (3*bxc™2*%d"2 + b*e~2)*log(-(c*x + 1)/(cxx - 1) + 1)/c”4 + (3%b
*Cc"2%d"2 + bxe~2)*log(-(c*x + 1)/(c*x - 1))/c™4)

Mupad [B]
time = 0.94, size = 127, normalized size = 1.32

? be?z’atanh(cz) bdex bdeatanh(cz)

3 c c?

ae’z’ tadz 4 bd? In(c®2? — 1) + be?In(?z?—1)  be’a?

2
3 2c 6c3 * e +bdea’atanh(cz)

+adez® +bd® zatanh(cz) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))*(d + e*x)~2,x)

[Out] (axe”2*x73)/3 + axd~2*x + (b*d"2xlog(c”2*x"2 - 1))/(2%c) + (bxe~2*log(c™2+*x
“2 - 1))/(6%c"3) + (b*e~2xx"2)/(6%c) + a*d*exx~2 + bx*d~2*x*atanh(c*x) + (b*
e~2xx"3%atanh(c*x))/3 + (b*d*exx)/c - (bxdxexatanh(c*x))/c”2 + bxdxexx 2*at

anh (c*x)
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3.4 [(d+ex) (a+btanh™'(cz)) dz

Optimal. Leaf size=84

bez (d+ex)? (a+btanh '(cz)) blcd+e)log(l —cx) bled — e)?log(1 + cx)
R + —
2c 2e 4c?e 4c?e

[Out] 1/2*b*xexx/c+1/2%(exx+d) 2% (at+b*arctanh(c*x))/e+1/4*b*x(c*xd+e) “2*%1n(-c*x+1)/c
~2/e-1/4%b*x(c*d-e) “2*1n(c*x+1)/c"2/e

Rubi [A]
time = 0.06, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.286,

steps used = 6, number of rules used = 4, integrand size = 14
Rules used = {6063, 716, 647, 31}

(d+ ex)? (a+btanh ' (cz))  b(cd — e)? log(cz + 1) N b(cd + e)*log(1 — cx) N bex
2e 4c?e 4c?e 2c

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + bxArcTanh[c*x]),x]

[Out] (bxexx)/(2xc) + ((d + e*x) 2*(a + bxArcTanh[c*x]))/(2*e) + (b*(ckd + e) ~2xL
ogll - c*xx])/(4xc™2%e) - (bx(cxd - e)~2+Logl[l + c*x])/(4*c"2%e)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 647

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)xc, 2]}, Distl[e/2 + c*x(d/(2*q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - c*
(d/(2*q)), Int[1/(q + c*x), x], x]] /; FreeQl[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 716

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
*(c/(ex(q + 1))), Int[(d + e*x)"(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
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b, c, d, e, q}, x] && NeQlq, -1]

Rubi steps

(d + ex)® (a +btanh ™' (cz))  (bc) [ (drer)” g
2e 2e

/(d +ez) (a+ btanh™'(cz)) dz =

272 2 2
c“d“+e“+2c¢ dea:) dx

_ (d+ ez)? (a+ btanh™'(cz)) B (bc) J <_2_§ A(1—c%a?)

2e 2e

_ bex N (d+ ez)? (a+ btanh™'(cz)) B b [ Sl t2 den gy

2c 2e 2ce

bex (d+ez)? (a+btanh '(cz)) (bled —e)?) [ —Zzzdx  (b(c
=+ + -

2c 2e 4e

bex (d+ex)? (a+btanh'(cz))  blcd+e)?log(l —cx)  bled -
-4 + —

2c 2e 4c?e

Mathematica [A]
time = 0.01, size = 96, normalized size = 1.14

belog(l —cx)  belog(l + cz) N bdlog (1 — c®x?)
4c? 4c? 2¢c

1 1
adz + b;—: + Eaesc2 + bdz tanh ™ (cz) + §bex2 tanh ™" (cz) +

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTanh[c*x]),x]

[Out] axd*x + (b*exx)/(2*c) + (a*xexx~2)/2 + b*d*xxArcTanh[c*x] + (b*exx~2*ArcTanh
[c*x])/2 + (bxexLogl[l - c*x])/(4%c”2) - (b*exLogl[l + c*x])/(4*c”2) + (b*d*L

ogll - c™2%x~2])/(2%c)

Maple [A]

time = 0.09, size = 99, normalized size = 1.18

method result
a(de®a+Fec?a?) be arctanh(cz)e 2 bl 1)d , bl 1)e , bl 1)d_ bl 1
. . L. +barctanh(cx)deg+ bearctanh(cz)e +bea:+ n(cz ) + n(cz )e n(cz+ ) n(cz+1)e
derivativedivides < (<o) 2 2 = de
a(d62z+%e c2z2) +barctanh(cz)dcz+ bcarctanh(cz)ez +bew+bln(cz 1)d+bln(cz l)e bln(cz+1)d bln(cz+1)e
default < - = de
. 2d)1 1 2In(—cz+1 1 1 1 1 In(—cz+1
risch bx(ex+ di n(cz+1)  bex nEl cx+1)  bdx n( cz+1) + aex + adx + n(cw;; )bd + n( c;cc-i- )bd +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(at+b*arctanh(c*x)),x,method=_RETURNVERBOSE)
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[Out] 1/cx(a/c*x(d*c”2*xx+1/2%exc”2%xx"2)+b*arctanh (c*x) xdxc*x+1/2xb*c*arctanh (c*x) *
e*x”2+1/2*%bxexx+1/2xb*1n(c*x-1) *d+1/4%b/c*x1n(c*x—1) *e+1/2*b*1n (c*x+1) *d-1/4
*b/c*1n(c*xx+1) *e)

Maxima [A]

time = 0.27, size = 85, normalized size = 1.01

cx +1) + log (cz — 1))>be + (2 cz artanh (cz) + log (—c?z? + 1))bd

% az’e + adz + i (2 z? artanh (cz) + c(i—f _ log( 5o

c? c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/2*%a*xx"2*%e + axd*x + 1/4*%(2xx"2xarctanh(c*x) + c*(2xx/c”2 - log(c*x + 1)/c
~3 + log(c*x - 1)/c”3))*b*e + 1/2%(2*kc*x*arctanh(c*x) + log(-c™2*x"2 + 1))=*
bxd/c

Fricas [A]

time = 0.38, size = 137, normalized size = 1.63

4ac*dz + 2 (ac*z? + bex) cosh (1) + (2bed — beosh (1) — bsinh (1)) log (cz + 1) + (2bed + beosh (1) + bsinh (1)) log (cz — 1) + (be*z? cosh (1) + be*az? sinh (1) + 2bc*dz) log (—24 ) + 2 (ac’z? + bex) sinh (1)
4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c#*x)),x, algorithm="fricas")

[Out] 1/4*x(4*a*c™2xd*xx + 2*(a*xc™2*x"2 + bxcxx)*cosh(l) + (2*b*cxd - b*cosh(l) - b
*sinh(1))*log(c*x + 1) + (2%b*c*d + b*cosh(l) + bxsinh(1))*log(c*x - 1) + (
b*xc~2*%x"2*cosh(1) + bxc™2*x"2*sinh(1) + 2%bxc~2*d*x)*log(-(c*x + 1)/(c*x -

1)) + 2x(a*c™2*x"2 + b*c*x)*sinh(1))/c™2

Sympy [A]
time = 0.22, size = 92, normalized size = 1.10

_1
adzx + “2—””2 + bdx atanh (cx) + bea® atznh (ez) 4 bdlog(gm =) 4 bdataﬁh (co) | ber _ 7’76%;2? ) forc+£0

a <dm + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*atanh(c*x)),x)

[Out] Piecewise((a*xd*x + axexx**2/2 + bkd*x*atanh(c*x) + bxexx**2*atanh(c*x)/2 +
bxd*log(x - 1/c)/c + b*d*atanh(c*x)/c + bxexx/(2*c) - bxe*atanh(c*x)/(2kc**

2), Ne(c, 0)), (ax(d*x + exx*x*x2/2), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(76) =

152.
time = 0.42, size = 245, normalized size = 2.92

(bdlog( il 4 ) <(czc+ﬂ bed + (cz+1)be> log (—<zt1) bdlog( 1) 2ewtlod gy 2ertloe 4 (tipe be)
—c -

cx—1
c2 (cz+1)%c®  2(cz+1)c3 c2 (cz+1)2c3 2(cz+l)c3 3
(c2—1)2 co—1 + C3 (cz—l) 4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c#*x)),x, algorithm="giac")

[Out] -cx(bxd*log(-(c*x + 1)/(c*x - 1) + 1)/c”2 - ((c*x + 1)xb*c*d/(c*x - 1) - bx
ckd + (c*xx + 1)*bxe/(c*x - 1))*log(-(c*x + 1)/(c*x - 1))/((c*x + 1)~2%c~3/(

cxx - 1)72 - 2x(cxx + 1)*c™3/(c*x - 1) + ¢”3) - b*xd*log(-(c*x + 1)/(c*x - 1
))/c”2 —= (2%(cxx + 1)*axc*d/(c*x - 1) - 2*%axc*xd + 2x(c*x + 1)*axe/(cxx - 1)

+ (c*x + 1)*bxe/(cxx - 1) - b*e)/((c*x + 1)72xc”3/(c*x - 1)72 - 2x(c*x + 1
)*c~3/(c*x - 1) + c~3))

Mupad [B]
time = 0.83, size = 67, normalized size = 0.80

2 2 2,2 _
aex + bdzatanh(cz) + bex beatanh(cz) + bex?atanh(cz) bdln(cfz*—1)
2¢c 2¢c? 2 2c

adzx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))*(d + e*xx),x)

[Out] axd*xx + (a*xe*x~2)/2 + b*d*x*atanh(c*x) + (bxexx)/(2*c) - (b*exatanh(c*x))/(
2xc~2) + (b*exx~2*atanh(c*x))/2 + (b*d*log(c™2*x"2 - 1))/(2%c)
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a+btanh~!(cz
3.5  [ortth (@) g,

Optimal. Leaf size=114

_ (a+ btanh™(cz)) log () N (a+btanh™ (cz)) log (%) +bPolyLog(2, 1-27) B bPolyLog (5
e e 2e

[Out] -(at+b*arctanh(c*x))*1n(2/(c*x+1))/e+(at+b*arctanh(c*x))*1n(2*c*(e*xx+d)/(cxd+
e)/(cxx+1))/e+1/2*b*polylog(2,1-2/(c*x+1)) /e-1/2*b*polylog(2,1-2*c* (exx+d) /
(cxd+e)/(c*x+1)) /e

Rubi [A]
time = 0.06, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 4, number of rules used = 4, integrand size = 16,
Rules used = {6057, 2449, 2352, 2497}

(a+btanh™(cz)) log ((cjffl)tﬁe)) _ log (g%y) (a+btanh~'(cz)) b2 (1 - (cj-ck(ed)tc?ﬁ)-l)) N bLiz(1 — Z5)

e e 2e 2e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])*Log[(2
xcx(d + exx))/((cxd + e)*x(1 + c*x))])/e + (bxPolyLogl[2, 1 - 2/(1 + c*xx)])/(
2xe) - (b*PolyLog[2, 1 - (2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/(2%e)

Rule 2352

Int[Logl(c_.)*(x_)1/((d)) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQ[e + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d) + (e_)*(x))1/((£) + (g_.)*(x)~2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x]1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6057
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((c*xd + e)*(1 + c*xx)))]/(1 - c”2*%x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2%c*((d + e*xx)/((cxd + e)*(1 + c*x)))]/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2x%d"2 - e~2, 0]

Rubi steps
-1 -1 2 (a+ btanh™"(cz)) lo 2eldten)
/ a + btanh™" (cz) e < (a + btanh (cx)) log (m) N 8 \ (edre)(1rea) N (be) [
d+ex T e

e

(a + btanh™(cz)) log () N (a + btanh™ (cz)) log (%) N bLiz (1

e

)
e
(a+ btanh™(cz)) log (Hm) N (a+ btanh™"(cz)) log (%) - bLiy (1
e
)
e

Mathematica [C] Result contains complex when optimal does not.
time = 0.24, size = 257, normalized size = 2.25

o)) (1-+ €2 ) 4 2vanh™ (£) + tanh )l (1 — e~ (240078 0) ) _ (s i tant ) g (i) = o™ (5) + ko) o 3 (! (5) + ™)) = Py Log 2, ") iPolyLog 2,6 (1 (2] o) )

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*x),x]

[Out] (axLogld + exx] + b*ArcTanh[c*x]*(Log[l - c~2*x"2]/2 + Log[I*Sinh[ArcTanh/[(
cxd)/e] + ArcTanh[c*x]]]) - (I/2)*b*((-1/4*I)*(Pi - (2*I)*ArcTanh[c*x])~2 +
I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2%I)*ArcTanh[c*x])*Logl[1l +
E~(2xArcTanh[c*x])] + (2*%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[l - E~(-2
*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt

[1 - c™2%xx72]] - (2*%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - I*Poly
Log[2, E~(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/e

Maple [A]
time = 0.75, size = 158, normalized size = 1.39

method result

) beln(cex+dc) ln(%) " be dllog(cedxi_e) beln(cex+dc) 1n(%) be dilog(f
2e 2e 2e 2e
c

acln(cex+dc) + beln(cex+dc) arctanh(cz
derivativedivides c :
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beln(cex+dc) ln(m) n be dilog(%) beln(cex+dc) ln(%) be dilog(%

ac 1n(cea:+dc)+bc In(cez+dc) arctanh(cz)+ —dc—e —dc e
e e 2e 2e 2e 2e
default "
. (—cz+1l)e—dc— (—cz+1)e—dc— . (cz+1)et+dc—e
risch _bdllog;(im_dce_e < e) . bln(—cz+1) 111(7“_0,:_6 : e) + aln((—cz+1)e—dc—e) + bdllOg( dc—e )

2e 2e e 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))/(e*x+d),x,method=_RETURNVERBOSE)

[Out] 1/c*(a*c*1ln(ckexx+c*d)/e+b*c*1ln(ckexx+c*xd)/e*xarctanh(c*x)+1/2*b*c/e*1n(ckxe*
x+c*d) *1n((cxexx-e) / (-c*d-e))+1/2+bxc/exdilog((c*exx-e) /(-c*d-e))-1/2%b*c/e
*1n (cxexx+c*d) *1n((cxexx+e) /(—c*d+e))-1/2*b*c/exdilog((cxe*x+e) /(-c*d+e)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d),x, algorithm="maxima")

[Out] a*e~(-1)*log(x*e + d) + 1/2*bxintegrate((log(c*x + 1) - log(-cxx + 1))/(x*e
+d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x) + a)/(x*e + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ a + batanh (cz) i
d+ ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x))/(e*x+d) ,x)
[Out] Integral((a + b*atanh(c*x))/(d + e*xx), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(e*xx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + batanh(cz) i
d+ezx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(d + e*x),x)
[Out] int((a + b*atanh(c*x))/(d + e*xx), x)
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a anh~1(cz
3.6 [t de

Optimal. Leaf size=93

_a+ btanh™*(cz) _belog(l —cx) | belog(l+cx)  belog(d + ex)
e(d + ex) 2e(cd +e) 2(cd — e)e c2d? — e?

[Out] (-a-b*arctanh(c*x))/e/(e*xx+d)-1/2*xbxcx1n(-c*x+1)/e/(c*d+e)+1/2*bxcx1n(cxx+1
)/ (cxd-e) /e-bxc*1n(exx+d) /(c"2*d"2-e"2)

Rubi [A]
time = 0.05, antiderivative size = 93, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.250,

steps used = 6, number of rules used = 4, integrand size = 16
Rules used = {6063, 720, 31, 647}

_a+ btanh™'(cz) _belog(d+ex) bclog(l —cx) | belog(ex +1)
e(d + ex) c2d? — e? 2e(cd + e) 2e(cd — e)

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh([c*x])/(d + e*x)~2,x]

[Out] -((a + b*ArcTanh[c*x])/(ex(d + exx))) - (bxc*xLogl[l - c*x])/(2%e*x(c*d + e))
+ (bxcxLogl[l + c*x])/(2x(cxd - e)*e) - (b*cxLogld + exx])/(c”2xd"2 - e72)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 647

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
(-a)*cl

Rule 720

Int[1/(C(d)) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e~2/(c
*d"2 + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd"2 + a*xe”2), Int[(c*d -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd"2 + a*e”2,
0]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
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*(c/(ex(q + 1))), Int[(d + exx)~(q + 1)/(1 - ¢c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQlq, -1]

Rubi steps
/ a + btanh™'(cz) e + btanh™'(cz) + (bc) [ m dz
(d + ex)? e(d + ex) e
_ a+btanhM(cz) (be) [ GHEE e (bee) [ g do
e(d+ ex) e (c2d? — e?) A2d? — e?
_at btanh™'(cz) _ belog(d+ex) b)) [ Fadz (b)) [ - da
e(d + ex) c2d? — e? 2(cd — e)e 2e(cd + e)
_a+ btanh™'(cx) _ belog(l —cx) | belog(l+cx)  belog(d + ex)
e(d + ex) 2e(cd + e) 2(cd — e)e c2d? — e?

Mathematica [A]
time = 0.10, size = 102, normalized size = 1.10

__a B btanh™'(cz) _bclog(l —cx) bclog(l+ecx) belog(d + ex)
e(d + ex) e(d+ ex) 2e(cd + e) 2e(—cd +e) Ad? — e?

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x])/(d + e*x)~2,x]

[Out] -(a/(e*x(d + e*x))) - (b*ArcTanh[c*x])/(ex(d + exx)) - (bxcxLogl[l - cx*x])/(2
xex(cxd + e)) - (bkxcxLogl[l + c*x])/(2xex(-(cxd) + e)) - (b*c*Logld + e*x])/
(c™2xd"2 - e72)

Maple [A]

time = 0.15, size = 128, normalized size = 1.38

method result
_ ac? _ b2 arctanh(cz) b2 In(cz—1) + b2 In(cz+1) b c? In(cex+dc)
. . L3 (cex+dc)e (cex+dc)e e(2dc+2e) e(2dc—2e) (dc+e)(dc—e)
derivativedivides .
_ ac? _ bc? arctanh(cz) bc? In(cz—1) + bc? In(cz+1) b c2 In(cex+dc)
(cex+dc)e (cex+dc)e e(2dc+2e) e(2dc—2e) (dc+e)(dc—e)
default .
risch __bln(cz+1)  In(cz—1)bc*dez—In(—cx—1)bc?dex+2In(—ez—d)bce’z+In(cz—1)bc2d? —In(cz—1)bce?z—In(—cx-
2e(ex+d)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))/(e*x+d) 2,x,method= RETURNVERBOSE)
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[Out] 1/cx(-axc™2/(cxexx+c*xd)/e-bxc~2/ (cxexx+ckxd)/e*xarctanh(c*xx)-bxc~2/e/ (2xc*d+2
*e)*x1n(c*x—1)+b*xc~2/e/ (2xc*d-2*e) *1n(c*x+1) -b*c~2/ (c*d+e) / (c*d—-e) *1n (cxe*x+

c*d))

Maxima [A]

time = 0.34, size = 99, normalized size = 1.06

1 log(cz+1) log(cz—1) 2log(ze+d)\ 2 artanh (cz) p_ G
2 \“\ Tede — e cde + €2 c2d? —e? ze? +de ze? +de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d)~2,x, algorithm="maxima")

[Out] 1/2*%(c*(log(c*x + 1)/(c*d*e - e72) - log(c*x - 1)/(cxdxe + e72) - 2*log(xxe
+ d)/(c”2%d"2 - e72)) - 2*arctanh(c*x)/(x*e”2 + d*e))*b - a/(x*e”2 + d*e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 393 vs.

2(89) = 178.

time = 0.47, size = 393, normalized size = 4.23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(e*x+d)~2,x, algorithm="fricas")

[Out] -1/2*%(2*a*c™2*xd"2 - 2*axcosh(1)~2 - 4*a*cosh(1)*sinh(1) - 2*a*sinh(1)~2 - (
b*c~2*d"2 + b*cxx*cosh(1)~2 + bkxc*x*sinh(1)~2 + (b*xc”™2*d*x + b*c*d)*cosh(1)
+ (b*c™2xd*x + 2*¥bxcxx*cosh(1l) + b*c*d)*sinh(1))*log(c*x + 1) + (b*c™2*d"2
- bxcxx*kcosh(1) "2 - b*c*x*sinh(1)~2 + (b*c”™2*d*x - b*c*d)*cosh(1l) + (b*c~2
*xd*xx - 2*¥bxcxx*cosh(1l) - b*c*d)*sinh(1))*log(c*x - 1) + 2% (b*c*kx*cosh(1)~2
+ bxc*x*sinh(1) 2 + bxcxd*cosh(1l) + (2xbxc*x*cosh(l) + b*c*d)*sinh(1))*log(
x*cosh(1) + x*sinh(1) + d) + (b*c™2*d"2 - b*cosh(1)~2 - 2*b*cosh(1)*sinh(1)
- bxsinh(1)~2)*log(-(c*x + 1)/(cxx - 1)))/(c”2*d"2*x*cosh(1)~2 + c~2*d"3*c
osh(1) - x*cosh(1)~4 - x*sinh(1)~4 - d*cosh(1)"3 - (4*x*cosh(1l) + d)*sinh(1
)~"3 + (c72xd"2xx - 6*x*cosh(1)~2 - 3*d*cosh(1))*sinh(1)~2 + (2*c~2xd~2*x*co
sh(1) + c”2%d~3 - 4#*x*cosh(1)”3 - 3*d*cosh(1)~2)*sinh(1))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 690 vs.
2(73) = 146.
time = 1.27, size = 690, normalized size = 7.42

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*atanh(c*x))/(e*x+d)**2,x)

[Out] Piecewise((-2*a*d/(2*d**2%e + 2*d*xe**2*xx) + b*d*atanh(e*x/d)/(2xd**2xe + 2%
d*e**2xx) + b*d/(2xd*x*2%e + 2xdxe*x*2*x) - bxexx*atanh(exx/d)/(2*dx*2xe + 2%
dxe**x2*x), Eq(c, -e/d)), (-2xa*d/(2xd**2%e + 2*d*e**2*x) - b*d*atanh(e*x/d)
/ (2%d*x2*%e + 2*dxe*x*2xx) - bkxd/(2xd**x2xe + 2kd*ex*2*x) + bxexx*atanh(e*x/d)
/ (2xdx*2xe + 2*d*ex*2*x), Eq(c, e/d)), (zoo*(a*x + bxxxatanh(c*x) + bxlog(x
- 1/c)/c + bxatanh(c*x)/c), Eq(d, -e*x)), ((a*x + b*x*atanh(c*x) + bxlog(x
- 1/c)/c + bxatanh(c*x)/c)/d**2, Eq(e, 0)), (-a/(d*e + exx2xx), Eq(c, 0)),

(—axcx*2%xd*x*2/ (cx*2*kd**3%ke + Ck*kkd**kQkex*k2kxx — dkex*k3 — e*x*4d*xx) + axe*xx2/
(c**x2xd*x*3%ke + Cx*2kd**Qke*x2xx — d*e**x3 — ex*kxd*xx) + bkck*2kxd*exx*atanh(c*xx
)/ (cx*2xd**3%e + c*k*2xd**2xe*x*2xx — dke*x*3 — ex*4d*x) + bkxcxdxexlog(x - 1/c)
/ (cx*2xd**3ke + Ck*2xd**2xex*2xx — d*ke*x*3 — ex*4d*x) - bxcxdxexlog(d/e + x)/
(c*x*2%d*x*3%e + Ck*2kd*k*2kex*2kxx — dke**3 — ex*4d*x) + b*cxdxexatanh(c*x)/(c*
*x2xd*k*k3ke + Ck*k2kd*k*k2ke**k2%x — dkex*3 - ex*x4xx) + bxckexx2xx*log(x - 1/c)/(
Ckx2%d**3%e + CH*¥kd*k*k2kex*2*kx — dxex*3 — e**x4xx) - bkckex*2*x*log(d/e + x)
/ (cx*2xd*x*3%e + ckx*x2xd*x*x2xe*x*2xx — d*ke**3 — ex*k4*x) + bxckxe*x*2xx*atanh(c*x)
/ (cx*2%d*x*3%e + ckx*2xd**2ke*x*2kxx — dke**3 — ex*4d*x) + b*ex*2*xatanh(c*x)/(cx*
*2*xd**3ke + ckkkd*kkexk2xx — drex*3 - ex*x4dx*xx), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(89) =
178.
time = 0.41, size = 243, normalized size = 2.61

blog ( cz+1 —cd+ cz+1) n e) blog( cz+1) blog ( cz+1) %
¢ +e?

242 2 2 Ne2d? 2 1 1)e2
c2d? — e2 (ca+1)c?d? 2d? + 2 (cz+1)cde + (cz+1)e +e? c2d? — ¢ (Cl‘+ )e2d: —eed? 4+ (cz+ )cde + (c:c+ )e
cr—1 cr—1 cz—1 cr—1 cr—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d)~2,x, algorithm="giac")

[Out] -c*(b*log((c*x + 1)*c*kd/(cxx - 1) - c*d + (cxx + 1)*e/(cxx - 1) + e)/(c™2xd
2 - e72) - b*xlog(-(c*x + 1)/(c*x - 1))/((c*x + 1)*c™2*xd"2/(c*x - 1) - c™2%

d”2 + 2%(c*x + 1)*ckd*e/(cxx - 1) + (c*xx + 1)*xe”2/(c*x - 1) + e72) - bxlog(

-(c*xx + 1)/(c*x - 1))/(c™2+%d"2 - e72) - 2*a/((c*xx + 1)*c”2*d"2/(c*x - 1) -
c"2%d"2 + 2*(c*xx + 1)*c*xd*e/(c*x - 1) + (c*x + 1)*e”2/(c*x - 1) + e72))

Mupad [B]
time = 3.60, size = 115, normalized size = 1.24

bex ln(c2 z2,1>

d? (% —bcln(d+ex) +a02x+b02xatanh(cx)> +de (batanh(cx) —bczln(d+ez)+ f) —ae’x
d(e2—c*d?) (d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(d + e*x)~2,x)

[Out] -(d~2*x((b*c*log(c™2%x"2 - 1))/2 - bkxcxlog(d + e*xx) + axc™2*x + bxc~2*x*atan
h(c*x)) + dxex(bxatanh(c*x) - bxcxx*log(d + e*x) + (bxc*xx*log(c™2*x~2 - 1))

/2) - axe”2*x)/(d*(e”2 - c”2xd"2)*(d + e*x))



66

3.7 f a+b(2a_1|_1£1;)13(c:r) dz

Optimal. Leaf size=130

be a+btanh™'(cz) bclog(l —cx)  bc’log(l + cx) bcPdlog(d + ex)

2@E - ) (dtex)  2e(dten)® | deledte)? | Acd—ePe | (Gd— )’

[Out] 1/2*b*c/(c"2*xd"2-e"2)/(exx+d)+1/2*(-a-b*arctanh(c*x))/e/(exx+d) "2-1/4*xb*xc~2
*1n(-cxx+1) /e/ (cxd+e) “2+1/4xb*xc™2x1n(c*x+1) / (c*d-e) “2/e-bxc~3*d*1n(e*x+d) /(
c"2xd"2-e"2) "2

Rubi [A]

time = 0.10, antiderivative size = 130, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.188,

steps used = 4, number of rules used = 3, integrand size = 16,
Rules used = {6063, 724, 815}

_a+btanh™'(cz) N be _ bclog(1 —cx)  bctlog(cx +1) bcPdlog(d + ex)
2e(d + ex)? 2(c?d? —e?) (d + ex) de(cd +€)? 4e(cd — e)? (2d? — e2)?

Antiderivative was successfully verified.
[In] Int[(a + b*xArcTanh([c*x])/(d + e*x)~3,x]

[Out] (b*c)/(2%(c"2*d"2 - e"2)*(d + e*x)) - (a + bxArcTanh[c*x])/(2*e*x(d + e*xx)"2
) — (b*c™2*Logl[1l - c*x])/(4*ex(cxd + e)~2) + (b*c™2xLog[l + c*x])/(4*x(c*xd -
e)"2%e) - (bxc~3*d*Logl[d + e*x])/(c"2xd"2 - e72)"2

Rule 724

Int[((d)) + (e_)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(c*d"2 + a*e”2))), x] + Dist[c/(c*d"2 + a*e”2), In
t[(d + e*xx)"(m + 1)*((d - e*x)/(a + c*x~2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d™2 + a*e”2, 0] && LtQ[m, -1]

Rule 815

Int [(((d_.) + (e_.)*x(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a)) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx((f + g*x)/(a + c*x72)), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e™2, 0] && IntegerQ[m]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
*(c/(ex(q + 1))), Int[(d + exx)"(q + 1)/(1 - c™2*x72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]
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Rubi steps
/ a + btanh™'(cx) oot btanh™'(cx) + (bc) J Wll_czzz) dx
(d+ex)3 B 2e(d + ex)? 2e

B be a+ btanh™'(cz) 4 (bc®) f(d+eag(+2z2)dx
T2 —e) (d+ex)  2e(d+ex)? 2e (c2d? — €2?)
_ be _ a+btanh” (c2) N (bc) [ (2(cd+_ec)((i—"—_i+cx) + 2(cd—cZ;g+cx)
~ 2(c2d? — e?) (d + ex) 2e(d + ex)? 2e (c2d? — ¢
_ be _a+btanh™'(cx)  blog(l—cx)  bPlog(l+cx)
— 2(c2d? — €?) (d + ex) 2e(d + ex)? 4de(cd + e)? 4(cd — €)%e

Mathematica [A]
time = 0.10, size = 133, normalized size = 1.02

1/ 2 4 2bc 2 tanh™ (cz) _bc?log(l —cz) | bc’log(l+cx)  4bc’dlog(d + ex)
4\ e(d+ex)? (2d?—e?)(d+ex) e(d + ex)? e(cd + €)? e(—cd + e)? (—c2d? + €2)?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + exx)~3,x]

[Out] ((-2%a)/(ex(d + e*x)~2) + (2xbxc)/((c"2*%d"2 - e72)*(d + e*x)) - (2*%b*ArcTan
hlc*x])/(ex(d + e*x)"2) - (b*c™2xLogl[l - c*x])/(ex(cxd + e)~2) + (bxc~2*Log

[1 + cxx])/(ex(-(cxd) + e)~2) - (4*b*c~3xd*Logld + exx])/(-(c™2*d"2) + e~2)

"2)/4

Maple [A]

time = 0.19, size = 158, normalized size = 1.22

method result
_ acd _bc3 arctanh(cz) +b03 In(cz+1) + b3 _ bc4d1n(cez+dc) _bc3 In(cz—1)
: : ferl 2(cex+dc)?e 2(cex+dc)2e de(dc—e)? 2(dc+e)(dc—e)(cez+dc)  (de+e)?(dc—e)? de(dcte)?
derivativedivides -
_ acd _603 arctanh(cz) b3 In(cz+1) + be3 bc4d1n(cea:+dc) b3 In(cz—1)
2(cex+dc)2e 2(cem+dc)26 4e(dc— 6)2 2(dcte)(de—e)(cez+dc) (dc+e) (de— 5)2 4e(alc+e)2
default .
risch __bln(ez+l)  —2In(—cz—1)bc3d3e—In(—cz—1)bc?d?e?—In(—cz—1)bc2ez?+41In(ex+d)b c3d3e+In(—cx+1)bc’e
de(ex+d)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))/(e*x+d) 3,x,method= RETURNVERBOSE)

[Out] 1/cx(-1/2*xa*xc”3/(c*xexx+c*d) "2/e-1/2*xbxc”3/(c*xe*xx+c*d) ~"2/exarctanh (c*xx)+1/4x%
bxc~3/e/(c*xd-e) "2%1n(c*x+1)+1/2%bxc~3/ (cxd+e) / (c*xd-e) / (cke*xx+c*d) —-bxc~4x*xd/ (
c*xd+e) "2/ (cxd-e) ~2x1n (ckxexx+ckxd)—-1/4*xbxc~3/e/ (c*d+e) ~2*%1n(c*x-1))
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Maxima [A]
time = 0.27, size = 184, normalized size = 1.42

1 (( 4c*dlog (ze + d) clog (cz + 1) clog (cz — 1) 2

1 B B . 2 artanh (cz) a
4 \\ctd* —2c%d%e? + et Ad?e—2cde? +e3  Ad?e+2cde? +e  Ad3 + (Ad?e — €3)x — de? z2e3 + 2dze? + d%e

T 2(223 + 2dze? + d%e)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d)~3,x, algorithm="maxima")

[Out] -1/4%((4*c™2xd*log(x*e + d)/(c™4*d"4 - 2*c™2xd"2%e”2 + e~4) - c*log(c*x + 1
)/ (c™2%d"2*%e - 2*cxd*e”2 + e73) + cxlog(cxx - 1)/(c™2*d"2%e + 2*kcxd*e™2 + e

~3) - 2/(c”2%d"3 + (c"2*xd"2xe - e"3)*x - d*e”2))*c + 2xarctanh(c*x)/(x"2%e”

3 + 2xd*xx*e”2 + d~2*e))*b - 1/2*a/(x"2%e"3 + 2*d*x*e”2 + d"2%e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 1555 vs.
2(122) = 244.
time = 0.47, size = 1555, normalized size = 11.96

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="fricas")

[Out] -1/4*%(2*a*c”4*xd"4 - 2xbxc”3*d"3*cosh(1) + 2¥bxcxd*cosh(1)~3 + 2*(b*c*x + a)
*cosh(1)74 + 2x(b*c*x + a)*sinh(1)74 + 2*x(b*c*d + 4*x(b*c*x + a)*cosh(1))*si
nh(1) 73 - 2x(b*c™3*d~2*x + 2*a*c~2xd"2)*cosh(1)~2 - 2% (b*xc~3*d"2*x + 2*axc™
2*%d"2 - 3*bxcxd*cosh(l) - 6*(b*c*x + a)*cosh(1)"2)*sinh(1)"2 - (b*c™4*d"4 +
bxc”2%x"2%cosh(1) "4 + b*c™2xx"2%sinh(1) "4 + 2*%(b*c~3*%d*x~2 + b*c~2*d*x)*co
sh(1)73 + 2% (b*xc™3*d*x"2 + 2*b*c™2*x"2*cosh(1) + b*c~2*d*x)*sinh(1)"3 + (bx*
CT4xd"2%x"2 + 4xbkc”3*%d"2*x + b*c"2*%d"2)*cosh(1)"2 + (b*c™4*d"2*x"2 + 4xbxc
“3%d"2%x + 6xbxc”2*x"2%cosh(1)72 + bxc™2*d"2 + 6x(b*c~3*d*x"2 + bkc 2*d*x)*
cosh(1))*sinh(1)"2 + 2x(b*c~4*d"3*x + b*c~3*d"3)*cosh(1l) + 2*(b*c~4*d"3*x +
2%bxc”2*x"2%cosh(1) "3 + b*xc~3*d"3 + 3*(b*c~3*d*x~2 + b*c~2*d*x)*cosh(1)”~2
+ (b*c™4xd"2*x"2 + 4*b*c”~3*d"2*x + b*c~2xd"2)*cosh(1))*sinh(1))*log(c*x + 1
) + (b*c™4*d"4 + b*c™2*x"2*%cosh(1)~4 + b*c™2*x"2*sinh(1)74 - 2*(b*c 3*d*x"2
- bxc~2*d*x)*cosh(1) "3 - 2x(b*c~3*d*x~2 — 2*b*c 2*xx"2*%cosh(1) - b*c 2*d*x)
*3inh (1) "3 + (b*c™4*d~2*x"2 - 4%b*c~3*d"2*x + b*c~2*d"2)*cosh(1)"2 + (b*c~4
*d"2*x"2 - 4xbxc”3*d"2%x + 6*b*c”2*x"2*cosh(1)72 + b*cT2+%d"2 - 6% (b*c”3*d*x
2 - bxc~2*xd*x)*cosh(1))*sinh(1) "2 + 2x(b*c~4*d"3*x - b*c~3*d"3)*cosh(1l) +
2% (bxc~4*d"3*x + 2*b*c”2*x"2*cosh(1)~3 - b*c™3*%d"3 - 3*(b*c~3*d*x"2 - b*c~2
*d*xx)*kcosh(1) "2 + (b*c™4*xd"2*x"2 - 4xbxc~3*d"2*x + b*c~2+%d~2)*cosh(1))*sinh
(1)) *log(c*x - 1) + 4*(bxc™3*d*x"2xcosh(1)~3 + b*c~3*d*x~2*sinh(1)~3 + 2%bx*
c~3xd"2*x*cosh(1) "2 + b*xc~3*d"3*cosh(1) + (3*b*c~3*d*x"2*cosh(1l) + 2¥b*c~3x%
d~2*x) *sinh (1) "2 + (3*%b*xc~3*xd*x"2*%cosh(1) "2 + 4xbxc~3*d~2*x*cosh(1l) + b*c~3
*d~3)*sinh(1))*log(x*cosh(1l) + x*sinh(1) + d) + (b*c™4*d~4 - 2%b*c~2*d~2%co
sh(1)"2 + b*cosh(1)~"4 + 4xbxcosh(1)*sinh(1)~3 + b*sinh(1)~4 - 2x(b*c~2*d"2
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- 3*b*cosh(1)"2)*sinh(1) 72 - 4*x(b*c™2*d"2*cosh(1) - b*cosh(1)~3)*sinh(1))*1
og(-(cxx + 1)/(c*x - 1)) - 2x(b*c™3*%d"3 - 3*bxcxd*cosh(1)~2 - 4*(b*c*x + a)
*cosh(1) 73 + 2% (b*c™3*d"2*x + 2*xa*xc”2*xd"2)*cosh(1))*sinh(1))/(2*xc~4*d"~5*x*C
osh(1)7"2 + c~4*d"6xcosh(1) - 4*c~2*d"3*x*cosh(1)~4 + x"2*cosh(1)"7 + x"2*si
nh(1)~7 + 2xd*x*cosh(1)"6 + (7*x"2*xcosh(1) + 2xd*x)*sinh(1)7"6 - (2*c~2*xd"2*
X"2 - d72)*cosh(1)75 - (2%c™2*%d"2*x"2 - 21*x"2*cosh(1)~2 - 12*d*x*cosh(1) -
d"2)*sinh(1)"5 - (4*c~2*d"3*x - 35*%x"2*cosh(1)~3 - 30*d*x*cosh(1)~2 + 5%(2
*Cc~2xd"2%x"2 - d~2)*cosh(1))*sinh(1)~4 + (c"4*d~4*x"2 - 2%c~2*xd~4)*cosh(1)~
3 + (c74*d"4%x"2 - 16%c”2*d"3*x*cosh(1l) - 2*c~2+%d~4 + 35*x"2xcosh(1)"4 + 40
*d*xx*xcosh(1) 73 - 10%(2%c™2*%d"2*x"2 - d~2)*cosh(1)"2)*sinh(1)~3 + (2%c~4*d"5
*x — 24%c”2%d"3*x*cosh(1)~2 + 21*x"2xcosh(1)~5 + 30*d*x*cosh(1)~4 - 10*(2*c
~2%d"2%x"2 - d"2)*cosh(1)"3 + 3*%(c”4*d"4*x"2 - 2*c~2*xd~4)*cosh(1))*sinh(1)~
2 + (4xc”4*d"5*xx*xcosh(1) + c~4*d"6 - 16*c”~2*d"3*x*cosh(1)~3 + 7*x"2*cosh(1)
6 + 12*d*x*cosh(1)75 - 5x(2*c™2+%d"2*xx"2 - d"2)*cosh(1)74 + 3*x(c”4*d"4*x"2
- 2xc~2%d"4)*cosh(1)~2)*sinh(1))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 3216 vs.

2(110) = 220.
time = 3.26, size = 3216, normalized size = 24.74

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c#*x))/(e*x+d)**3,x)

[Out] Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), (-a/(2%dx*2xe + 4*xd*ex*2*x
*xk3xx*%2) , Eq(c, 0)), (-4*axd**2/(8*d**4d*e + 16kd**3*e**2kx + 8kd**2*e**3*x
**2) + 3kbkxdx*k2xatanh(e*xx/d)/ (8*d*xd*e + 16*d**3*e*x*x2%x + 8kdx*kkex*kJkx**2)
+ 2xbxd*x*2/ (8kd*x*4*xe + 16*d*x*3kex*2*xx + 8Skd**ke**x3kx**x2) - 2*bkd*exx*atan
h(e*x/d)/ (8*%d**x4d*e + 16%d**x3ke**x2*xx + 8kd*x*2kex*3*%x*x*2) + bkdxexx/(8kxd**4*xe
+ 16%d**3ke*x*2%kx + 8kd*k*kex*k3kx*x*2) — bkex*kkxx*x*2*xatanh (e*x/d)/ (8*xd*x*x4dx*e
+ 16%d**3kex*2xx + 8*d**2kexx3*x**2), Eq(c, -e/d)), (-4*xaxd**2/(8*kdx*xdxe +
16kd**3kex*2xx + 8Bkxd**2xe*x*3xx**2) - 33xbxd**2xatanh(exx/d)/(8*dx*4*e + 16*d
*k3Jkekkkx + Skdk*kkex*k3kx*k*k2) — 2kbkd*x*2/ (8kd**4dke + 16%d**3kex*2*x + 8kdx*
*Qkex*k3%x**2) + 2¥bk*dxexx*atanh(exx/d)/(8*d*x*4*e + 16*d*x*3kex*2kx + 8Skd*k*22*
ex*3%x**2) — bkdkexx/(8*dx*4*xe + 16*d*x*3kex*2*xx + 8Skd**k2ke**x3kx**x2) + bkekxxk
2xx*x2*atanh (exx/d) / (8*d**4xe + 16*d**3*e*x*2xx + Bxd**x2*kex*3xx*x2), Eq(c, e
/d)), ((a*x + bxx*atanh(c*x) + bx*log(x - 1/c)/c + b¥atanh(c*x)/c)/d**3, Eq(
e, 0)), (—axckxdxd*x*x4/(2xckxdxd*x*6ke + 4kcxkdxdxkbkexk2xx + 2kckkdkdrkdkekk
3kxkk2 — Axcxx2xdxkdkex*k3 — SkckkkdkkIkekkdkx — 4kckk2kdkkQkekkbHkxkk2 + 2%k
d**x2ke*x*x5 + 4dkxdkex*kB*x + 2kekkT*xx*%*x2) + 2kakckkkd*k*kx2ke*x*x2/ (2xckkdxd*x*xBxe +
Axcx*kAxd*x*5kex*Q*kx + 2xckkdxdkkdxek*3xxk*Q — 4kckxkd*kxdke*x3 — 8kck*kkd**
3xex*k4q*xx — 4kckkkd*¥kke*kk5kx*k*x2 + kdk*kkex*k5 + 4kdke*kBGkx + 2kekkThkx*k*2)
— ake*xx4/ (2kck*k4kd*x*xBke + 4kckk4dkd*xk5kex*kQkx + 2kckkLdkdkk4kekkIkxk*kD — 4kCk
*kdkkdkekk3 — 8kCkkQkdkkIkekkdkx — 4kckkQkd*k*kQkekkB5kx* k%2 + 2kd**2kex*x5 + 4

+ 2%e
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kdke*xkB*x + 2kexkTkx*x*2) + 2xbkckkdkxd*kxx3kexx*katanh (cxx)/(2kxckx*4xd*xx6kxe + 4%
cxk4kdk*k5kekkQkx + kckkdkdkkdkexk3kxkkD — Akckkdkdkkdkex*k3 — 8kck*kkd*kx3ke
*kdkx — AkCk*kkdk*Dkex*k5kx*k*2 + kAk*kex*k5 + 4kdke* k6kx + kex*k7T*kx*x*2) + b
kckkdkd*kkQkekkkxkk2katanh (cxx) / (2kck*4dkd**x6ke + 4xckkdxdkk5kex*2kxx + 2kc*k*
4dxd*xx4*xex*3kxk*k2 — 4xckxkdk*kdkex*k3 — 8xck*xkdk*k3kexkdxx — 4kck*k2kd**k2ke*x*5
*xX*k*k2 + 2kd*¥x2ke*x5 + dkdkex*kBkx + 2%e* xTxx**2) + 2xbkck*x3*xd**3xexlog(x - 1
/c)/ (2xcx*k4*xd*x*B6%e + 4kckkdkdkkbkexk2kx + 2kckkhdkdkkdkek*k3kx*k*2 — 4kck*kQkd*
*4ke**3 — 8kCkkkd*k3kekkdkx — 4kckkDkdkkDkekk5xxk*k2 + 2kxd*x*kDke*x*x5 + 4kdkex
*k6xX + 2kex*kTkx**2) — 2*kbkck*3kd**3*kexlog(d/e + x)/(2%ck*4*xd*x6xe + 4kck*dx*
dA**k5kxe*x*x2%xx + 2kckkdkdkkdkek*k3kxkkD — 4kckk2kdkkdkex*k3 — 8kCk*kkdkk3kekkdkx
— Axcx*x2kd*k2kekk5kx**2 + 2kdkk2kex*5 + 4dxdkex*BGkxx + 2kex*Txx*k*k2) + 2kbxcxk
*3%d*x*3*kexatanh (c*x) / (2xck*4dxd*x*B6ke + 4kckkdkd*kx5ke*x*x2kx + 2kck*k4dkd*x*k4d*ex*3
*x*k%kQ — Akckxkdkk4kex*k3 — 8kck*kkdkk3kekk4kxx — 4kckkkd**kDkek*k5kx*k*xD + kxd
*xkQke*x*k5 + 4AdxdkexkBxx + 2kexkxTxx*x*2) + bkckk3kd**x3ke/ (2kck*4q*xd**xBke + 4*xCckx*
Axd*x*x5ke*x2kxxX + kckkdkdkkdkexk3kxkkD — AkckkQkdkkdkex*k3 — 8SkCk*kQkdkk3kekx*xd
*X — AkCck*kQkd*kkkekk5kxk*k2 + 2kdkx*k2ke*x*5 + 4kdkex*kBkx + 2kex*kTkx**x2) + 4xbx
ckx3*xd*kx2kxe*x2xx*¥10g(x — 1/c)/(2kcx*dxdx*6ke + 4*ckxd*xd*x5kxe**x2xx + 2kck*dx*
d*xx4*xe*xk3kxk*kD — 4kckkDkdkk4dke* *x3 — 8kckk2kdk*k3kek*k4kx — 4kCk*kkd*kkkekk5kx
*x%2 + 2kd*kx2ke*x*5 + Akdxe* x6*x + 2kex*kTxx**2) — 4xbkck*k3kd*kx2*ex*2xx*1log(d/
e + x)/(2%ck*4*xd**x6ke + 4kxckkdkxd*kk5kex*kQkx + kCkkLkdkk4qdkekk3kxk*kD — 4kCk*k2
kdkkdkekk3 — 8kckk2kdkkIkekkdkx — 4dkckkkdkkQkekkbkxk*k2 + 2kd**2kex*5 + 4xd
ke¥xkBkx + 2kek*kTxx*k*2) + 4xbkxckk3kdk*2kex*k2kxx*xatanh (c*x)/(2*xck*xd*xd**x6xe + 4
*Ckk4kd*kkEkexkDkx + 2kCkkbkdkk4kekkIkxkkD — AxckkDkdkk4ke* k3 — 8kckkkd*k*k3*
ex*k4*xx — Akckk2kdkk2kexk5kxk*k2 + 2kd*kkke*kk5 + 4Lkdkex*kBkxx + ke xTkx*k*x2) +
bxckx*k3kdk*Qke*k2kxx/ (2kCk*k4*kd*x*kBke + 4kckk4qdkd*k5kex*x2kx + 2kckkbkdk*kLkexk3kx
*%kQ — 4kckkkdkkdkek*k3 — 8kckkQkdkkJkekkdkx — 4kCkk2kdkk2kekkHkxkk2 + 22kd*k*
2kex*5 + 4xd¥xe*x6*x + kex*kTxxx*2) + 2kbkcx*k3kdxex*3xx**2x1log(x - 1/c)/(2*c
*xk4qxd*kGke + 4kckkdkdkxk5kekkQkx + kCkkdkdkkdkekk3kxk*kD — 4kckkkdkk4kek*k3
— 8kCHkxkd*k3kexkdkx — 4kck*kDkdkkDkekk5xxk*k2 + 2kd*x*kQke*x*x5 + 4kdke**B*xx + 2
kexkTkx**2) — 2kbkck*k3kdxex*3xx*k*x2x1og(d/e + x)/(2kck*d*xd**x6*e + 4kcxkdkd*
Bxe*x2%xx + 2kckkdxdkkdkek*k3kxkkD — 4kckkQkdkkdkex*k3 — 8kCk*kkd*kk3kekkdkx —
AxckkQkd*kQke*kk5kx*k*x2 + 2kd*k*kkex*5 + 4dxdkexkBkx + 2kekkTkx*k*2) + 2kbkck*k3*
d*ex*3*kx**2*katanh (c*x) / (2kcx*4*xd*x*B6ke + 4kckkxdkd*x5ke*x*x2kxx + 2kckkldkd**k4qd*xex*
*3kxk*k2 — 4kckkQkd*kkdkex*k3 — 8kck*kDkdkk3kekkdkxx — 4kckkkd*x*kDkek*k5kx*k*x2 + 2
*kd*xk2Qke*xkx5 + 4dxdkexkBxx + 2kexkTxx*x*k2) + 3kxbkckkx2kxd**x2kex*k2katanh(c*x)/(2*c
*kxk4qkd*kBke + 4Adkckkdkdkk5kexkQkx + kcCkkqkd*kkdkexk3kxk*kD — 4kckkQkd*kkdkex*x3
— 8xcxx2xd*xkx3kexkdkxx — 4kckkkdkkkekkHkxkk2 + 2kdkkQkek*k5 + 4kdkek*k6kx + 2
kekkTkx**2) + 2kbkck*2kd*ex*3*x*atanh (c*x)/ (2xck*4dxd*x*6ke + 4kck*kdkd**x5kek*
%X + 2kCkk4kdkkdkexk3Ikxk*kD — 4kckkDkdkkdkex*k3 — 8kckkkdkk3kekk4dkx — 4kck*
2kd*x2kekk5kxk*k2 + kdk*kDke* kx5 + 4kxdke* *kBGkxX + ke xTxx*k%*2) + bkckkkekkdkxk
*¥2xatanh (c*x) / (2kc**4d*xd*x*x6ke + 4*xCkkdkd*x*kDke*xk2*xX + kCkkdkdk*kdke*kx3kxk*kD —
Axckxk2kd*xk4kex*k3 — Skcxkx2xd*k3kekkdkx — 4kckkkdkkQkekkBkxkk2 + 2kdk*kQkekk
5 + 4xdkxe**x6kx + 2kex*7Txx*x*2) — bkckdkxe*x*x3/(2kcx*k4*xd*x*k6*e + 4kckkdkdkx5kekk
%X + 2kCkk4kdkkdkexk3Ikxk*kD — 4kckkDkdkkdkexk3 — 8kckkkdkk3kekk4dkx — 4kckk
2kd*x2kexk5kxk*k2 + kdk*kDke*kx5 + 4kdke* *kBGkxX + ke*kxTxx*%*2) — bkckexkdxx/ (2%
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ckxd*xd*x*k6ke + 4xckxdkxdkk5kex*k2kxx + 2kckkdkdrkdkekk3kxk*k2 — Lkckk2kdkk4dkex*3
- 8*xck*x2xdkk3kekk4kx — 4kckk2kd*kkDkedkkEkx*k*2 +. ..

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 809 vs. 2(122) =
244.
time = 0.42, size = 809, normalized size = 6.22

bt (22 ¢z
- P

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(e*x+d)~3,x, algorithm="giac")

[Out] -(b*c™2*d*log(-(c*x + 1)*c*d/(c*x - 1) + cxd - (c*x + 1)*e/(c*kx - 1) - e)/(
cT4xd"4 - 2%c”2*d"2%e”2 + e74) - bxc 2xd*log(-(cxx + 1)/(c*x - 1))/(c”4xd"4
- 2%c”2%d"2*%e”2 + e74) - ((c*x + 1)*b*c™2*%d/(c*x - 1) - bxc™2*%d + (c*x + 1
) *b*xc*xe/(c*x - 1))*log(-(cxx + 1)/(cxx - 1))/((c*xx + 1)72%c”4*d"4/(cxx - 1)
~2 - 2%(c*x + 1)*c"4*d"4/(cxx - 1) + c74*d"4 + 4x(cxx + 1)72xc"3*d"3*e/(c*x
- 1)72 - 4x(c*xx + 1)*c"3*%d"3*e/(c*x - 1) + 6%(c*x + 1)72%c"2*%d"2*e"2/ (c*x
- 1)72 - 2%c72xd"2*e”2 + 4x(cxx + 1) 2xcxd*e”3/(cxx — 1)72 + 4x(ckx + 1)*cx*
d*xe~3/(cxx - 1) + (c*x + 1)"2*%e"4/(c*xx - 1)72 + 2% (c*x + 1)*e"4/(c*x - 1) +
e”4) - (2%(c*x + 1)*a*c™3*%d"2/(c*x - 1) — 2*a*c™3*%d"2 + 2*a*c™2xd*e - (c*x
+ 1)*bxc~2*xd*e/(c*xx — 1) + bxc™2xd*e - 2x(c*xx + 1)*axcxe”2/(c*x - 1) - (c*
X + 1)*bxcxe”2/(c*x - 1) - b*c*e”™2)/((c*x + 1)72%c~5+%d"5/(c*x - 1)°2 - 2x(c
*x + 1)*c”5xd"5/(c*x - 1) + c”5xd™5 + 3*(cxx + 1) 2xc"4*d"4*e/(c*x - 1)72 -
2% (cxx + 1)*c”4xd"4*e/(c*x — 1) - c”4xd"4*e + 2*x(cxx + 1) 2xc"3*xd"3*e"2/(c
*x — 1)72 + 4x(c*xx + 1)*c”3*d"3*e”2/(cxx — 1) - 2*xc~3*d"3*e”2 - 2x(c*x + 1)
“2xc”2*%d"2%e”3/(ckx - 1)72 + 4x(c*kx + 1)*c”2*%d"2*%e"3/(c*kx - 1) + 2%c™2%d"2x%
e"3 - 3*k(cxx + 1)72xcxd*e”4/(c*x - 1)72 - 2x(c*xx + 1)*c*d*e”4/(c*x - 1) + ¢
xd*e~4 - (c*xx + 1)"2%xe”5/(cxx - 1)72 - 2x(cxx + 1)*e~5/(c*x - 1) - e75))*c

Mupad [B]
time = 4.00, size = 427, normalized size = 3.28

) P (et @0 ) 22 ani(en)
2¢

2 242, bede 2’ 2 ac?d®e  bede® Laed 4 actd®e bPde?  ackel
£ s b d 4+ bl e? atanh(ez) % (—a@ d+bsieiae P 4 £) o . a2
bdn(Pa®~1) B an<§7792 > b & +be) _ _bfdIn(d+ez) batenbles) _ ( T2 ) ) _=( st ¢ Teea —— t FICET) -
2EM 2RI 3 /oF o (2dte(- P +aravoa) B -20FLd 2R —23der’ — EPat + B +2des + a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(d + e*x)~3,x)

[Out] (b*c™3xd*xlog(c™2*x"2 - 1))/(2*(e”4 + c™4*d™4 - 2xc"2*%d"2xe”"2)) - (atan((c~2
*x)/(-c”2)"(1/2) ) *(b*c~5*%d"2 + b*c~3*e”2))/(2*%e"5x(-c"2)~(1/2) - c~2*(2*xd"4
xex(-c”2)"(3/2) + 4xd"2*%e"3*(-c"2)7(1/2))) - (b*c~3*d*log(d + e*x))/(e”4 +
c"4%d"4 - 2*xc”2xd"2*xe"2) - ((b*xatanh(c*x))/(2%e) - (x*x(axe™2 - a*xc™2*%d"2 +
(bxcxd*e)/2))/(d*(e”2 - c"2*xd"2)) - (x"2x((a*e”3)/2 + (b*cxd*xe~2)/2 - (a*xc”
2%d"2%e)/2))/(d"2x(e"2 - c72%d"2)) + (x"4*x((axc™2*xe~3)/2 - (a*c™4*d"2x*e)/2

+ (bxc™3xd*xe~2)/2))/(d"2%(e”2 - c™2*xd"2)) + (x"3*(a*c™2*e”2 - axc™4*xd~2 + (
bxc~3xd*e)/2))/(d*(e”2 - c~2xd"2)) - (b*c™2*x"2*atanh(c*x))/(2xe))/(d"2 + e
T2%x72 + 2kdkexx - cT2%d"2*%x"2 - cT2%e"2%x"4 - 2%c”2xd*exx"3)
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a anh~1(cz
3.8  [Heidg

Optimal. Leaf size=175

be 2bc3d a+ btanh™'(cx) bclog(l —cx)  bcdlog(l + cx) _be’(3c

6 (c2d? — e?) (d + ex)2+3 (2d? — e2)? (d + ex) 3e(d+ex)®  6e(cd+e) 6(cd — e)3e 3(

[Out] 1/6%b*c/(c™2*%d"2-e72)/(exx+d) ~2+2/3*%bxc~3*d/ (c"2*d"2-e"2) "2/ (exx+d)+1/3*(-a
-bxarctanh(c*x))/e/ (exx+d) “3-1/6*b*c~3*1n(-c*x+1) /e/ (cxd+e) ~3+1/6%b*xc~3*1n(
c*x+1)/(c*xd-e) ~3/e-1/3*%bxc" 3% (3*%c~2%d~2+e"2) *1n(exx+d) / (c"2*d"2-e"2) "3

Rubi [A]
time = 0.14, antiderivative size = 175, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.188,

steps used = 4, number of rules used = 3, integrand size = 16,
Rules used = {6063, 724, 815}

_a+btanh™!(cz)  bclog(l —cz) | bc*log(cx +1) be 2bc3d bc3(3c?d? + €2) log(d + ex)

3e(d + ex)? 6e(cd + e)3 6e(cd — e)3 6(c2d? — e?) (d + ex)? + 3(c2d? — €2)* (d + ex) 3(cd — e)3(cd + €)?

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])/(d + e*x)~4,x]

[Out] (b*c)/(6%(c™2%d"2 - e"2)*(d + e*x)~2) + (2xbxc~3*d)/(3*(c"2%d"2 - e72)"2*(d
+ exx)) - (a + bxArcTanh[c*x])/(3xex(d + exx)~3) - (bxc"3*Logl[l - c*x])/(6
*xex(cxd + e)73) + (bxc™3*Logl[l + c*x])/(6%(c*d - e)~3xe) - (bxc™3*(3*xc™2*d"

2 + e"2)*Logld + e*x])/(3*(c*d - e)"3x(cxd + e)~3)

Rule 724
Int[((d) + (e_.)*(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(cxd”2 + a*e”2))), x] + Dist[c/(c*d"2 + axe”2), In

t[(d + e*xx)"(m + 1)*((d - exx)/(a + c*xx2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd™2 + axe”2, 0] && LtQ[m, -1]

Rule 815

Int[(((d_.) + (e_)*x(x))"(m )*((£_.) + (g_.)*(x_)))/((a)) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*x((f + gxx)/(a + c*xx~2)), x],
x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[c*d"2 + a*e™2, 0] && IntegerQ[m]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
x(c/(ex(q + 1))), Int[(d + exx)"(q + 1)/(1 - c"2*%x"2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]



73

Rubi steps
/ a + btanh™*(cx) a + btanh™*(cx) (be) [ —(d+ex)3%1_02x2) dx
Tr=— +
(d + ex)* 3e(d + ex)? 3e
_ bc _a+ btanh_l(cz) n (o) [ —(d+ex‘)i2_(§x_czx2) dx
6 (c2d? — €?) (d + ex)? 3e(d + ex)? 3e (c2d? — e?)
3 c(cd—e) c(cd+
. be a+ btanh™!(cz) (bc®) J (_2(cd+e)2(—1+cz) + 3Ga—e2(
~ 6(c2d? — e?) (d + ex)? 3e(d + ex)?
_ be N 2bc3d a+btanh™*(cz) b log(l
T 6(d?—€?) (d+ex)®  3(c2d? — €2)* (d + ex) 3e(d + ex)? 6e(cd +
Mathematica [A]
time = 0.19, size = 173, normalized size = 0.99
1(_ 2a + be 4bc’d _ 2btanh!(cz) btlog(l—cx)  bctlog(l+cx)  2bc*(3c*d* + €?) log(d + ez)>
6\ e(d+ex)? (2 —e?)(d+ex)?  (—c2d?+e2)’(d+ ex) e(d + ex)? e(cd + €)? (cd —e)3e (2d? — e?)®
Antiderivative was successfully verified.
[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*xx)~4,x]
[Out] ((-2*a)/(ex(d + e*x)~3) + (b*c)/((c™2*xd"2 - e72)*(d + e*x)”"2) + (4*bxc”3*d)
/((-(c™2*d"2) + e72)72*%(d + exx)) - (2xbxArcTanh([c*x])/(e*(d + exx)"3) - (b
xc~3%Log[1 - c*x])/(e*x(cxd + e)~3) + (bxc~3*Logl[l + c*x])/((cxd - e)~3%e) -
(2%b*c~3%(3*%c™2xd"2 + e~2)*Logl[d + e*x])/(c”2xd"2 - e72)"3)/6
Maple [A]
time = 0.22, size = 227, normalized size = 1.30
method result
_ a c4 — b 04 arctanhg:m) + b c4 1n(ca:+31) _b c4 ln(cm—al) b 04 5= b 06 ln(c;m-kdc)(f _b c4¢z2 lnécem-kd‘
. . LI (cex+dc)°e (cex+dc)°e e(dc—e) 6e(dc+e) 6(dc+e)(dc—e)(cex+dc) (dc+e)° (dc—e) 3(dc+e)° (dc—e)
derivativedivides | —2«+ oot 8 + + F— + +
_ act — bct arctanhécz) + bct ln(cz+31) b 4 ln(cz—Sl) bct - bcb ln(c;,z+dc)(§}2 _b cte? lnécez+d.
(cex+dc)°e 3(cex+dc)°e 6e(dc—e) 6e(dc+e) 6(dc+e)(dc—e)(cex+dc) (dc+e)?(dc—e) 3(dc+e)?(dc—e)
default Aeertd + t t )
. __bln(cz+1) In(—cz—1)bcbd3e3z3 —In(—cz+1)bcbd3e3234+3bc?d?e? In(—cz+1)+In(—cx—1)b 3823 —2In(ez+d
risch belertd)’ +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))/(e*x+d) 4,x,method=_RETURNVERBOSE)

[Out] 1/c*x(-1/3*%a*c”4/(c*xexx+c*d) "3/e-1/3%bxc"4/(c*xe*xx+c*d) “3/e*arctanh (c*x)+1/6%
bxc~4/e/(c*d-e) "3*1n(c*x+1)-1/6*bxc~4/e/ (c*d+e) ~3*1n(c*x-1)+1/6*bxc~4/ (cxd+
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e)/(c*xd-e)/ (ckxexx+c*d) ~2-b*c~6/ (cxd+e) "3/ (c*d-e) ~3*1n(cxe*xx+cxd) *d~2-1/3%bx*
c"4xe~2/(cxd+e) "3/ (c*d-e) ~3*1n(c*e*xx+c*xd)+2/3*b*xc~5xd/ (cxd+e) "2/ (c*xd-e) ~2/(
ckxe*xx+c*d))

Maxima [A]

time = 0.27, size = 322, normalized size = 1.84

1 c?log (cz +1) c*log (cz — 1) 2 (3c*d? + c?e?) log (ze + d) 4 dctdze +5c%d* — e* 2 artanh (cx) b a
Z - - _ - -
6 \\de —3c2d%e? +3cde® — et Pdle+3c2d%e? +3cde’ + et Pd° —3ctdie? +3cPd%et —ef T cAd® — 2c2die? + (cidie? — 2 Pd%et + €5)2? + d2et + 2 (cidPe — 22dPe + ded)x aiet + 3dre’ + 3d’ze? + de 3 (a3t + 3da2ed + 3d>ze? + de)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(e*xx+d)~4,x, algorithm="maxima")

[Out] 1/6%((c”2*log(c*x + 1)/(c"3*xd"3%e - 3*xc™2*%d"2*e"2 + 3*c*kd*e”3 - e74) - c™2x%
log(cxx - 1)/(c"3xd"3%e + 3*xc™2*%d"2*e”2 + 3*c*kd*e”3 + e74) - 2x(3*%c™4xd~2 +
c"2xe”2)*log(x*e + d)/(c”6%d"6 - 3xc~4*d"4*e”2 + 3*kc"2xd"2%e”4 - e76) + (4
*C"2*dxx*e + 5*%c”2%d"2 - e72)/(cT4*%d"6 - 2xc"2xd"4*e”2 + (cT4xd"4*e"2 - 2*cC
“2xd"2*%e"4 + e76)*x"2 + d"2*xe”"4 + 2% (c"4*d"5*e - 2xc"2*d"3*e”3 + d*e”5)*x))

*c — 2*arctanh(c*x)/(x"3*e"4 + 3*d*x"2*xe”~3 + 3*d"2*x*e”2 + d~3*e))*b - 1/3x%
a/(x"3*xe”"4 + 3*xd*xx"2%e”3 + 3*xd"2*kx*e”2 + d"3*e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 4030 vs.
2(161) = 322.
time = 0.63, size = 4030, normalized size = 23.03

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(e*xx+d)~4,x, algorithm="fricas")

[Out] -1/6*%(2*xa*xc~6*%d"6 - 5*b*c~5xd"5*cosh(1l) - (b*c*x + 2*a)*cosh(1)"6 - (bxc*x
+ 2%a)*sinh(1) 76 + (4*xb*c”3*d*x~2 - b*c*d)*cosh(1)"5 + (4*xb*c™3*d*x"2 - b*c
*d - 6*(b*ckx + 2*a)*cosh(1))*sinh(1)~5 + 2% (5xb*c~3*d"2*x + 3*a*xc™2*d"2)*c
osh(1)74 + (10%bxc”3*d"2*x + 6*xaxc”2+%d"2 - 15*%(b*c*x + 2*a)*cosh(1)”2 + 5% (
4xb*c”3*d*x"2 - b*c*d)*cosh(1))*sinh(1)74 - 2x(2*b*c~5*xd"3*x"2 - 3*bxc~3*d~
3)*cosh(1) "3 - 2x(2*b*c~5%d~3*x"2 - 3*bxc~3*d"3 + 10*(b*c*x + 2*a)*cosh(1)”
3 - 5x(4*xb*c”3*d*x"2 - b*c*d)*cosh(1)72 — 4*x(5*xb*xc~3*d"2*x + 3*axc”~2*d~2)*c
osh(1))*sinh(1) "3 - 3% (3*b*c~5*%d"4*x + 2*axc~4*d~4)*cosh(1)"2 - (9*b*c~5*xd~
4%x + 6xaxc”4*d"4 + 15%(b*c*x + 2*a)*cosh(1)"4 - 10*(4xbxc”3*d*x~2 — b*c*d)
*cosh(1) "3 - 12*%(5xbxc~3*%d"2*x + 3*a*c”2*d"2)*cosh(1)"2 + 6% (2*b*c~5*d"3*x~
2 - 3*b*c”3*%d"3)*cosh(1))*sinh(1)"2 - (b*c~6*d"6 + bxc~3*x"3*cosh(1)”6 + b*
¢~ 3*x"3*sinh (1) "6 + 3*(b*c~4*d*x~3 + bxc~3*d*x"2)*cosh(1)"5 + 3*x(bkxc 4*d*x~
3 + 2*b*c”3*x"3*cosh(1) + b*c ™ 3*d*x"2)*sinh(1)"5 + 3*(b*c~5%d"2*x"3 + 3*bx*c
“4xd”"2*x"2 + bxc"3*d"2*x)*cosh(1) 74 + 3*x(b*c”5*xd"2*x"3 + 3xbxcT4*d"2*x"2 +
5+bxc”3*x"3*cosh(1) "2 + b*c~3*d"2*x + 5x(b*c”™4*d*x~3 + b*c~3*d*x~2)*cosh(1)
)*sinh(1)74 + (b*c™6*%d"3*x"3 + 9*bxc~5*d"3*x"2 + 9*b*c~4*d"3*x + b*c~3*d"3)
*cosh(1) "3 + (b*c™6*%d"3*x"3 + 9*b*c~5xd"3*x"2 + 20*b*c~3*x"3*cosh(1)"3 + 9%
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b*c"4*%d"3*x + b*c"3*%d"3 + 30*(b*c~4*d*x"3 + bxc~3*d*x"2)*cosh(1)72 + 12x(bx*
c75xd"2*x"3 + 3*bkc"4*d"2*x”"2 + b*c~3*d"2*x)*cosh(1))*sinh(1)~3 + 3*(b*c 6%
d"4*x”2 + 3*bxc”5*%d"4*x + b*c"4*d"4)*cosh(1)"2 + 3*(b*c”6+%d"4*x"2 + 3*b*xc”5
*d~4*x + 5*b*c”3*%x"3*cosh(1)~4 + b*c™4*d"4 + 10*(b*xc~4*d*x~3 + b*c~3*d*x"2)
*cosh(1) "3 + 6*(b*c™5*xd"2%x"3 + 3*b*c~4*d~2*x"2 + b*c~3*d~2*x)*cosh(1)"2 +

(b*xc™6%d"3*x"3 + 9*b*c~5xd"3*x"2 + 9*b*c~4*d"3*x + b*c~3*d"3)*cosh(1))*sinh
(1)72 + 3*(b*xc~6*d"5*x + bxc~5*%d"5)*cosh(1) + 3*x(b*c™6*%d"5*x + 2*b*c 3*x~3x%
cosh(1)75 + bxc~5%d"5 + 5x(b*c~4*d*x~3 + b*c~3*d*x~2)*cosh(1)~4 + 4x*(b*c 5%
d"2*x"3 + 3*b*c"4*d"2%x"2 + b*c”~3*d"2*x)*cosh(1)"3 + (b*c™6*%d"3*x"3 + 9*bx*c
“B5xd"3*x"2 + 9*xbkc”4*d"3*x + b*c"3*d"3)*cosh(1)"2 + 2k (b*c"6xd"4*x"2 + 3xbx*
c~5*d"4*x + b*c"4xd~4)*cosh(1))*sinh(1))*log(c*xx + 1) + (b*c”™6*d"6 - b*c~3x
x"3*%cosh(1)"6 - b*c~3*x"3*sinh(1)”"6 + 3*x(b*c~4*d*x~3 - b*c " 3*d*x~2)*cosh(1)
5 + 3*%(b*c 4xd*x"3 - 2*bxc”3*x"3*cosh(1l) - b*c 3*d*x”2)*sinh(1)~5 - 3*(b*c
“B5*xd"2%x"3 - 3*bkcT4*d"2*x"2 + b*c~3*%d"2#*x)*cosh(1)”"4 - 3*(b*xc"5xd"2*%x"3 -

3*b*xc"4*d"2*x"2 + S5*b*c”3*x"3*cosh(1) 72 + b*c~3*d"2*x - 5*(b*c~4*xd*x"3 - b*
c~3*xd*x"2)*cosh(1))*sinh(1)"4 + (b*c~6*d"3*x"3 - 9*bkc™5%d"3*x"2 + 9*b*c~4x*
d"3*x - b*c"3*%d"3)*cosh(1)"3 + (b*c™6*%d"3*x"3 - 9*b*c~5*d"3*x"2 - 20*b*c~3*
x"3*cosh(1) 73 + 9*bxc~4*d"3*x — b*c~3*%d"3 + 30*(b*c~4*d*x"3 - b*xc~3*xd*x"2)*
cosh(1)72 - 12%(b*c™5*xd"2*xx"3 - 3*b*c"4*d"2*x"2 + b*c~3*d"2*x)*cosh(1))*sin
h(1)73 + 3*(b*c™6+%d"4*x"2 - 3%b*c~5xd"4*x + bxc~4*d"4)*cosh(1)”2 + 3*(b*xc™6
*d~4*xx"2 - 3*bxc”5*d"4*x - 5*b*c”~3*x"3*cosh(1)74 + bxc"4*d"4 + 10*(b*c~4xdx*
X3 - bxc"3*d*x"2)*cosh(1) "3 - 6*x(b*c™5*%d"2*x"3 - 3*b*c"4*d"2%x"2 + b*c~3*d
~2xx)*cosh(1) "2 + (b*c™6xd"3*x"3 — 9*bxc~5*d"3*x"2 + 9*b*c~4*d"3*x — b*c~3x%
d"3)*cosh(1))*sinh(1)~2 + 3*(b*c~6*d"5*x - b*c~5*d"5)*cosh(1) + 3*(b*c~6*d"
5*%x - 2*%b*c”3*x"3*cosh(1)”5 - b*c™5*d"5 + 5x(b*c~4*d*x~3 - b*c~3*d*x~2)*cos
h(1)74 - 4x(b*c™5*%d"2*x"3 - 3*b*c~4*xd"2*x"2 + b*c~3*d"2*x)*cosh(1)~3 + (b*c
“6xd"3*x"3 - 9*bkc"5*%d"3*x"2 + 9*b*c~4*d"3*x - bxc~3*d"3)*cosh(1)72 + 2x(bx*
Cc"6*d"4*x"2 - 3*bxc~5*%d"4*x + b*c”4*d"4)*cosh(1))*sinh(1))*log(c*x - 1) + 2
* (9xbxc~5*%d~4*x*cosh(1) "2 + b*c"3*x"3*cosh(1)~6 + b*c"3*x~3*sinh(1)"6 + 3*b
*c~5*%d"5*%cosh(1) + 3*b*xc~3*d*x"2*cosh(1)”5 + 3*(2*xb*c~3*x~3*cosh(1) + b*c~3
*d*xx~2) *sinh (1) "5 + 3*(b*c~5*d"2*x"3 + b*c~3*d"2*x)*cosh(1)~4 + 3*(b*c~5*d~
2*%x~3 + 5*b*c~3*x"3*cosh(1)"2 + 5*b*c ™ 3*d*x"2*cosh(1l) + b*c~3*d"2*x)*sinh(1
)74 + (9%bxc”~5*d"3*x"2 + b*c"3*%d"3)*cosh(1)"3 + (9*b*c”5+%d~3*x"2 + 20*b*c”3
*x~3*%cosh(1) "3 + 30*b*c~3*d*x"2*cosh(1)”2 + b*c~3*d"3 + 12*(b*c~5*d"2*x"3 +
b*c~3*d"2*x)*cosh (1)) *sinh (1) "3 + 3*(3*b*xc~5*%d~4*x + 5*b*c~3*x"3*cosh(1)~4
+ 10*bxc~3*d*x"2*cosh(1) "3 + 6*x(b*c~5+%d"2*xx"3 + b*c~3*d~2*x)*cosh(1)"2 + (
9*b*xc~5*d"3*%x"2 + b*c~3*d"3)*cosh(1))*sinh(1)~2 + 3*(6*b*c”~5*%d~4*x*cosh(1)

+ 2%b*xc”3*x"3*%cosh(1)”5 + b*c~5xd"5 + 5*bxc”3*d*x"2*cosh(1) 4 + 4x(bxc~5*d~
2%x~3 + b*c"3*d"2*x)*cosh(1)~3 + (9%b*xc~5*xd"3*x"2 + b*c~3*d~3)*cosh(1)~2)*s
inh(1))*log(x*cosh(1) + x*sinh(1) + d) + (b*c"6*%d"6 - 3*b*c~4*d~4*cosh(1)~2
+ 3*bxc~2*d"2*cosh(1)~4 - b*cosh(1)"6 - 6xb*cosh(1)*sinh(1)~5 - b*sinh(1)~
6 + 3% (bkc~2*xd"2 - 5xbxcosh(1)~2)*sinh(1)~"4 + 4*(3*xbxc~2*d"2*cosh(1) - 5x*bx*
cosh(1)~3)*sinh(1)~3 - 3% (b*c~4*d"4 - 6*b*c”~2*d"2*cosh(1)~2 + 5*b*cosh(1) "4
Yxsinh(1)"2 - 6%(b*c”~4*d"4*xcosh(1l) - 2*b*xc~2*d"2*cosh(1)~3 + b*cosh(1)~5)*s
inh(1))*log(-(c*x + 1)/(c*x - 1)) - (5xb*c~5*xd~5 + 6%(b*c*x + 2%a)*cosh(1)~
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5 - 5x(4*xb*c”3*d*x"2 — b*c*d)*cosh(1)~4 - 8*(5¥b*xc~3*d"2*x + 3*axc”2*d"2)*c
0osh(1)73 + 6% (2*xbxc”~5%d"3*%x"2 — 3*b*c~3*d"3)*cosh(1) "2 + 6*(3*xbxc~5*d"4*x +
2xaxc~4*d"4)*cosh(1))*sinh(1))/(3*c”6*d"8*x*cosh(1)~2 + c~6*d~9*cosh(1) -
x"3%cosh(1)~10 - x"3*sinh(1)~10 - 3*d*x~2*cosh(1)~9 - (10*x~3*cosh(1l) + 3*d

*x~2)*3inh(1)79 + 3% (c~2*xd"2*%x"3 - d~2*x)*cosh(...

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 10946 vs.
2(151) = 302.
time = 5.32, size = 10946, normalized size = 62.55

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c#*x))/(e*x+d)**4,x)

[Out] Piecewise((a*x/d*x4, Eq(c, 0) & Eq(e, 0)), (-a/(3xd**3xe + 9kd**2*e*x*2*x +
Okdxex*3xx*x*2 + 3kexx4dxx*x3), Eq(c, 0)), ((a*x + b*x*atanh(c*x) + bxlog(x -
1/c)/c + b*atanh(c*x)/c)/d*x4, Eq(e, 0)), (-24*a*xd**3/(72xd**6%e + 216*d**
Bxex*2xx + 216*%dxx4dkexx3*kx*x2 + T2kd*xx3kexx4*xx*x3) + 21*bxd**3*atanh(e*x/d)
/ (T2%d**6%e + 216%d**x5ke**x2*xx + 216kd*k*4kex*k3kx*x*2 + T2kd**3kex*4*x**3) + 1
Oxb*d*x*3/ (72xd**6*e + 216%d**5ke**x2*x + 216%kd**k4xe*x*k3*kx*x*2 + T2kdA*k*k3kek*4q*xx
**%3) - 9%bxd**2*exx*atanh(exx/d)/(72xd**6*e + 216*d**5kex*2xx + 216*kd**4*ex*
*3kxk*k2 + T2xd**k3kex*k4*xx**x3) + Okbkdx*2ke*xx/ (7T2xd**x6ke + 216kxd**k5kex*Q*xx +
216kd*xdke*x*x3kx*¥*x2 + T2xd**3ke**x4xx**3) - Oxbkdxex*2xx**2xatanh (e*xx/d)/(72x
dx*B6xe + 216%d*kx5kex*2kxx + 216%dkkdkex*k3kx*k*k2 + T2kd**3kekkdkx**3) + 3*xbkd*
ex*2kxx**2/ (T2xd*x*6*e + 216%d**5ke*x*2*xx + 216kd**xdke*xk3kx*k*x2 + T2kdk*k3kekk4k
x**3) — 3xbxex*x3*x**3*atanh(e*xx/d)/(72xd**6xe + 216*d**5ke*x*2*xx + 216*d**4*
ex*3kx*k*2 + T2kd**3ke*x*x4*x*x3), Eq(c, -e/d)), (-24*axd**3/(72xd*x6%xe + 216%
dxkSxexx2xx + 216*d**4ke*k3kx*k*k2 + T2kd**x3kexk4*xx**x3) - 21*bkd**k3*katanh(exx
/) / (72%d**6%e + 216*d**x5xe*x*x2xx + 216kd**k4*kex*k3*%x*x*2 + Tkd**3kek*k4*xx**3)
— 10*%b*d**x3/ (72*%d**6%xe + 216%d*x*5ke*x*2xx + 216%d*k*4kex*3kx*k*x2 + T2xd**k3*xek*
4xx*%3) + 9xbkd**2xe*x*atanh(e*xx/d)/(72*d**6xe + 216*%d**E5xe**x2*x + 216*d**4
*ekk3kx*k*x2 + T2kAk*k3kekkdxx**3) — Okxbkd**2kexx/(72*d**6%e + 216*kd**5ke*x*xkx
+ 216xd**x4xe*x*3kx*k*2 + T2kd*x*k3kex*k4*xx*x*3) + 9xbkdxe*x*x2xx*x*2xatanh (e*x/d)/ (
T2xd*xx6ke + 216kd**5kxex*x2%xx + 216kd**4*exkx3kx**2 + T2kd*x*x3ke**4*xx**x3) — 3%b
kdxe*xk2kxxx*x2/ (T2xd**k6%e + 216%d*x*5xe**k2*xx + 216%dk*4dxe*k3*x*k*x2 + T2xd**x3kex
*x4*x**3) + 3*bkex*3*x*k*3*katanh(e*x/d)/(72xd**6xe + 216*d**5xe**2*x + 216*dx*
*x4kex*k3xkx*kx2 + T2xd*x3*kex*4xx*x3) , Eq(c, e/d)), (-2kaxc*x6*xd**6/(6xc**xB*xd*x*
O%e + 18*ck*6kd**xBke*x*2*%x + 18*kck*k6xd**xT*e**3*xxXx**x2 + 6GxCk*xG*kd**k6kex*x4*xx*k*3
— 18*cx*k4xd**x7Tke*x*3 — Bdkxck*dkd*xkGkekxkdkxx — Bdkckkdkd*k5kex*5kxx*k2 — 18kc**
Axdx*4*kexkBxx**3 + 18*Ck*kkd**k5ke**x5 + BAkck*xkd*x4ke*xGkx + Hhkck*k2kd**x3ke
*xThkx*¥%x2 + 18kck*x2kd**x2kekx8xxk*x3 — Gkd**k3ke**x7 — 18*kd**xke*x8kx — 18*kd*e*x*
Oxx*%x2 — Bxexkx10*x**3) + Gkakxckkdkdk*xldke*xx2/(6kCck*k6kd*x*9ke + 18kck*B*xd**8*e
*kQkX + 18%kCkkOkdkkTkekkIkx*k*k2 + 6GkCkkOGkd*kGkekk4kxk*k3 — 18kckk4kd**k7T*e*x*3
— BaAxcxx4xdxx6xexxdxx — BAkckkdkdkkHkekkBkxkk2 — 18kckkdkdkkdkekkGkx*k*3 + 1
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8kcx*k2xd*x5ke*x*k5 + Bakxck*2kd**k4kek*k6kx + BAkckk2kd**x3kek*k7Tkxk*k2 + 18kckx*k2*xd
*kDkekk8kx**3 — BGkdkkSkekx*7 — 18*kd**ke**k8kxx — 18kdkex*kx*k*x2 — Gkexk1Q*xk*
3) - 6kakck*2kdxx2kxex*xd/ (6kck*x6xd**x9ke + 18kck*kGkd*x*8kex*x2*xx + 18*ckkBxd**7
*ex*x3kx**k2 + Bkck*xBGkd*kBkekkdkx**3 — 18kckkx4kd**Txe**x3 — Bdkckkd*xd*x*xBkex*kd*
X — Bdxck*x4kdxkE5xe*xx5kxx*2 — 18kck*k4kd*x*x4*xe*x*6kx*k*k3 + 18kcx*2xd**x5ke*x*5 + 5
4dxcxx2kxd*x*k4kexk6*xx + Bhxck*xQkdk*k3kexkTxx*k*2 + 18*kck*2kd**2*xe**xB*xx*k*3 — Gkdx*
*3xe*x*k7 — 18kd**2ke*x*x8kx — 18kd*ke*x*xQkx**2 — Gkxe*xk10%*x**3) + 2kaxe*x*x6/(6*ck*
6xd**xO%e + 18kCkkGkd*x*8ke**x2*xx + 18%CkkGkd*x*7Txkexk3*x*k*x2 + GkckkGkxd**Gkex*xdx*
x*%3 - 18*ckx*4kd**Txe*x*3 — Bdxckkd*xdx*6ke**kd*xx — Bdxckkdkdx*x5ke*k5xxk*x2 — 1
8xckkd*xdkkdkexkBxxk*k3 + 18kcH*2xdk*k5kex*5 + Bhdkckx2kd**kdxex*x6*x + Sd*kcx*x2*xd
*k3kekkThx**k2 + 18kCk*2kd**k2*xek*x8kx**3 — BGxd*k*x3kex*7 — 18*d*x*x2ke**k8xx - 18%
d*xex*xQkx**2 — Gxe*xkx10%x**3) + 6¥bkxckkBkxd*x*x5kexx*atanh (cxx)/(6kxc**6xd*x*xQ*e +
18k ckx*Bxd**k8kex*x2kx + 18kcHkBkdk*xTkex*3xx**2 + Gkck*BGkd*kGkekxdkx**3 - 18%
cxkdxdx*Txex*3 — BAxckxkdkxdx*kBkex*kd*x — BaAdxckxkdkxdx*kEkexk5kxx*k2 — 18kchkdkd**
dxex*xGkx**3 + 18*ck*x2kd**k5ke*x*5 + Bdkck*2xdkkdkex*6xx + Bdxchkk2kxdk*xJkex*T7*xx
*%2 + 18kck*2kd*x*k2xe**x8*kx*k*3 — 6kd*x*k3ke**x7 — 18xd**x2ke*x*8*kx — 18*kd*xe**x9kxk*
2 — B6xe*x*x10%x**3) + 6kbkxckkGkdx*x4kex*x2xx*kx*x2katanh (c*xx)/(6*cx*6kd**x9*e + 18%
CkxBkdx*8ke*k2*xxX + 18k CkkGkd*x*Tke**k3*x*x*x2 + GkCkkBkxdkkGkex*kdxx**x3 — 18*kc**4
kd**7Tke**3 — Baxcxkdkdxx6kexxd*xx — Bdkckxdkd**5xe*x*k5xx*k*2 — 18kck*xdkd**x4d*xe*
*6xx*k*3 + 18*kcH*2xdk*x5kex*5 + BAdkckx2kd*kdkex*x6*kx + Bhdkck*2kd**k3kekkTkx**2
+ 18*%c**x2kd*k*2kex*kBkx**3 — Gkd*k*k3kex*x7 — 18kd**2ke**8kx — 18*kd*ex*xJkxx**2 —
6xe*x*x10%x**3) + 2¥bxckkBxd*x*x3kex*3xx*k*x3*katanh (c*x)/ (6*xcx*6kxd**9ke + 18*c**6
*dx*x8ke*kk2kxX + 18k CkkGkdk*Tke*k3*x*k*x2 + GkckkBkxdkkGkekkdxxk*k3 — 18*kckkdxd**
Txe*x*x3 — BakxckxkdxdxxGkex*xdxx — Bdkckkdkxdxxkbkexk5xx*x*x2 — 18kckkdxdkx4kex*Gxx
**%3 + 18*kck*2xd*k5kex*x5 + BAdkxck*x2kdr*k4dkxe*k6*x + Hhdkck*x2kd**k3ke*x7THx**x2 + 18
kCxk2xd**k2kexk8xx**x3 — Gkd**k3kex*k7 — 18kd*k*2*%xex*xB*xx — 18*d*e*x*Ixx**x2 — Gxe*
*x10*%x**3) + B*bkcx*kbxdx*bkxexlog(x — 1/c)/(6*ck*x6*xd**x9*e + 18*ck*B*d**B*e**2
*X + 18%Cx*xBkd*xkTxekx3kxk*2 + GxCkkBkd**kBkex*kdxxk*x3 — 18*kch*kdxd*xT*xex*3 - 5
AxckxdkdxkBrexkd*x — BAkckk4kd*xkEkekxbkxk*2 — 18kckkdkd*x*kdxex*xG*xx*x*x3 + 18%c
*k2kdkk5kex*k5 + Bhdkck*x2kd*kdxex*x6kx + Shdkck*2kd**k3kekkTkx**2 + 18*kck*x2kd**2
*ekk8kx**3 — GkAkk3kekk7 — 18kd*x*2kex*x8*xx — 18*kdkex*Qkx*k*x2 — Gkex*x10*x**3)
- 6xbxc**x5xd*x*x5xexlog(d/e + x)/(Bkcx*6kd**9ke + 18kck*kBkd**8kex*2kx + 18%cx
*GxdkkTHhexk3kx**2 + GkCkkGkd*kBkekkdkxk*x3 — 18kckkdkd**Txe*x*k3 — Bdkckkdxdk*
Bxe*xkd*xx — BAxckk4kdxkEkekkbkxk*x2 — 18kckkbkdk*kdxe*kG*xx*x*x3 + 18kck*x2kd*x*5ke
**%5 + BAkck*k2xdkkdkex*x6kx + BAkcHkk2kxdkk3kex*kTxx*k*k2 + 18*kcH*2kxd**x2kex*kx**3
- Bxd*x*3kexk7 — 18kd*k2kex*8kx — 18kdkxe**kx**2 — Gxe*xkx10*x**3) + 6G*bkckx*5
xd*x5*xexatanh (c*x) / (Bkcxk6xd**x9*e + 18*ck*Bkxd*x*. . .

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 1792 vs.
2(162) = 324.
time = 0.44, size = 1792, normalized size = 10.24

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x))/(e*xx+d)~4,x, algorithm="giac")

[Out] -1/3%c*((3*bxc~4*d"2 + bxc~2*e”2)*log(-(c*x + 1)*c*d/(c*x - 1) + cxd - (c*x
+ 1)xe/(cxx - 1) - e)/(c”6*%d"6 — 3*kc"4*d"4*xe”2 + 3*c~2xd"2*%e"4 - e76) - (3
*(c*x + 1) "2*bkc™4*xd"2/(c*xx - 1)72 - 6*%(c*x + 1)*bxc™4*d"2/(c*x - 1) + 3*b*
c~4xd"2 + 6% (cxx + 1) 2xbxc”3*d*e/(cxx — 1)72 - 6x(c*kx + 1)*bxc”3*d*e/(c*x
- 1) + 3x(c*kx + 1)"2xbxc™2*%e”2/(c*x - 1)72 + b*c”™2*%e"2)*log(-(c*x + 1)/(c*x
- 1))/((c*x + 1)73*%c™6+%d"6/(c*x - 1)73 — 3*(c*x + 1)"2*%c”6*%d"6/(c*x - 1)72
+ 3*x(cxx + 1)*c”6*%d"6/(c*x - 1) - c"6%d"6 + 6%(c*x + 1)~ 3*c”5+%d"5*xe/(c*x -
1)73 - 12%(c*x + 1) "2*%c”5*d"5*e/(c*xx - 1)72 + 6*%(c*x + 1)*c~5*xd"5*xe/(c*x -
1) + 156%(c*x + 1)73*c"4*d"4*e”"2/(cxx - 1)73 - 15%(c*x + 1)~ 2xc~4*xd"4*xe~2/(
ckx - 1)72 - 3*%(cxx + 1)*c"4*d"4*xe"2/(c*xx - 1) + 3*xc"4*%d"4*xe"2 + 20%(c*xx +
1)"3%c~3*%d"3*%e"3/(c*x - 1)73 - 12*%(c*x + 1)*c~3*d"3*e"3/(c*x - 1) + 15x(c*x
+ 1)73%c"2*d"2%e"4/(c*x - 1)73 + 156%(c*x + 1)72%c™2xd"2*xe"4/(c*x - 1)72 -
3x(cxx + 1)*c™2xd"2%e"4/(c*xx — 1) - 3*c™2xd"2*e"4 + 6x(c*x + 1)~ 3*xckxd*xe”5/(
c*x - 1)73 + 12*%(c*x + 1) 2*cxd*e”5/(c*x - 1)72 + 6x(c*xx + 1)*c*d*e”5/(c*x
- 1) + (c*x + 1)7"3*e”6/(c*xx - 1)73 + 3*k(c*x + 1)"2%e"6/(c*xx - 1)72 + 3*(c*x
+ 1)*e"6/(c*x — 1) + e76) - (3xb*c™4*d"2 + b*c"2*xe"2)*log(-(c*x + 1)/(c*x
- 1))/(c”6%d"6 - 3*c"4*d"4*e"2 + 3*%c"2xd"2*xe"4 - e76) - 2% (3*%(cxx + 1) "2*ax
c”6xd"4/(c*xx - 1)72 - 6%x(cxx + 1)*axc™6xd"4/(c*xx - 1) + 3*axc™6xd"4 + 6x(cx*
x + 1)*axc”5xd"3*e/(c*x - 1) - 6*axc”5xd"3*xe - 3*(c*xx + 1) 2*b*c”5*d"3*e/(c
*x — 1)72 + 6*%(c*x + 1)*b*c~5xd"3%e/(c*x - 1) - 3*bxc~5*d"3*e - 6*(c*xx + 1)
“2%axc”4*d"2*%e”2/(cxx - 1)72 + 6% (c*kx + 1)*akxc 4*xd"2xe"2/(c*xx - 1) + 4*axc”
4%d"2%e"2 — Bk (c*xx + 1) 2%b*c”4*xd"2*e"2/(cxx — 1)72 - (c*xx + 1)*bxc~4*xd"2*e
~2/(c*x - 1) + 6*xb*c”4*d"2*xe”"2 - 6*(cxx + 1)*a*c”3xd*e”3/(c*x - 1) - 2%axc”
3*d*e”3 - (c*x + 1)72%b*c”3*d*e”3/(c*x - 1)72 - 6x(c*x + 1)*b*c " 3*d*e~3/(cx*
X - 1) - 3%b*c”~3*d*e”3 + 3x(c*x + 1) 2xaxc™2%e”4/(c*xx - 1)72 + a*c™2%e™4 +
(c*xx + 1)~ 2%bxc™2%e~4/(c*x - 1)72 + (c*x + 1)*xbxc™2%e"4/(cxx - 1))/((c*x +
1)"3%c"8*%d"8/(c*x - 1)73 - 3*(c*xx + 1)72%c"8*xd"8/(c*x - 1)72 + 3*x(c*xx + 1)*
c”8xd"8/(c*x — 1) - ¢c”8%d"8 + 4*(c*x + 1)73*c”7*d"7*xe/(c*x - 1)73 - 6*(c*x
+ 1)72xc"7*d"Txe/(c*x - 1)72 + 2%c"7*d"7*xe + 4x(c*x + 1) " 3*c”6*d"6*e”"2/(c*x
- 1)73 + 6%(c*xx + 1)72%c"6*xd"6*%e”2/(cxx — 1)72 - 12x(c*x + 1)*c"6*d"6*e"2/
(c*x - 1) + 2%c™6*%d"6%e”2 - 4%(cxx + 1)~ 3*%c”5xd"5%e~3/(c*x - 1)73 + 18*(c*x
+ 1)72xc"5%d"5%e"3/(c*x - 1)72 — 6*%c”5%d"5*e”3 - 10*(c*x + 1) "3*c~4*xd"4*e”
4/(c*xx — 1)73 + 18*(c*x + 1)*c~4*xd"4*e”4/(cxx — 1) - 4x(c*kx + 1)~ 3*c~3*d"3*
e 5/(cxx - 1)73 - 18*%(c*x + 1)"2%c"3*%d"3*e”5/(c*x - 1)72 + 6%c~3*d"3*e”5 +
4x(cxx + 1)73*%c"2*%d"2%e"6/(c*x - 1)73 - 6x(c*xx + 1)72%c"2*%d"2*%e”6/(c*xx - 1)
"2 - 12%(c*kx + 1)*c™2xd"2*xe"6/(c*xx - 1) - 2%c™2*d"2*%e”6 + 4x(cxx + 1) 3*c*d
*e”7/(c*x - 1)73 + 6x(cxx + 1) 2%c*xd*e”7/(c*x - 1)72 - 2xcxd*e”7 + (c*x + 1
) 3*%e"8/(c*xx — 1)73 + 3*(c*x + 1)72*xe”"8/(c*x - 1)72 + 3*x(c*xx + 1)*e"8/(c*x
- 1) + e78))

Mupad [B]
time = 2.29, size = 418, normalized size = 2.39

In(d+ez) bt " be _ 2 d2cd e + = GGty T b In(cz — 1) _ bt In(cz +1) _ bln(cz+1) N bln(1—cz)
6eleted]  Gele—cd) 3de+ 9Pz +9deda? +3e' a0 6 Fet 186l + 18cde? +6e' 60D e+ 18 dPe? —18cded + 6! be (@ +3dlex+3dels? +e329)  3e (2d +6dea+6de?a? + 26 27)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(d + e*x)"4,x)

[Out] log(d + e*x)*((b*c~3)/(6xe*x(e + c*d)~3) + (bxc~3)/(6xex(e - c*xd)~3)) - ((2%
axe™4 + 2kaxcT4*d"4 - 4xaxc”2xd"2xe”2 + bkcxd*e”3 - 5xbxc~3xd"3xe)/(2x(e"4

+ c74%d"4 - 2xc”2*%d"2*%e"2)) + (x*(bxc*e”4 - 9xbxc~3*d"2xe"2))/(2x(e"4 + c”4

*d~4 - 2%c"2xd"2%e”2)) - (2xbxc”3*d*e"3*xx72)/(e"4 + cT4*d"4 - 2%c"2%d"2xe"2
))/(3*%d"3xe + 3*%e"4*x"3 + 9*kd"2xe"2*x + 9xdxe”3*x"2) - (b*c”3*log(c*x - 1))
/(6xe~4 + 6*c~3xd"3%e + 18*c"2xd"2%e”2 + 18*cxdxe~3) - (bxc~3*log(cxx + 1))
/(6%e~4 - 6%c”3xd"3*e + 18%c”2xd"2*e"2 - 18xcxd*e”3) - (b*log(cxx + 1))/(6%
ex(d™3 + e73*x73 + 3xd*e”2xx"2 + 3%d"2%exx)) + (bxlog(l - c*x))/(3xe*x(2*d"3

+ 2%xe”3%x”3 + 6xd*e”2%x"2 + 6%d"2%e*x))
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2

3.9 [(d+ ex)® (a+btanh*(cz))” dz

Optimal. Leaf size=359

V’de’r  abe(6cd® + e?)z  bPex?  b2de? tanh(cz) b2e(6¢2d? 4 €2) xtanh~ (cx) bde’z?(a+ btanh™'(
+ o + +
c? 2¢3 12¢2 c3 2¢3 c

[Out] b~2*d*e”~2*x/c”2+1/2*axbxe* (6*xc~2xd"2+e”2) *x/c”3+1/12%b"2*e~3*x~2/c~2-b"2*dx*
e 2xarctanh (c*x)/c”3+1/2%b"2xe*x (6*%c~2*%d"2+e”2) *x*arctanh (c*x) /c~3+b*d*e 2*x

~2x (a+b*arctanh(c*x))/c+1/6xbxe”3*x"3* (a+b*arctanh(c*x)) /c+d* (c"2*d"2+e~2) *
(atb*arctanh(c*x)) ~2/c~3-1/4*%(c"4*d~4+6*%c"2*%d"2*xe”2+e"4) * (a+b*arctanh (c*xx))
~2/c”4/e+1/4%(e*xx+d) “4* (at+b*arctanh(c*x)) ~2/e-2*xb*xd* (c~2*xd"2+e~2) * (a+b*arct
anh(c*x))*1n(2/ (-c*x+1))/c”~3+1/12%b~2%e~3*1n (-c~2%x"2+1) /c”4+1/4%b~2*e* (6*c
~2xd"2+e"2) *1n(-c"2*x"2+1) /c"4-b"2xd* (c"2*d"2+e"2) *polylog(2,1-2/(-c*x+1))/

c~3

Rubi [A]

time = 0.38, antiderivative size = 359, normalized size of antiderivative = 1.00, number of

steps used = 19, number of rules used = 14, integrand size = 18, number of rules _ 0.778,
integrand size

Rules used = {6065, 6021, 266, 6037, 327, 212, 272, 45, 6195, 6095, 6131, 6055, 2449, 2352}

btanh(er))® | aber(6Pd + ) | ded +) (a+ btanh~(ex)) (e + ) log () (a+ btanh™ (cr)) | bdes?(a 4 btanh~M(ex)) | (d+ex)! (a+ btanh~er))® betr (ot btanh~(er) e tanh~Mer) | Wdels | Pelr? | Pe6lP+)log(1 = Ort)  Pedlog(1- ) BACE + ) in(l = L) | Pea(6ld + ) tanh~er)
25 S E i & ] @ e i T2t & 2

Antiderivative was successfully verified.
[In] Int[(d + e*x)~3*(a + b*ArcTanh[c*x])~2,x]

[Out] (b~2*d*e"2xx)/c”2 + (axbxex(6*%c™2xd"2 + e72)*x)/(2*c”3) + (b"2*e”3%x72)/(12
*c"2) - (b~2*xd*e~2*ArcTanh[c*x])/c”3 + (b~2*e*(6*c”2*xd"2 + e~2)*x*ArcTanh[c
*x])/(2%c”3) + (bxdxe~2xx~2x(a + b*ArcTanh[c*x]))/c + (b*xe~3*x~3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*(c”™2*d"2 + e~2)*(a + bxArcTanh[c*x])~2)/c”3 - ((c™4x*

d~4 + 6%c”2*%d"2*e"2 + e~4)*(a + bxArcTanh([c*x])"2)/(4*c”4*e) + ((d + exx)"4

*(a + b*ArcTanh[c*x])~2)/(4*xe) - (2xbxd*x(c”™2+%d"2 + e~2)*(a + bxArcTanh[c*x]
)xLog[2/(1 - c*x)])/c™3 + (b~2*e"3*Log[l - c™2*x72])/(12*%c™4) + (b"2xe*x(6*c
~2xd"2 + e"2)*Logl[l - c™2*x"2])/(4%xc”4) - (b~2xd*(c~2*%d"2 + e~2)*PolyLogl[2,

1 -2/(1 - c*xx)]1)/c"3

Rule 45

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%¥(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
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Qla, 0] Il LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2*f + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 1] || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]
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Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + e*x(x/d))]1/(1 - c™2%x"2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])~p/(e*x(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q+ 1)/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]

&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc~2%d + e, 0] && IGtQlp, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQlc~2%d + e, 0] && IGtQ[m, 0]

Rubi steps
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(bC) f (_ e?(6c2d%+e?) (tcz:-b tanh™!(cz))

(d+ex)* (a+ btanh_l(cac))2

2dz= —

/(d + ex)? (a + btanh™'(cz))

4e
_ (d + 6117)4 (a + btanh_l(CIE))Q - bf (c4d4+602d262+e4+4c2df£cc22(i22+62)x) (a_l_
de 2c3e

_ abe(6c2d® + €z N bde?z?(a + btanh™'(cz)) N bez®(a + btanh™

2c3 c 6c
v’de’r  abe(6c*d? +e?)z  bPe(6c*d? + e?) ztanh ' (cz) = bdes’
= + + +
c? 2¢3 2¢3
_ bde’x N abe(6c’d® +e*)x  b*de? tanh™(cz) N b’e(6c*d? + e*) z 1
2 2c3 c3 2¢3

_ bde’x N abe(6d® + e2)xz  b*ez® b de®tanh'(cx) N b’e(6c%a

c? 2c3 12¢2 c3
_ bde’x N abe(6cd? + )z b%e’z?  b’de’tanh'(cx) N b%e(6cc
2 2¢3 12¢? c3
blde’r  abe(6d® +e?)x  b2ez®  bde’tanh'(cx)  b’e(6c%a
=~z T 3 2 3 +
c 2c 12¢ c

Mathematica [A]
time = 0.64, size = 506, normalized size = 1.41

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + bxArcTanh[c*x])"~2,x]

[Out] (-(b"2%e"3) + 12*%a"2*c~4*d"3*x + 36*axbxc”™3*d " 2xe*xx + 12*¥b~2xc”2*d*e”2*x +
6*a*b*cke~3*kx + 18*%a”~2%kc 4*xd"2xexx"2 + 12*axb*c”3*kd*e”"2*%x"2 + bT2*%cT2*e"3*x
“2 + 12*%a"2xc”4xd*e”2xx"3 + 2¥axbkc”3*%e”3*x"3 + 3*a~2kc"4*e”3*x"4 + 3*xb~2%(
-4xc"3*%d"3 - 6*%c”2*xd"2*e - 4xckd*e”2 - e73 + c 4xx*(4*d"3 + 6*%d"2*exx + 4xd
*@"2*x"2 + e73*x73))*ArcTanh[c*x] "2 + 2*b*c*ArcTanh [c*x]* (3*xaxc™3*x*(4*xd"3
+ 6*%d"2xexx + 4*d*e”2*x"2 + e73*x73) + bxex(18*%c”2+%d"2*x + 6*d*ex(-1 + c"2%
X72) + e”2%x*(3 + c72*x72)) - 12%b*d*(c"2*d"2 + e~2)*Log[l + E~(-2*ArcTanh[
c*x])]) + 18*axbxc”2xd"2*exLog[l - c*x] + 3xaxbxe~3xLog[l - c*x] - 18xaxbxc
~2xd"2*exLog[1 + c*x] - 3*axbxe~3%Logl[l + c*x] + 12%a*b*c~3*d"3*Log[l - c~2
*x"2] + 18%b"2xc”2*d"2*exLog[l - c™2*%x"2] + 4xb~2xe"3xLog[l - c™2*x72] + 12
*xaxb*xckd*e~2xLog[-1 + c™2*x"2] + 12*%b~2xcxd*(c”2*d"2 + e~2)*PolyLog[2, -E~(
-2%ArcTanh[c*x])])/(12%c"4)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1372 vs.
2(343) = 686.
time = 0.38, size = 1373, normalized size = 3.82

method result size

derivativedivides | Expression too large to display | 1373
default Expression too large to display | 1373

risch Expression too large to display | 1560

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "3*(at+b*arctanh(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*x(-b~2*dilog(1/2*c*x+1/2)*d~3+1/4%b~2*1n(c*x—-1) "2*xd~3+1/2*a*xbxc/e*arctan
h(c*x)*d~4+1/2*a*b*cxe”3*arctanh (cxx) *x~4+3*axbxe*xd ~2*x+axbxe”~2*d*x~2+3/2*b
~2%c*e*arctanh (c*x) ~2xd~2xx"2+b"2*c*e " 2*arctanh (c*x) ~2xd*xx~3+3*b"2*e*arctan
h(c*x)*d"2*x+b~2*e”2*arctanh (c*xx) *d*x~2+2*a*b*c*e”2*arctanh (c*xx) *d*x~3+3*a*
b*cxexarctanh (c*x) *d~2*x~2-1/8*b"2*c/ex1n(c*x+1) *In(-1/2*c*x+1/2) *d~4+1/2*a
*b/c”2%e " 3*kx+2*%ax*b*arctanh (cxx) *d~3*c*x+b~2/c*xe”2kd*x+1/4*b"2*xc*xe~3*arctanh
(c*x) "2%x~4+1/6%b"2*%e"3*arctanh (cxx) *x~3+1/2%b"2/c”2*e"~3*arctanh (cxx) *x+1/6
*a*xb*e " 3*%x"3-1/4*b"2*xc/exarctanh (c*x) *1n(c*xx+1) *d~4-3/4*xb~2/c*e*1ln(c*x-1) *1
n(1/2xc*xx+1/2)*d"2-1/2*b"2/c"2*xe"2*x1n (c*x-1) *1n(1/2%c*x+1/2) *d-1/8*b"2*c/e*
In(c*x-1)*1n(1/2*%c*xx+1/2) *d~4+3/2%b~2/c*e*arctanh (c*x)*1n(c*x-1)*d~2+b"2/c”
2%e~2*arctanh (c*xx)*1n(cxx-1) *d+1/4*axb*xc/ex1n(cxx-1)*d"4+3/2%a*xb/c*e*x1n(c*x
-1)*d"2+a*xb/c"2xe~2x1n (c*x-1) *d-1/4*ax*b*c/ex1n (c*xx+1)*d~4-3/2*a*b/c*e*x1n(c*
x+1)*d"2+a*xb/c"2*xe"2x1n (c*x+1) *d+1/8*%b"2*c/ex1n (1/2*c*xx+1/2) *1n(-1/2*c*x+1/
2)*d"4+b"2/c"2xe~2*xarctanh (c*x) *1n (c*xx+1) *d-3/2*xb~2/c*e*arctanh (c*x) *1n (c*x
+1)*d~2-3/4*b"2/c*e*1n(ckx+1) *1n(-1/2*c*xx+1/2)*d"2+1/2%b"2/c”2*e”~2*1n (c*xx+1
Y*1n(-1/2%c*x+1/2) *d+3/4*b"2/cxex1n(1/2*c*x+1/2) *1n(-1/2*%c*x+1/2) *d~2-1/2%*b
~2/c”2%e”2%1n(1/2*%cxx+1/2) *1n(-1/2*c*x+1/2) *d+1/4*xb"2*xc/exarctanh (c*x) *1n(c
*x-1)*d"4-1/4*b"2*%1n (c*x+1) "2*d"3+1/3*b"2/c"3*%e~3*1n(c*x-1)+1/3*b"2/c"3*e"3
*1n(cxx+1)+1/16*xb"2/c " 3*%e~3*1n(c*x+1) “2+1/4* (c*xexx+c*xd) ~4*a~2/c”~3/e+a*xb*1n(
c*x-1) *d"3+ax*b*1n(c*x+1)*d~3+1/16%b"2/c"3*e"3*1n(c*x—-1) “2+b~2*arctanh (c*x) *
In(c*x-1) *d"3+b~2*arctanh (c*x) *1n (c*x+1) *d"3+1/2xb"2*1n (c*x+1) *1n(-1/2*c*x+
1/2)*d"3-1/2*%b"2*1n(1/2*c*x+1/2) *1n(-1/2*c*x+1/2) *d"3-1/2*xb~2*1n (c*x—-1) *1n(
1/2%c*x+1/2) *d"3+1/12*xb"2/c*e”3*x”2+b~2*arctanh (c*x) “2*xd~3*c*x+1/16*xb"2*c/e
*1n(cxx+1) "2*%d~4+1/4*a*xb/c”3*e”3*1n(c*xx-1)-1/4*axb/c"3*e " 3*1n(cxx+1)+1/4xb~
2%c/e*arctanh (c*xx) “2*d~4+1/4*xb~2/c”3*e"3*arctanh (c*x) *1n(c*x-1)-1/4%b"2/c~3
*e~3*arctanh (c*x) *1n(cxx+1)-1/8%b"2/c"3*e"3*1n(c*x—1)*1n(1/2*c*x+1/2)-1/8%b
~2/c”3%e"3x1n(ckx+1)*1n(-1/2%cxx+1/2)+1/8%b"2/c"3*%e~3*1n(1/2*c*x+1/2) *1n(-1
/2%cxx+1/2)+3/8%b"2/c*e*1n(cxx+1) "2%d"2-1/4*%b"2/c"2*xe”2*1n (c*x+1) "2*d-b~2/c
~2xe~2*dilog(1/2*c*x+1/2)*d+3/2%b"2/cxex1n(cxx-1)*d~2+1/2*b~2/c~2*e " 2*1n (c*
x-1)*d+3/2*xb"2/c*e*x1n(c*x+1) *d"2-1/2*b"2/c"2*xe"2*1n (c*x+1) *d+1/16*b~2*xc/ex1
n(cxx-1)"2*%d"4+1/4%b"2/c”"2*xe”"2x1n (c*x-1) “2*%d+3/8*%b"2/c*ex1n(c*xx—-1) ~2*%d~2)
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 808 vs.
2(328) = 656.
time = 0.43, size = 808, normalized size = 2.25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(at+b*arctanh(c*x))~2,x, algorithm="maxima")
g g

[Out] 1/4*%a~2xx"4%e”3 + a~2*d*x"3*e”2 + 3/2%a~2%d"2*%x"2%e + a~2*xd"3*x + 3/2%(2*x~
2*arctanh(c*x) + c*(2*x/c”2 - log(cxx + 1)/c”3 + log(c*x - 1)/c”3))*a*xbxd”~2
*xe + (2xcxx*arctanh(c*x) + log(-c”2*x"2 + 1))*axbxd~3/c + (2*x~3*arctanh(cx*
x) + cx(x72/c”2 + log(c™2*x"2 - 1)/c”4))*axb*d*e”2 + 1/12x(6*x"4*arctanh(c*
x) + c*x(2%x(c™2%x"3 + 3x*x)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog(cxx - 1)/c”b))*a
*bxe"3 + (b"2%c"2%d"3 + b~2*d*e”2)*(log(c*x + 1)*log(-1/2*c*x + 1/2) + dilo
g(1/2xc*x + 1/2))/c™3 + 1/6%(9%b~2%c™2*d"2xe — 3*b~2xc*d*e”2 + 2*b~2*xe”3)*1
og(c*xx + 1)/c™4 + 1/6%(9%b~2%c"2xd"2%e + 3xb~2*c*d*e”2 + 2%b~2*e”~3)*log(c*x
- 1)/c™4 + 1/48%(4xb~2%c”™2%x"2%e"3 + 48%b~2xc"2xd*x*e”2 + 3*(b~2*c"4*x"4*e
"3 + 4xb72%c"4*d*x"3%e”2 + 6%bT2%cT4*d"2*x"2%e + 4xb"2%cT4*d"3*%x + 4*b"2%c”
3*d"3 - 6%b"2xc"2%d"2%e + 4*b~2*ckd*e”2 - b"2*e"3)*log(c*kx + 1)72 + 3x(b72%
CT4*x"4%e”3 + 4*xb"2xcT4*xd*x"3*%e"2 + 6*%b"2%c T4*d"2%x"2%e + 4*b"2%c"4*d"3*x -
4xb~2%c”3*%d"3 - 6%b”2%c"2xd"2%e - 4xb~2*c*kd*e”2 - b~2*e”~3)*log(-c*x + 1)72
+ 4% (b7™2%c"3*x"3%e”3 + 6xb"2xc"3*kd*x"2*e~2 + 3*(6*%b"2%c”"3*xd"2*%e + b~ 2*c*e”
3)*#x)*x1log(c*kx + 1) - 2%(2xb~2%c”3*x"3%e”3 + 12*%b~2*c~3*d*x"2*e"2 + 6% (6%b~2
*C"3*d"2%e + b"2xc*e"3)*x + 3*(bT2kcT4*x"4*e”3 + 4*bT2kcT4*d*x"3%e”2 + 6%b”
2%CcT4*d"2*%x"2%e + 4*¥b72%cT4*d"3%x + 4*b72%c”3%d"3 - 6%b"2xc"2xd"2xe + 4xb~2
xc*kdxe~2 - b"2xe”3)*log(c*x + 1))*log(-cxx + 1))/c™4
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a”2xx"3*e”3 + 3*a~2*%d*x"2xe”2 + 3*a~2+d"2*x*e + a~2*d"3 + (b~2xx"3
*e”3 + 3*%b"2*%d*x"2*%e”2 + 3*%b~2*d"2*xx*e + b~2*%d~3)*arctanh(c*x) "2 + 2% (axb*x
~3%e~3 + 3*xaxb*dxx"2*%e”2 + 3*kaxbxd"2*xx*e + axb*d”~3)*arctanh(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? (d + ex)® dz



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)**3*(a+b*atanh(c*x))**2,x)
[Out] Integral((a + b*atanh(c*x))**2*%(d + e*xx)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(at+b*arctanh(c*x))~2,x, algorithm="giac")

[Out] integrate((e*x + d)~3x(b*arctanh(c*x) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))? (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2*(d + e*x)~3,x)
[Out] int((a + b*xatanh(c*x))~2x(d + e*x)~3, x)
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2

3.10 [(d+ ex)? (a+btanh~'(cz))” dz

Optimal. Leaf size=257

2abdexr b*e®x b’e?tanh~!(cx)  2b?dextanh(cz) be’z*(a+ btanh '(cz)) (3c*d® + €?) (a + btanh”
+ + + +
c 3c? 3c3 c 3c 3c3

[Out] 2*axb*d*exx/c+1/3*b"2%e~2*xx/c”2-1/3*b"2*%e " 2*arctanh(c*x)/c~3+2*b~2*d*exx*ar
ctanh(c*x) /c+1/3*b*xe”2*%x~2* (a+b*arctanh(c*x) ) /c+1/3*%(3*c~2xd"2+e"2) * (a+b*ar
ctanh(c*x))~2/¢c”3-1/3*d* (d"2+3*e~2/c"2) * (a+b*arctanh(c*x)) “2/e+1/3* (e*x+d) "

3% (at+b*arctanh (c*x)) ~2/e-2/3%b* (3%xc~2+d~2+e~2) * (a+b*arctanh (c*x) ) *1n(2/ (-c*
x+1))/c”3+b"2xd*e*1n(-c~2*x"2+1) /c"2-1/3*b~ 2% (3*c~2*d"2+e~2) *polylog(2,1-2/
(-c*x+1))/c”3

Rubi [A]

time = 0.28, antiderivative size = 257, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules _
steps used = 15, number of rules used = 12, integrand size = 18, integrand size 0.667,

Rules used = {6065, 6021, 266, 6037, 327, 212, 6195, 6095, 6131, 6055, 2449, 2352}

- EPRNTY N , . _ ) . :
f’(% +(F) (a+btanh™(cr))” (32 + ¢2) (a+ btanh~(cz))® (3 + ¢?)log () (a+ btanh™(cx))  2abdex . (d-+ex)? (a+btanh~(cz))® | be*s?(a+btanh™(cz) Ketanh'(cz) | Bdelog(1—a?)  Welzr H(BAd +e)Lis(1- )  2Wdertanh™ (cr)
+ - + + - + = - +

3e 3¢t 3¢ c 3e 3¢ 3¢t & 3c? 3 c

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2*(a + b*ArcTanh[c*x])~2,x]

[Out] (2*ax*b*d*exx)/c + (b"2xe"2*x)/(3*%c"2) - (b"2*xe~2xArcTanh[c*x])/(3*%c~3) + (2
*xb~2xd*exx*xArcTanh [c*x])/c + (b*e~2%x"2*(a + bxArcTanh[c*x]))/(3%c) + ((3%c
~2+%d"2 + e"2)*(a + bxArcTanh[c*x])~2)/(3%c~3) - (d*(d"2 + (3*e”2)/c"2)*(a +
b*ArcTanh[c*x])~2)/(3*e) + ((d + exx) 3*(a + bxArcTanh[c*x])~2)/(3*e) - (2

*xbx (3*xc~2+%d"2 + e~2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(3*%c"3) + (b~2x%
dxexLog[l - c™2%x72])/c”2 - (b~2%(3*%c"2*%d"2 + e~2)*PolyLog[2, 1 - 2/(1 - cx*
x)1)/(3%c"3)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(bx(m + n¥p + 1))), x] - Dist[
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axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g, x] & EqQlc, 2*d] &k EqQle~2xf + d~2%g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))~(p_.), x_Symboll :> Simp[x*(a
+ b*ArcTanh[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTanh[c*x"n])~
(p - 1)/ - c¢™2*x"(2#n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQlp, 11D

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&% IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxc
*x(p/e), Int[(a + bxArcTanh[c*x])~(p - 1)*(Log[2/(1 + e*(x/d))]/(1 - c™2%x"2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*x(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*x(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q+ 1)/(1 - ¢c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]
&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]
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Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.)) " (p_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] &% IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d)) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQ[c™2+d + e, 0] && IGtQ[m, O]

Rubi steps

c? -

_1 2 (2bC) f (_3d62(a+btanh_1(cw)) e3z(a
/(d + ex)? (a + btanh_l(cﬂv))2 dxr = (d + ez)’ (a + btanh (cm)) _

3e
_ (d+ex)® (a+btanh (cz))*  (2b) [ (2434 be(3c"d*+2)z) (atbtank
- 3e 3ce

_ 2abdex N bez%(a + btanh ™' (cz)) N (d+ ez)® (a+ btanh™'(cz)) 2

c 3c 3e
2abdex  b*e*r  2b’dextanh~'(cx) be’z?(a+ btanh '(cz))
—~ + + +
c 3c? c 3c

_ 2abdex | be’z  b*e’tanh'(cz) N 2b%dex tanh ™' (cx) N be?z?(a

c 3c? 3c3 c

_ 2abdex | be’z  b*e*tanh'(cz) + 2b%dex tanh ™' (cx) N be?z*(a

c 3c? 3c3 c
2abdex b€’z b2e’tanh™'(cz) 2b%dextanh'(cx) = be’z?(a
= - + +
c 3c? 3c3 c

_ 2abdex | b’e’z  be’tanh'(cz) N 2b%dex tanh ™' (cx) N be?z? (a-

c 3c? 3c3 c
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Mathematica [A]
time = 0.43, size = 319, normalized size = 1.24

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2*(a + bxArcTanh[c*x])~2,x]

[Out] (3*a™2%c”™3*d"2%x + 6*axb*c”~2*kd*exx + b™2kcxe~2%x + 3*a~2*c”3*d*exx"2 + axbx
CT2%e"2%xX"2 + a"2%c"3%e"2%x”3 + b72*(-1 + c*xx)*(e”2 + cxe*x(3*kd + exx) + c”2
*(3%d"2 + 3*d*exx + e”2*x"2))*ArcTanh[c*x]~2 + b*ArcTanh[c*x]*(b*ex(-e + 6%
CT2kd*x + CT2%e*xx"2) + 2xaxc”3kx*(3*d"2 + 3kdkexx + e72%x"2) - 2%xbx(3*c”2xd
~2 + e72)*Log[1l + E~(-2*%ArcTanh[c*x])]) + 3*axbkxckxdxexLogl[l - c*x] - 3*a*bx
ckdxexLog[1l + c*x] + 3*axb*c™2*d"2xLog[l - c~2%x"2] + 3*b~2xcxd*e*Log[l - c
“2xx72] + axbk*e"2xLog[-1 + c”"2*x"2] + b72%(3*c”2*%d"2 + e~2)*PolyLog[2, -E~(
-2xArcTanh[c*x])])/(3%c~3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1010 vs.
2(241) = 482.

time = 0.35, size = 1011, normalized size = 3.93

method result

derivativedivides | Expression too large to display

default Expression too large to display

risch _Yde ln(;ccxﬂ)z + bode II’S“H) — badeln (—cz + 1) z? — bectlnCertla® ln(gcx—i—l)z?’ —In(—cz + 1) zc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*(at+b*arctanh(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*(-1/4*%b~2%1n(c*x+1) 2%d"2-b"2*dilog(1/2*c*x+1/2)*d"2+b"2/c*e*arctanh (cx*
x) *1n (c*xx—-1) *d+2*axbxe*xd*x+2/3*axbxc*e”2*arctanh (c*x) *x~3+b~2*c*e*xarctanh(c
*x) T2%d*x"2+2*%b"2*exarctanh (c*x) *d*x+2*a*b*ckexarctanh (cxx) *d*x~2+1/3*%b"2%e
~2*arctanh (c*x) *x~2+2*axbxarctanh (c*x) *d"2*c*x+1/3*xb"2xcxe~2*xarctanh (c*x) "2
*x~3+ax*b/c*ex1n(c*x-1)*d-1/3*a*b*c/e*x1n(c*x+1) *d~3-a*xb/c*e*1n(cxx+1) *d+1/3x*
b~2*c/exarctanh (c*x)*1n(c*x-1) *d~3-1/3*b"2*c/e*arctanh (c*x) *1n(c*x+1)*d~3-1
/2%b"2/ckex1n(cxx—1)*1n(1/2*c*x+1/2) *d-1/6*b"2*xc/e*x1n(c*x-1) *1n(1/2*c*x+1/2
)*d~3-b"2/c*e*arctanh (c*x) *1n(cxx+1) *d+1/3*a*b*e”2*x~2+2/3*a*xb*c/exarctanh (
cxx)*d"3+1/3*axbxc/e*1n(cxx—1) *d"3-1/2*xb"2/c*e*1n(cxx+1) *1n(-1/2*c*x+1/2) *d
+1/2%b72/cxex1In(-1/2*cxx+1/2) *1n(1/2*c*x+1/2) *d-1/6%b"2*c/e*1n(c*xx+1) *1n(-1
/2%c*xx+1/2)*d"3+1/6*%b"2*c/e*1n(-1/2*c*x+1/2) *1n(1/2*c*x+1/2) *d~3+1/3*a*xb/c”
2*%e~2*%1n(c*x-1)+1/3*a*xb/c " 2*%e"2*1In(c*x+1)+1/12*%b"2*c/e*1n (c*x+1) ~2*d~3+1/4x*
b~2/cxexln(cxx+1) “2xd+1/12xb~2%c/ex1ln(cxx-1) "2*%d~3+1/4*%b"2/c*xe*1n(c*xx-1) ~2%
d+b~2/c*xex1n(c*x-1) *d+b~2*arctanh (c*x) ~2xd~2xc*x+1/3*%b"2/c*e”2*x+1/3*b"2*xc/
exarctanh(c*xx) ~2xd~3+1/3%b"2/c " 2%e"2*arctanh (c*x)*1n(c*x-1)+1/3*%b"2/c"2*e"2
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*arctanh (c*x) *1n(cxx+1)+1/6*%b~2/c"2*e"2*%1In(ckx+1) *1n(-1/2*c*xx+1/2)-1/6%b"2/
c"2%e"2%1In(-1/2*%c*x+1/2) *1n(1/2*c*x+1/2)-1/6%b"2/c"2*xe~2x1n (c*x-1) *1n(1/2*c
*x+1/2)+b"2/cxex1n(c*x+1) *d+1/4*%b"2*1n(c*xx-1) "2*%d~2+1/3* (c*exx+c*xd) “3*a~2/c
~2/e+a*b*1n(c*x-1)*d"2+a*xb*1ln(c*x+1) *d"2-1/12*b"2/c"2*xe"2*x1n (c*x+1) "2-1/2*b
~2%1n(c*x-1)*1n(1/2*c*x+1/2) *d~2+b~2*arctanh (c*x) *1n (c*x+1) *d~2+b~2*arctanh
(c*x) *1n(c*xx—1) *d"2+1/2xb~2*%1n (c*x+1) *1n(-1/2*c*x+1/2) *d~2-1/2*b"2*1n(-1/2*
cxx+1/2) *1n(1/2*c*x+1/2)*d"2+1/6%b"2/c"2*e"2*1n(c*x-1)-1/6%b"2/c"2*e"2*1n(c
*x+1)-1/3%b"2/c"2%e"2*dilog(1/2*c*x+1/2)+1/12xb~2/c"2*e~2*1n(c*x-1) ~2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 548 vs.
2(233) = 466.
time = 0.42, size = 548, normalized size = 2.13

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctanh(c*x))~2,x, algorithm="maxima")

[Out] 1/3*a~2*x"3%e”2 + a~2*d*x"2%e + a~2xd"2*xx + (2*x~2*arctanh(c*x) + c*(2*x/c”
2 - log(c*x + 1)/c”3 + log(c*x - 1)/c™3))*a*b*d*e + (2*kckx*arctanh(c*x) + 1
og(-c™2%x"2 + 1))*a*b*d~2/c + 1/3*%(2*x"3*arctanh(c*x) + c*x(x"2/c”2 + log(c~
2%x"2 - 1)/c”4))*axbxe”2 + 1/3*(3%b"2xc"2*%d"2 + b~2*e”2)*(log(c*x + 1)*log(
-1/2%c*x + 1/2) + dilog(1/2*c*x + 1/2))/c”3 + 1/6%(6xb~2*c*d*e — b~2%e”2)*1
og(cxx + 1)/c”3 + 1/6%(6%b"2xcxd*e + b~2*xe"2)*log(c*x - 1)/c”™3 + 1/12x(4*b”
2xc*kx*e”2 + (b72xc"3%x"3%e”2 + 3xb"2xc"3*d*x"2%e + 3*b"2%c"3*d"2*x + 3*b”"2x
c"2%d"2 - 3%b~2*xcxdxe + b"2xe"2)*log(c*x + 1)72 + (b72*c"3*x"3%e”2 + 3*b”2x
Cc™3*%d*x"2%e + 3*b~2xc”3*%d"2*x - 3*%b"2%c"2xd"2 - 3*b~2*c*d*e - b~2%e”2)*log(
—c*x + 1)72 + 2x(b"2xc"2*x"2%e"2 + 6*%b"2xc”2*d*x*e)*log(cxx + 1) - 2% (b~ 2*c
“2%x72%e”2 + 6*b72*c"2*dkx*e + (DT2*cT3*xx"3*e”2 + 3*b"2*c”3xd*x"2%e + 3*b”2
*xC"3%d"2%x + 3*%b72%cT2%d"2 - 3*%b"2xc*xd*e + b~2xe”2)*log(ckx + 1))*log(-c*x
+1))/c73

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(at+b*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*x"2*e”2 + 2%a~2*d*x*e + a~2*d"2 + (b72*x"2%e”2 + 2*b~2*kd*x*e +
b~2xd~2) *arctanh(c*x) "2 + 2*x(axbxx~2*e~2 + 2*axb*d*x*e + a*xb*xd~2)*arctanh(
c*x), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? (d + ex)® dz



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)**2*(a+b*atanh(c*x))**2,x)
[Out] Integral((a + b*atanh(c*x))**2*x(d + e*xx)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctanh(c*x))~2,x, algorithm="giac")

[Out] integrate((e*x + d)~2*(b*arctanh(c*x) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))? (d + ex)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2*(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x))~2*(d + e*x)"2, x)

92
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3.11 [(d+ezx) (a+ btamh_l((:as))2 dx

Optimal. Leaf size=160

&2 _ 2
abex+b2ex tanh™'(cz) +d(a + btanh_l(cav))2 <d2 + c_2> (a+ btanh™ (cz)) N (d+ ez)? (a+ btanh ™' (c

c c c 2e 2e

[Out] axb*e*x/c+b~2*e*x*arctanh(c*xx)/c+d*(a+b*arctanh(c*x))~2/c-1/2*%(d"2+e"~2/c"2)
* (atb*arctanh (cxx) ) ~2/e+1/2% (exx+d) ~2* (atb*arctanh (c*xx)) “2/e-2xb*d* (a+b*arc
tanh(c*x))*1n(2/(-c*x+1)) /c+1/2%b"2xe*x1n(-c~2*x~2+1) /c~2-b~2*d*polylog(2,1-
2/(-c*x+1))/c

Rubi [A]

time = 0.21, antiderivative size = 160, normalized size of antiderivative = 1.00, number of

steps used = 12, number of rules used = 9, integrand size = 16, Bumber of rules _ 0.562,
integrand size

Rules used = {6065, 6021, 266, 6195, 6095, 6131, 6055, 2449, 2352}

— 2 5
(7 + dz) (a+btanh™ (cz)) L (@tea)(at btanh ' (cz))’ L dlat btanh~'(cz))’  2bdlog (1) (a + btanh ' (cz)) | aber | Pelog(l—ca?)  Pdlip(1- %) | Hertanh™ (ca)
2e 2e c B c c b B c c

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTanh[c*x])~2,x]

[Out] (ax*b*e*x)/c + (b~2%e*x*ArcTanh[c*x])/c + (d*(a + bxArcTanh[c*x])~2)/c - ((d
“2 + e72/c”2)*(a + b*ArcTanh[c*x])~2)/(2xe) + ((d + e*x) 2*(a + b*ArcTanh[c
*x])~2)/(2xe) - (2¥bxdx(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c + (b~2*e*Lo

gll - c™2*x~2])/(2%c~2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d ) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQl[e~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
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(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bxc
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2%xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d.) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)~(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d_.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])~"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d)) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] & I
GtQlp, 0] && EqQlc™2#d + e, 0] && IGtQ[m, O]

Rubi steps



/(d +ez) (a+ btanh_l(cav))2 dz =

Mathematica [A]
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e?(a+btanh~!(cx) c2d?+e?+

(d+ex)® (a+ btanh_l(cz))2 (be) J (‘ ( 2 b4

2e e
- (d+ ex)2 (a n btanh_l(c:ﬂ))z bf (c2d2+e2+2c2¢iirc)2(;12-{-btanh*l(cz)) de ]
N 2e ce

c2d? (1—}-?2‘%2) (a+btanh™!(cz

_ abex N (d+ex)? (a+ btanh_l(calc))2 J 1-c?z?
o 2e C
_ abcex N bex tanch_l(cx) N (d+ ez)? (a 4—2: tanh"l(cac))2 B (2bcd)/

abex N b?ex tanh™*(cx) N d(a+ btaunh_l(cac))2 B <d2 +a)(a+d
c c c

abex N b?ex tanh™' (cx) N d(a+ btanh_l(cx))2

Cc Cc (&

_ abex N b%ex tanh™*(cx) N d(a+ btanh_l(cac))2 <d2 +a)(a+b

C C Cc

_ abex N b?ex tanh ™' (cx) N d(a+ btaunh_l(cac))2

c c C 2e

time = 0.26, size = 174, normalized size = 1.09

2a2c%dz + 2abees + a*cex® + B(—1 + cx)(2ed + e + cex) tanh™ (cz)? + 2betanh™ (cz) (be:r + aca(2d + ex) — 2bdlog (1 + e*mﬂ"’\m)) + abelog(1 — cz) — abelog(1 + cz) + 2abedlog (1 — ¢2a?) + belog (1 — c*a?) + wcdmyug(z, 75*‘“@"((”)

2¢2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + b*ArcTanh[c*x])~2,x]

[Out] (2*xa™2xc”2+d*x + 2ka*xbxckexx + a~2*%c™2xe*x"2 + b™2* (-1 + c*xx)*(2*c*xd + e +
cxexx)*ArcTanh [c*x] "2 + 2xbkckArcTanh[c*xx]*(b*xexx + akc*x*(2xd + e*x) - 2*b
xdxLog[1 + E~(-2*ArcTanh[c*x])]) + axb*exLog[l - c*x] - axbxexLog[l + c*x]

+ 2xaxbkckd*Log[l - c™2*x72] + b~2%exLogl[l - c~2*x~2] + 2xb~2*c*d*PolyLog[2

, “E~(-2%ArcTanh[c*x])])/(2%c~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 441 vs.

2(154) = 308.

time = 0.28, size = 442, normalized size = 2.76

’ method

‘ result
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2 2 1 2.2
@ (dc rtgectz )+b2carctanh(cx)2ez
2

2 2 2 b
+abez+ b arctanh(;ﬁ) In(cz—1)e b arctanh(;@z) In(cz+1)e +b2 arctanh(ax)2dcw—f

derivativedivides <

default a? (d c? wt%e 62:”2) + b2c arctan;(cw)2e z2 +abez+ b2 arctanh(;:z) In(cz—1)e b2 arctanh(;az) In(cz+1)e +b2 arctanh(ca:)2dca:— i
. BIn(—=%+3)In($+3)d  In($+3)In(—ca+1)d | bin(—cz—1)ad _ bln(—cz—1)ae

risch = — S + - — 5.2 —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(at+b*arctanh(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*(a”2/c*x(d*xc~2*x+1/2*e*c”2xx~2)+a*xb*c*arctanh (c*x) xexx~2+2*xa*b*arctanh(c

*x) *d*c*x+1/2*%b"2xc*xarctanh (c*x) “2*e*x~2+b~2*arctanh (c*x) *e*xx+a*b*e*x-1/2*b
~2%1n(c*x-1)*1n(1/2*c*xx+1/2) *d+1/2%b"2/c*1n(c*x-1) *e+1/2*%b~2/c*1n (c*x+1) *e+
a*b*1n(ckx-1)*d+axb*1n(c*x+1) *d+b~2*arctanh (c*x)*1n(c*x-1) *d+b~2*arctanh (c*
x) *1n(cxx+1) *d+1/8*b~2/c*1n(c*xx+1) "2%e+1/2*xb"2*1n (c*x+1) *1n(-1/2*c*xx+1/2) *d
-1/2xb~2*%1n(1/2*cxx+1/2) *1n(-1/2*%c*x+1/2) *d+1/8%b~2/c*x1n(c*x-1) "2*%e-1/2%b~2
/c*arctanh (c*xx)*1n(c*x+1)*e-1/4%b"2/c*x1n(cxx+1) *1n(-1/2*c*x+1/2) *e+1/4*xb"2/
c*x1n(1/2%c*x+1/2) *1n(-1/2*c*xx+1/2) *e-1/4*%b"2/c*1n(c*xx-1) *1n(1/2*c*x+1/2) *e+
1/2*a*b/c*1n(c*x-1)*e-1/2*a*b/cx1ln(c*x+1)*e-1/4*b~2*1n(c*x+1) “2*d-b~2*dilog
(1/2%c*x+1/2) *d+1/4%b"2x1n(c*x-1) “2*xd+b~2*arctanh (c*x) “2*d*c*xx+1/2%b~2/c*ar
ctanh (c*x) *1n(c*xx-1) *e)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 329 vs.
2(152) = 304.
time = 0.41, size = 329, normalized size = 2.06

1 20 _logler+1) | logler—1)Y\ | @crartanh(er) +log (~e* + b (og(cz-+ 1log (~yex + 1) + Ln(hex + 1) | elogex +1) , Belog(ez—1)
e+ (2% artans ) ‘(7,%‘%1”"“‘ fen)+log 3 e(cher jert i), Pelgler+1) , Felogler—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x))~2,x, algorithm="maxima")

[Out] 1/2*%a~2%x"2%e + a~2*d*x + 1/2%(2*xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x +

1)/c”3 + log(c*x - 1)/c”3))*a*xbxe + (2xc*x*arctanh(c*x) + log(-c™2*x"2 + 1)
)*a*xb*d/c + (log(c*x + 1)*log(-1/2xcxx + 1/2) + dilog(1l/2*c*x + 1/2))*b~2xd
/c + 1/2xb"2xexlog(cxx + 1)/c”2 + 1/2%b"2%exlog(c*x - 1)/c™2 + 1/8%(4xb~2%c
xxxexlog(cxx + 1) + (b™2%c™2%x"2%e + 2¥b"2*c™2*kd*x + 2*¥b”2%c*d - b~2*e)*log
(cxx + 1)72 + (b72%c™2%x"2%e + 2%b~2%c~2*d*x - 2%b~2%c*d - b~2%e)*log(-c*x
+ 1)72 - 2% (2%b"2kckx*ke + (b72%CcT2xx"2%e + 2xb72xcT2xd*x + 2%b"2%cxd - b~2x%
e)*log(cxx + 1))*log(-c*x + 1))/c"2

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c#*x))~2,x, algorithm="fricas")

[Out] integral(a”2xx*e + a"2xd + (b~2#x*e + b~2*d)*arctanh(c*x)”2 + 2*(axb*x*e +
axbxd) *arctanh(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*atanh(c*x))**2,x)

[Out] Integral((a + b*atanh(c*x))**2%(d + e*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x))~2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batanh(cz))? (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x)) " 2x(d + e*x),x)
[Out] int((a + b*atanh(c*x))"2%(d + e*x), x)
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-1 2
312 flobten (@) g,

Optimal. Leaf size=188

2¢(d+ex)

1+cz +

(a+ btanh~(cz))” log () (a + btanh~(cz))” log (m) +b(a + btanh~'(cz)) PolyLog (2,1 -

(& (& (&

[Out] -(atb*arctanh(c*x)) ~2*1n(2/(c*x+1))/e+(atbxarctanh(c*x)) ~2x1n(2*c* (exx+d)/(
ckxd+e) /(c*x+1)) /etb* (atb*arctanh(c*x) ) *polylog(2,1-2/(c*x+1)) /e-b*(atb*arct

anh (c*x))*polylog(2,1-2xc* (exx+d)/(c*d+e) /(c*x+1)) /e+1/2%b~2*polylog(3,1-2/
(cxx+1))/e-1/2%b"2*polylog(3,1-2xc* (exx+d) /(c*d+e) /(c*x+1)) /e

Rubi [A]
time = 0.03, antiderivative size = 188, normalized size of antiderivative = 1.00, number of

number of rules _ 0.056,
integrand size

steps used = 1, number of rules used = 1, integrand size = 18,
Rules used = {6059}

b(a+ btanh(co)) Lip (1 - 22y ) . (a+btanh™ (ca))”log ((2hr=25 ) a1 = &) (a-+ btanh™(er) log () (a+ btanh}(cz)? i (1 - el | PLa(1- &)

e e e e 2e 2e

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) ~2*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x]) ~2*Lo
gl(2xcx(d + exx))/((cxd + e)*x(1 + cxx))])/e + (bx(a + bxArcTanh[c*x])*PolyL

ogl2, 1 - 2/(1 + cxx)])/e - (bx(a + bxArcTanh[c*x])*PolyLog[2, 1 - (2xcx*(d

+ exx))/((cxd + e)*x(1 + c*x))])/e + (b"2xPolyLogl3, 1 - 2/(1 + c*x)])/(2xe)

- (b™2xPolyLogl[3, 1 - (2xcx(d + e*x))/((c*d + e)*(1 + c*x))])/(2%e)

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTanh[c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) "2*% (Log [2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x] + Simp[b*(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[bx(a + b*ArcT
anh[c*x])*(PolyLog[2, 1 - 2*c*((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog[3, 1 - 2/(1 + c*x)]/(2*%e)), x] - Simp[b~2*(PolyLog[3, 1 -
2xcx((d + exx)/((cxd + e)*x(1 + c*x)))]1/(2*e)), x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2+#d"2 - e72, 0]

Rubi steps

2¢(d+ex) )

T = —

/ (a+ btanh_l(cx))2 (a+ btanh_l(csv))2 log (1) N (a+ btabnh_l(CﬂU))2 log <m
d+ex 2 e

b(c
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Mathematica [C] Result contains complex when optimal does not.
time = 10.59, size = 938, normalized size = 4.99

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x])~2/(d + e*x),x]

[Out] (6*a~2+Logld + e*x] + 6*axbkArcTanh[c*x]*(Log[l - c"2*x"2] + 2xLog[I*Sinh[A
rcTanh[(cxd)/e] + ArcTanh[c*x]]1]) - (6*I)*axbx((-1/4*I)*(Pi - (2*I)*ArcTanh
[c*x])~2 + I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2%I)*ArcTanh[c*x]
)*Log[1 + E~(2xArcTanh[c*x])] + (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log
[1 - E7(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2%I)*ArcTanh[c*x])x*
Log[2/Sqrt[1 - c™2%x~2]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Logl[(2+I
)*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])
] - IxPolyLogl[2, E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]) + (b~2%(-8*c*xd*
ArcTanh([c*x] "3 + 4xexArcTanh[c*x]~3 - (4*Sqrt[1 - (c~2%d"2)/e"2]*e*ArcTanh[
c*x]~3) /E"ArcTanh[(c*d)/e] - 6*cxdxArcTanh[c*x] ~2xLog[1 + E~(-2*ArcTanh[c*x
1)1 - (6%I)*cxd*xPixArcTanh[c*x]*Log[(E~ (-ArcTanh[c*x]) + E~ArcTanh[c*x])/2]
- 6*c*d*ArcTanh [c*x] "2*Log[1 + ((c*d + e)*E~(2*ArcTanh[c*x]))/(c*d - e)] +
6*cxdxArcTanh [c*x] “2*xLog[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*cxdx
ArcTanh[c*x] "2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*cxd*xArcTanh
[c*x] ~2*Log[1 - E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 12%c*d*ArcTanh[(
c*d) /e]*ArcTanh [cxx] *Log[(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E
~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] + 6*c*d*ArcTanh[c*x] " 2*Log[(e*(-1
+ E7(2xArcTanh[c*x])) + cxd*(1 + E~(2%ArcTanh[c*x])))/(2¥E"ArcTanh[c*x])] -
6xckdxArcTanh [cxx] "2xLog[(c*(d + exx))/Sqrt[1 - c2*x~2]] - (3*I)*cxd*PixA
rcTanh [c*x]*Log[1 - c™2*x72] - 12*%cxd*ArcTanh[(c*d)/e]*ArcTanh[c*x]*Log[I*S
inh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] + 6*cxd*ArcTanh[c*x]*PolyLog[2, -E~(-
2xArcTanh[c*x])] - 6xcxdxArcTanh[c*x]*PolyLog[2, -(((c*d + e)*E~(2*ArcTanh[
c*x]))/(c*xd - e))] + 12%cxdxArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d)/e] +
ArcTanh([c*x])] + 12%c*dxArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] + ArcTa
nh[c*x])] + 6*c*d*ArcTanh[c*x]*PolyLog[2, E~(2*(ArcTanh[(c*d)/e] + ArcTanh[
c*x]))] + 3*c*d*PolyLog[3, -E~(-2%ArcTanh[c#*x])] + 3*c*dxPolyLogl[3, -(((cxd
+ e)*E~(2*ArcTanh[c*x]))/(c*d - e))] - 12*c*d*PolyLog[3, -E~(ArcTanh[(c*d)
/el + ArcTanh[c*x])] - 12%c*d*PolyLog[3, E~(ArcTanh[(c*d)/e] + ArcTanh[c*x]
)] - 3xcxd*PolyLog[3, E~(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(cx*d))/ (6%
e)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 5.76, size = 1197, normalized size = 6.37

method result size
derivativedivides | Expression too large to display | 1197
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‘ default ‘ Expression too large to display ‘ 1197 ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))~2/(e*x+d),x,method= RETURNVERBOSE)

[Out] 1/c*(a”2*cx1ln(ckexx+c*d)/e+b~2*xcx1ln(ckexx+c*d) /e*arctanh(c*x) “2-b~2%c/exarc
tanh (c*x) “2*%1n(d*c* (1+(cxx+1) "2/ (-c™2xx"2+1) ) +ex ((c*x+1) "2/ (-c™2*%x"2+1)-1))
-1/2*%I*b~2xc/e*arctanh (c*x) “2*Pixcsgn (I* (dxc* (1+(cxx+1) 72/ (-c™2*x"2+1) ) +e*(
(c*xx+1)72/(~c™2%x72+1)-1) ) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) "2*csgn(I/ (1+(c*x+1) "~
2/ (-c”2%x"2+1)))-1/2*I*b~2*c/e*arctanh (c*x) "2*Pixcsgn (I* (d*c* (1+(cxx+1)~2/(
-c"2xx72+1) )+ex ((c*x+1) "2/ (-c™2*x"2+1)-1) ) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) “2*cs
gn(Ix(d*xck (1+(c*xx+1) "2/ (-c™2xx72+1) ) +ex ((c*x+1) "2/ (-c™2*x"2+1)-1) ) ) +1/2*I*b
~2xc/e*arctanh (c*x) “2*Pi*csgn (I*(d*c* (1+(cxx+1) 72/ (-c™2*%x"2+1) ) +e* ((c*x+1)~
2/ (~c™2xx"2+1)-1) ) / (1+(c*x+1) "2/ (-c™2*x"2+1)) ) "3+1/2*I*b"2*c/e*arctanh (c*x)
~2xPi*csgn(I* (d*c* (1+(c*x+1) 72/ (-c™2%x"2+1) ) +e*x ((c*kx+1) "2/ (-c™2*x"2+1)-1) )/
(1+(c*x+1)72/(-c™2*x"2+1) ) ) *csgn (I* (d*cx (1+(c*x+1) "2/ (-c™2*x"2+1) ) +ex ((c*x+
1)72/(-c~2%x"2+1)-1)) ) *csgn(I/ (1+(c*x+1) "2/ (-c"2*x"2+1) ) ) -b~2*c/exarctanh(c
*xx)*polylog(2,-(cxx+1)~2/(-c~2*x"2+1) )+1/2*b~2*c/e*polylog(3,-(c*x+1)~2/(-c
~2%x72+1))+b~2*c/ (c*d+e) *arctanh (c*x) “2*1n(1-(c*d+e) * (ckx+1) "2/ (-c~2*x~2+1)
/ (—c*d+e))+b~2*c/ (c*d+e) *arctanh (c*x) *polylog(2, (cxd+e) * (ckx+1) "2/ (-c™2*x"2
+1)/(-c*d+e) ) -1/2%b~2%c/ (cxd+e) *polylog(3, (ckd+e) * (cxx+1) "2/ (-c™2xx"2+1) /(-
c*d+e))+b~2*c~2/exd/ (cxd+e) *arctanh (c*x) "2*1n(1-(c*d+e) * (c*x+1) ~2/(-c~2*x~2
+1) /(~c*d+e) ) +b~2%c~2/exd/ (cxd+e) *arctanh (c*x) *polylog(2, (c*xd+e) * (cxx+1) "2/
(-c™2%x72+1) / (-c*d+e) ) -1/2¥b"2*%c~2/e*d/ (cxd+e) *polylog (3, (cxd+e) * (cxx+1) "2/
(-c™2%x72+1) / (-c*d+e) ) +2*%axb*c*x1n (c*e*xx+c*d) /exarctanh (c*x)-a*b*c/e*1ln(cxe*
x+c*xd) *1n((c*xexx+e)/ (-c*xd+e) ) —a*b*c/e*dilog((cxexx+e) /(-c*d+e) ) +a*xb*c/e*1n(
(cxexx-e) /(-c*d-e) ) *1n(cxe*x+c*d) +a*bxc/exdilog((c*xe*xx—e)/(-cxd-e)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*x+d),x, algorithm="maxima")

[Out] a™2*e”(-1)*log(x*e + d) + integrate(1/4*b~2*(log(c*x + 1) - log(-c*x + 1))~
2/(x*e + d) + axb*(log(c*x + 1) - log(-c*x + 1))/(x*e + d), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x))~2/(exx+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(xxe + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
/ (a + batanh (cx)) s
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x))**2/(e*x+d) ,x)
[Out] Integral((a + b*atanh(c*x))**2/(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x))~2/(e*xx+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

2
/ (a + batanh(cx)) s
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*x),x)
[Out] int((a + b*atanh(c*x))~2/(d + e*x), x)
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-1 2
3.3 [l ) g,

Optimal. Leaf size=321

(a+ btanh_l(c:p))2 be(a+ btanh™'(cz)) log (=) be(a+ btanh™ (cz)) log () +2bc(a + btanh™*

l—cx

e(d+ ex) + e(cd + e) (cd —e)e c2d? -

[Out] -(at+b*arctanh(c*x))~2/e/(exx+d)+b*xc*(at+b*arctanh(c*x))*1n(2/(-c*x+1))/e/(c*
d+e) -b*cx (a+b*arctanh (cxx))*1n(2/ (c*x+1) )/ (cxd-e) /e+2xb*xc* (a+b*arctanh (c*x)
)*1n(2/ (cxx+1) )/ (c"2xd"2-e"2) -2*b*c* (a+b*arctanh (c*x) ) *1n(2*cx (e*x+d) / (cxd+
e)/(cxx+1))/(c™2*d"2-e~2)+1/2%b~2*c*polylog(2,1-2/(~c*x+1)) /e/ (cxd+e)+1/2%b
~2%c*polylog(2,1-2/(c*x+1))/(c*d-e) /e-b~2*c*polylog(2,1-2/(c*x+1))/(c™2%d"2
-e”2)+b"2%c*polylog(2,1-2%c* (exx+d) /(c*d+e) /(cxx+1))/(c™2%d"2-e72)

Rubi [A]

time = 0.23, antiderivative size = 321, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 12, number of rules used = 6, integrand size = 18,
Rules used = {6065, 6055, 2449, 2352, 6057, 2497}

2c(d+ex)

Shelog (L) (a+ btanh™'(cz))  2be(a-+ btanh™ () log (F25505) (a4 btanh~ (ca))’ | belon (25) (a+btanh~ (@) _ belog (i) (o +btanh~(er) _ Beli1 ~ gh) fz%(l et
2 - - € - 2

1
(e -
P —¢ [ e(d+ex) e(cd+e) e(cd—e) Pz oF—¢

) Beli(1-12)  Weli(1-=27)
%e(cdte) | delcd—e)

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])"2/(d + e*xx)~2,x]

[Out] -((a + b*ArcTanh[c*x])~2/(ex(d + e*x))) + (bxcx(a + bk*ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(c*d + e)) - (bxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)]1)/((c*
d - e)xe) + (2¥bxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/(c"2%d"2 - e72) -
(2xbxc*(a + b*ArcTanh [c*x])*Log[(2*cx(d + e*x))/((cxd + e)*(1 + c*x))]1)/(c
~2xd"2 - e72) + (b"2xcxPolyLogl[2, 1 - 2/(1 - c*x)])/(2xex(cxd + e)) + (b~2x%
c*PolyLog[2, 1 - 2/(1 + c*x)])/(2%(c*xd - e)*e) - (b~2*c*PolyLog[2, 1 - 2/(1

+ cxx)])/(c™2%xd"2 - e72) + (b~2*c*Polylogl[2, 1 - (2*c*x(d + e*x))/((cxd + e
)¥(1 + cxx))])/(c™2%d™2 - e72)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQle~2+f + d~2%g, 0]

Rule 2497
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Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]1/(1 - c™2*x~2), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + ex*x
)/((cxd + e)*(1 + c*x)))]/(1 - c™2*x”2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*cx((d + e*x)/((c*d + e)*x(1 + c*x)))]1/e), x]) /; FreeQ[{a, b, c, d,

e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)~(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rubi steps



/ (a+ btanh_l(c:r:))2

(d+ ex)?
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B c(a+btanh=!(cz)) c(a+btanh~!(cz)) e2(a+bta
(a + btanh 1(cav))2 (2bc) [ <_ odte)(—iter) T 2cd—e)(iter) T (cedte)le

e(d+ ex) + e
(a+ btanh_l(cx))2 N (bc?) [ Mt?i—ll;l(cm) dz (bc?) [ mt_ail—i;;(cz) dz N (21
e(d + ex) (cd —e)e e(cd + e)
(a + btanh~(cz))” N be(a+btanh™'(cz)) log ()  be(a+ btanh ' (cz
e(d + ex) e(cd+e) (cd —€)
(a+btanh(cz))®  be(a+btanh(cz))log (;2;)  be(a+ btanh™(cz
e(d + ex) * e(cd + e) a (cd —e)
(a + btanh~*(cz))” N bc(a+ btanh™'(cz)) log (+Z-)  be(a+ btanh™'(cz
e(d + ex) e(cd + e) (cd —e)

Mathematica [C] Result contains complex when optimal does not.
time = 3.57, size = 317, normalized size = 0.99

,,,,,,

g 14287 00) = g 12 0onh ™ () e 7)) (= )~ g 1-€22)) 21~ (5 (ke o 1€ (o™ (5 20071000 ) g s~ () rank~ e ) ) +PolyLog 3,72 (ooi™ (#) sk )
=

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + e*x)~2,x]

[Out] -(a”2/(ex(d + exx))) + (a*bkck((-2xArcTanh[c*x])/(c*d + cxexx) + ((-(c*xd) +
e)*Log[l - c*x] + (cxd + e)xLogl[l + cxx] - 2xexLoglcx(d + exx)])/((c*d - e
)*(cxd + e))))/e + (b~2*(-(ArcTanh[c*x]~2/(Sqrt[1 - (c"2*d~2)/e~2]*exE~ArcT
anh[(c*d)/e])) + (x*ArcTanh[c*x]"2)/(d + exx) + (cxdx(I*Pix*Log[l + E~(2%Arc
Tanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]

))] - IxPix(ArcTanh[c*x] - Logl[l - c™2%x72]/2) - 2%ArcTanh[(c*d)/e]*(ArcTan
hlc*x] + Log[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - Log[I*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2, E~(-2x(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))]1))/(c™2%d™2 - e72)))/d

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 648 vs.

2(317) = 634.
time = 1.23, size = 649, normalized size = 2.02
method result
_ a?c? _ b2c2 arctanh(cz)2 _ 2622 arctanh(cz) In(cex+dc) + 2622 arctanh(cz) In(cz+1) 2622 arctanh(cz) In(cz—1) b2 In
derivativedivides (cex+dc)e (cex+dc)e (dc+e)(dc—e) e(2dc—2e) e(2dc+2e)
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2.2
a2c? b2c2 arctanh(cz)2 _ 2622 arctanh(cz) In(cex+dc) + 2622 arctanh(cz) In(cz+1) 2622 arctanh(cz) In(cz—1) b

default _(ceztdc)e”  (cemtdc)e (dcte)(de—e) e(2dc—2¢) e(2dct2¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))~2/(e*x+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/cx(-a~2*c~2/(c*xexx+c*xd) /e-b~2+%c”2/ (cxe*x+c*d) /exarctanh (c*xx) ~2-2*%b~2%c 2%
arctanh(c*x)/(c*d+e) /(cxd-e) *1n(cxe*x+c*xd) +2xb~2xc~2/e*xarctanh (c*x) / (2%cxd-
2%e)*1n(c*x+1)-2*xb~2*%c~2/exarctanh (c*x) / (2xc*d+2*e) *1n(c*x-1)-b~2*xc~2/ (c*d+
e)/(cxd-e) *1n(cxexx+c*d) *1n((cxe*xx-e)/(-cxd-e))-b~2xc"2/ (c*d+e) / (c*d-e) *dil
og((cxexx-e)/(-c*d-e))+b~2*c~2/ (c*xd+e) /(c*d-e) *1n(c*e*x+cxd) *1n((c*xe*x+e)/ (
—-c*d+e))+b~2*c~2/ (c*d+e) / (c*d-e) *dilog((c*e*xx+e)/(-cxd+e) ) +1/2xb~2*xc"2/e/(c
*d-e) *1n(-1/2*c*xx+1/2) *1n(c*xx+1)-1/2*xb"2*c"2/e/ (cxd—-e) *1n(-1/2*c*x+1/2) *1n(
1/2%c*x+1/2)-1/2x¥b"2%c"2/e/(c*d-e) *dilog(1/2*c*x+1/2)-1/4%b"2*c"2/e/ (cxd-e)
*1n(cxx+1)"2-1/4%b"2*xc~2/e/ (cxd+e) *1In(cxx-1) “2+1/2%b"2xc~2/e/ (c*d+e) *dilog(
1/2xc*xx+1/2)+1/2*%b"2*%c"2/e/ (c*d+e) *1n (cxx-1) *1n (1/2*c*x+1/2) -2*axb*xc~2/ (c*e
*x+c*d) /e*arctanh (c*x)-2*xaxbxc~2/ (c*d+e) / (c*d-e) *1n(cke*x+c*d) +2xa*b*c~2/e/
(2*%cxd-2%e) *1n(cxx+1) -2*axb*c~2/e/ (2xc*d+2*e) *1n (cxx-1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~2/(exx+d)~2,x, algorithm="maxima")

[Out] (c*(log(c*x + 1)/(c*d*e - e~2) - log(c*x - 1)/(c*d*e + e~2) - 2+log(xxe + d
)/(c™2%d"2 - e72)) - 2*xarctanh(c*x)/(x*e”2 + dxe))*a*b - 1/4%b~2*(log(-c*x

+ 1)72/(x*e"2 + d*e) + integrate(-((c*x*e - e)*log(c*x + 1)72 + 2x(ckx*e +

c¥d - (cxxxe - e)*log(c*x + 1))*log(-c*x + 1))/(c*x"3%e”3 + (2%c*d*e™2 - e~
3)*xx"2 - d72%e + (c*d"2xe - 2xd*e”2)*x), x)) - a~2/(x*e”2 + dxe)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~2/(exx+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2xaxbxarctanh(c*x) + a~2)/(x"2%e”2 + 2*d*x*e
+d72), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

T

/ (a + batanh (cav))2 p
(d + ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x))**2/(e*x+d)**2,x)
[Out] Integral((a + b*atanh(c*x))**2/(d + e*xx)*x2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))~2/(exx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~2/(e*x + d)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))’ i
(d+ex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*xx)~2,x)
[Out] int((a + b*atanh(c*x))~2/(d + e*x)"2, x)

106
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-1 2
3.14 [l ) g,

Optimal. Leaf size=480

bc(a+btanh~'(cz)) (a+btanh~'(cz))® bc*(a+btanh™'(cz))log (:2;)  b2c?log(l—cz) b (a-

l—cx

(2d? —e?) (d+ex)  2e(d+ex)? * 2e(cd + €)? 2(cd —e)(cd +e)?

[Out] b*c*(a+b*arctanh(c*x))/(c"2*xd"2-e72)/(e*xx+d)-1/2*(a+b*arctanh(c*x)) ~2/e/ (ex
x+d) "2+1/2*b*c” 2% (a+b*arctanh(c*x) ) *1n(2/ (-cxx+1) ) /e/ (cxd+e) "2+1/2*%b~2*c" 2%
In(-c*x+1) /(c*d-e)/(cxd+e) “2-1/2*b*c”2* (a+b*arctanh(c*x) ) *1n(2/ (c*x+1) )/ (c*
d-e) "2/e+2*b*c~3*d* (atb*arctanh(c*x) ) *1n(2/ (c*x+1))/(c"2xd"2-e72) "2-1/2%b"2
*c~2%1n(c*x+1) / (c*d-e) "2/ (cxd+e) +b~2xc”2%ex1n (exx+d) / (c"2*xd"2-e~2) ~2-2%b*c”
3*d* (a+b*arctanh(c*x) ) *1n(2xc*x (e*xx+d) / (cxd+e) / (c*x+1) )/ (c"2*%d"2-e"2) "2+1/4x*
b~2%c~2*polylog(2,1-2/(-c*x+1)) /e/ (cxd+e) “2+1/4%b~2xc~2*polylog(2,1-2/ (c*x+
1))/ (c*d-e) ~"2/e-b~2*c~3*d*polylog(2,1-2/(c*x+1))/(c™2*xd"2-e72) "2+b~2*c~3*d*
polylog(2,1-2*c*(e*x+d)/(cxd+e)/(cxx+1))/(c"2%d"2-e72) "2

Rubi [A]

time = 0.36, antiderivative size = 480, normalized size of antiderivative = 1.00, number of

steps used = 18, number of rules used = 10, integrand size = 18, number of rules _ 0.556,
integrand size

Rules used = {6065, 6055, 2449, 2352, 6063, 720, 31, 647, 6057, 2497}

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] (bxc*(a + b*ArcTanh([c*x]))/((c"2%d"2 - e"2)*(d + e*x)) - (a + b*ArcTanh[c*x
1)72/(2%ex(d + e*x)~2) + (b*c”2%(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/(2%e
*(cxd + e)72) + (b™2xc”2xLog[1l - c*x])/(2%(cxd - e)*(cxd + e)72) - (bkc™2%(
a + bxArcTanh[c*x])*Log[2/(1 + c*x)]1)/(2%(c*d - e)~2%xe) + (2*%b*c~3xd*(a + b
xArcTanh [c*x])*Log[2/(1 + c*x)])/((c*d - e)~2*(c*d + e)~2) - (b~2*c”2*Log[1
+ cxx])/(2%(cxd - e)"2*(cxd + e)) + (b"2xc"2xexLogld + e*x])/((cxd - e) 2%
(cxd + e)72) - (2xbxc~3*d*(a + b*ArcTanh[c*x])*Log[(2*c*(d + e*x))/((cxd +
e)*(1 + cxx))])/((cxd - e)”2x(c*d + e)~2) + (b~2%c~2xPolyLogl[2, 1 - 2/(1 -
c*x)])/(4xex(cxd + e)~2) + (b~2*c”™2*PolyLogl[2, 1 - 2/(1 + c*x)])/(4*(c*d -
e)"2*xe) - (b~2%c~3*dxPolyLogl[2, 1 - 2/(1 + c*x)])/((c*d - e)~2x(cxd + e)~2)
+ (b"2xc~3*d*PolyLog[2, 1 - (2xc*(d + e*x))/((c*xd + e)*(1 + c*x))])/((c*d
- e)"2%(cxd + e)~2)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 647

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)xc, 2]}, Distle/2 + c*x(d/(2*q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx
(d/(2*q)), Int[1/(q + c*x), x], x]] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 720

Int[1/C((d)) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd"2 + a*e~2), Int[(c*d -
cxexx)/(a + cxx~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d~2 + axe"2,
0]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] && EqQle~2%f + d~2%g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq"m*((1 - u)/

D[u, x])1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQIC, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d)) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + e*x(x/d))]/e), x] + Dist[b*c
*x(p/e), Int[(a + b*ArcTanh([c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c#*x]))*(Log[2/(1 + c*x)]1/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]/(1 - c™2%x"2), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
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e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6063

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(ex(q + 1))), x] - Dist[b
*(c/(ex(q + 1))), Int[(d + e*xx)"(q + 1)/(1 - c~2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ +exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]
&& I1GtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rubi steps

c?(a+btanh™1(cx) c?(a+btanh™1(cx) e? (a+i
/ (a+ bta,nh_l(car:))2 dr — — (a+ btanh_l(cz))2 N (be) [ <_ 2Ecd+e)2(—1+cz)) + 2((cd—e)2(1+cm) ! (—a§+e)
(d+ ex)3 N 2e(d + ex)? e
(a4 btanh ' (cz))’ N (bc*) [ mtﬂ—hl(“) dz  (bc®) | mtaf—m dz  (
2e(d + ex)? 2(cd — e)%e 2e(cd + e)?

B be(a+ btanh™(cz)) (a+ btanh_l(car:))2 N bc%(a + btanh ™' (cz)) log |

"~ (cd — e)(cd + €)(d + ex) 2e(d + ex)? 2e(cd + €)?
_ be(a+btanh™(cz)) (a+ btanh_l(cx))2 N bc?(a + btanh ™ (cz)) log |

~ (cd —e)(cd +e)(d + ex) 2e(d + ex)? 2e(cd + e)?
_ be(a+btanh™(cz)) (a + btanh ™ (cz))’ N bc%(a + btanh ™' (cz)) log |

"~ (cd—e)(cd +e)(d + ex) 2e(d + ex)? 2e(cd + e)?
_ be(a+btanh™ (cz)) (a+ btanh_l(cx))2 N bc?(a + btanh ™' (cz)) log |

"~ (cd — e)(cd + €)(d + ex) 2e(d + ex)? 2e(cd + €)?

Mathematica [C] Result contains complex when optimal does not.
time = 6.00, size = 470, normalized size = 0.98

L (e e s ) i o - -
arar £ T T

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] -1/2%a"2/(e*x(d + e*x)~2) - (axb*c”™2x((2xArcTanh[c*x])/(c*d + c*exx)~2 + Log
[1 - cxx]/(c*d + e)”2 + (-Logl[l + cxx] + (2xex(-(c™2%d"2) + €72 + 2xc~2*d*(
d + exx)*Loglcx(d + e*x)]))/(c*x(c*xd + e)72x(d + e*x)))/(-(c*xd) + e)72))/(2x%
e) + (b”™2*c™2x((-2*ArcTanh[c*x]~2)/(Sqrt[1 - (c~2%d"2)/e"2]*e*E~ArcTanh[(c*
d)/el) - (ex(-1 + c~2*%x"2)*ArcTanh[c*x]~2)/(c”™2*%(d + e*x)~2) + (2#x*ArcTanh
[c*x]*(-e + cxd*ArcTanh[c*x]))/(cxd*(d + exx)) + (2%e*(-(exArcTanh[c*x]) +
ckd*Log[(cx(d + exx))/Sqrt[1l - c™2xx72]]1))/(c™3*d"3 - c*d*e"2) + (2kcxdx(Ix*
PixLog[1l + E~(2*ArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[1l - E~(-2*(ArcTanh[(c*d
)/e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Logl[l - c~2%x72]/2) - 2%ArcTa
nh[(c*d)/e]*(ArcTanh[c*x] + Log[l - E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x])
)] - Logl[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~(-2*(ArcT
anh[(cxd)/e] + ArcTanh[c*x]))]))/(c”2%d"2 - €72)))/(2*(c*d - e)*(c*xd + e))

Maple [A]
time = 1.36, size = 828, normalized size = 1.72 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))~2/(e*x+d) 3,x,method=_RETURNVERBOSE)

[Out] 1/c*x(a*b*c~3/(c*xd+e)/(cxd-e)/(ckexx+c*xd)-2*a*xbxc~4*xd/ (c*d+e) ~2/(c*d-e) "2*x1n
(cxexx+c*d)-2xb~2*c 4*arctanh (c*x)*d/ (cxd+e) “2/ (cxd-e) “2*1n(cke*x+c*d) -b~2*
c~4+*d/ (c*d+e) "2/ (cxd-e) “2x1n((c*e*x-e) / (-c*d-e) ) *1n(cxexx+c*d) +b~2*c~4*d/ (c
xd+e) "2/ (cxd-e) "2x1n((cxe*x+e)/(—c*d+e) ) ¥1n(c*e*xx+c*d) -1/2%b~2xc~3/ (cxe*x+c
*d) ~2/e*arctanh(c*x) "2-1/8*b~2*xc~3/e/ (c*d+e) "2*1n(c*x-1) “2+1/4*xb"2%c~3/e/(c
xd+e) “2xdilog(1/2*c*x+1/2)-1/4*b~2xc~3/e/ (c*d-e) "2*dilog(1/2*c*x+1/2)-1/8%*b
~2xc~3/e/ (c*d-e) "2*1n(c*x+1) "2-1/2%a~2xc” 3/ (c*e*x+c*xd) "2/e-a*xbxc~3/ (c*xe*x+c
*d) “2/e*arctanh (c*xx)+1/2*xa*xb*xc~3/e/ (c*d-e) "2*1n(c*x+1)-1/2*xa*xb*xc”3/e/ (c*d+e
)"2%1n(c*x-1)+1/2*%b~2*c"3/e*arctanh(c*x)/(c*d-e) "2*1n(c*x+1) +b~2*c”~3*arctan
h(c*x)/(cxd+e) /(c*xd-e) / (cxexx+c*d)-1/2%b~2%xc~3/e*arctanh (c*x) / (c*d+e) ~2%1n(
cxx—-1)+1/4%b"2xc"3/e/ (c*xd+e) "2*1In(c*x—1) *1n(1/2*c*x+1/2)-1/4*xb"2*c"3/e/ (c*xd
-e) " 2+1n(-1/2*%c*x+1/2)*1n(1/2*c*x+1/2)+1/4xb"2*c~3/e/ (c*d-e) "2*x1n(-1/2*c*x+
1/2)*1n(c*x+1)-b"2*xc~3/ (c*xd+e) / (c*d-e) / (2kc*d-2*e) *1n (cxx+1) +b~2*c”~3*e/ (c*d
+e) "2/ (cxd-e) "2*1n(cxe*xx+c*d)+b~2xc~3/ (c*xd+e) / (c*d-e) / (2xc*d+2+*e) *1n(c*x-1)
-b~2xc~4xd/ (c*d+e) "2/ (c*d-e) “2xdilog((c*e*x-e)/(-c*d-e) ) +b"2*c~4*d/ (cxd+e)”
2/ (c*d-e) "2*dilog((cxexx+e) /(—c*d+e)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*x+d)~3,x, algorithm="maxima")

[Out] -1/2%((4*c”2xd*log(x*e + d)/(c"4*xd~4 - 2*c~2xd"2*e”2 + e~4) - c*log(c*x + 1
)/ (c™2%d"2%e - 2xc*d*e”2 + e73) + c*log(cxx - 1)/(c™2xd"2%e + 2xcxd*e”2 + e
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~3) - 2/(c”2%d"3 + (c"2*d"2*e - e”3)*x - d*e~2))*c + 2*xarctanh(c*x)/(x"2%e”
3 + 2xd*x*e”2 + d"2%e))*axb - 1/8%b"2x(log(-c*x + 1)72/(x"2%e"3 + 2xdxx*e”2
+ d"2xe) + 2+integrate(-((c*x*e - e)*log(cxx + 1)72 + (c*x*e + cxd - 2*(c*
x*e - e)*log(c*x + 1))*log(-c*x + 1))/(cxx"4*e"4 + (3*c*d*e”3 - e74)*x"3 -
d"3%e + 3*(cxd"2%e”2 - d*e”3)*x"2 + (c*d"3*e - 3%d"2*e”2)*x), x)) - 1/2%a"2
/(x72xe"3 + 2xdxx*e”2 + d"2xe)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~2/(e*x+d)"3,x, algorithm="fricas")
[Out] integral((b~2*arctanh(c*x)~2 + 2xaxbxarctanh(c*x) + a~2)/(x"3%e”3 + 3*d*x"2
*e72 + 3*%d"2*x*e + d”3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? p
(d+ ex)?

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x))**2/(e*x+d)**3,x)

[Out] Integral((a + b*atanh(c*x))#**2/(d + e*x)**3, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(exx+d)~3,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d)73, x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))’ i
(d+ex)®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*x)~3,x)
[Out] int((a + b*atanh(c*x))"2/(d + e*x)"3, x)
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3.15 [(d+ex)® (a+ btalrlh_l(ca:))3 dx
Optimal. Leaf size=614

3ab%de®r bPedr  bdePtanh ™ (cx) 3b3de’ztanh(cz) b%e3z?(a +btanh~'(cz)) 3bde?(a + btanh™'(cz
+ + + -
c? 4c3 4ct c? 4c? 2¢3

[Out] 3*a*xb~2xd*e~2*x/c~2+1/4*b~3*e”3*x/c”~3-1/4%b"3*e~3*arctanh (c*x) /c"4+3*b~3*dx*
e~ 2*x*arctanh (c*x) /c~2+1/4xb~2xe~3*x~2* (a+b*arctanh (c*x) ) /c~2-3/2%b*d*e 2% (
a+b*arctanh(c*x))~2/c”3+1/4xbxe”3* (a+b*arctanh(c*x)) ~2/c”4+3/4*bxex (6*c™2*d
~2+e”2) * (at+b*arctanh (c*x) ) ~2/c”4+3/4xbxe* (6*%c~2xd"2+e"2) *x* (a+b*arctanh (c*x
))~"2/c”3+3/2xbxd*e”2*xx"2* (a+b*arctanh (c*x) ) ~2/c+1/4*b*e~3*x" 3% (a+b*arctanh (
cxx))~2/c+d*(c"2*xd"2+e"2) * (a+b*arctanh(c*x)) ~3/c~3-1/4* (c"4*d~4+6*c™2*d " 2*e
~2+e~4) *x(at+b*arctanh(c*x)) ~3/c~4/e+1/4* (e*xx+d) ~4* (a+b*arctanh(c*x))~3/e-1/2
*b~2*e”3* (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1)) /c"4-3/2xb"2xex (6*xc~2*xd"2+e"2) *(a
+b*arctanh(c*x) ) *1n(2/ (-c*x+1) ) /c"4-3*%b*d* (c"2*d"2+e~2) * (a+b*arctanh(c*x) )~
2x1n(2/ (-cxx+1))/c~3+3/2%b"3*d*e~2*1n(-c~2*x"2+1) /c~3-1/4*xb~3*e~3*polylog(2
,1-2/(~c*x+1)) /c~4-3/4*b~3*e* (6*%c~2*d"2+e~2) *polylog(2,1-2/(-c*x+1)) /c~4-3%
b~2%d* (c™2*d"2+e~2) * (a+b*arctanh (c*x) ) *polylog(2,1-2/(-c*x+1))/c™3+3/2%b~3*
dx(c™2*d"~2+e~2) *polylog(3,1-2/(-c*x+1))/c"3

Rubi [A]
time = 0.96, antiderivative size = 614, normalized size of antiderivative = 1.00, number of

steps used = 29, number of rules used = 15, integrand size = 18, number of rules _ 0.833,
integrand size

Rules used = {6065, 6021, 6131, 6055, 2449, 2352, 6037, 6127, 266, 6095, 327, 212, 6195,
6205, 6745}

Antiderivative was successfully verified.
[In] Int[(d + e*x)~3*(a + b*ArcTanh[c*x])~3,x]

[Out] (3*a*b~2*d*e~2*x)/c”2 + (b~3*e"3#*x)/(4*c”3) - (b~ 3*e"3*ArcTanh[c*x])/(4*xc"4
) + (3*%b~3xd*e”2*x*ArcTanh[c*x])/c”2 + (b"2*%e"3*x"2*(a + bxArcTanh[c*x]))/(
4%c”2) - (3*bxd*e~2*(a + b*ArcTanh[c*x])~2)/(2*%c~3) + (b*e~3*(a + b*ArcTanh
[c*x])~2)/(4*%c™4) + (3*b*e*(6*xc”2*d"2 + e~2)*(a + b*ArcTanh[c*x])~2)/(4*c"4
) + (3*b*ex(6%c”2*%d"2 + e~2)*x*(a + b*ArcTanh[c*x])~2)/(4*c~3) + (3*b*dxe~2
*x"2%(a + b*ArcTanh[c*x])~2)/(2*c) + (b*e " 3*x"3*(a + bxArcTanh[c*x])~2)/(4x*
c) + (d*(c™2xd"2 + e"2)*(a + bkArcTanh[c*x])"3)/c”3 - ((c74*d~4 + 6*c™2*d"2
*e~2 + e”4)*(a + bxArcTanh[c*x])"3)/(4xc"4*e) + ((d + e*x)~4x(a + b*ArcTanh
[c*x])~3)/(4%xe) - (b~2xe"3x(a + bk*ArcTanh[c*x])*Log[2/(1 - c*x)])/(2%c"4) -
(3*xb~2%e* (6%c~2%d"2 + e~2)*(a + b¥ArcTanh[c*x])*Log[2/(1 - c*x)])/(2%c~4)
- (3*b*d*(c"2%d"2 + e”2)*(a + bxArcTanh[c*x]) 2*Log[2/(1 - c*x)])/c”3 + (3%
b~3*d*e"2xLog[1l - c™2*xx72])/(2%c”3) - (b~3%e”~3*PolyLogl[2, 1 - 2/(1 - c*x)])
/(4xc~4) - (3*b~3xe*(6xc”2*%d"2 + e~2)*PolyLogl[2, 1 - 2/(1 - c*x)])/(4*xc”™4)
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- (3*%b"2xd*(c"2%d"2 + e~2)*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)]
)/c”3 + (3*%b~3xd*(c"2xd"2 + e~2)*PolyLog[3, 1 - 2/(1 - c*x)])/(2*c"3)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2*f + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 1] || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]
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Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + e*x(x/d))]1/(1 - c™2%x"2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])~p/(e*x(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q+ 1)/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]

&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[d*(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ e*x~2)), x], x] /; FreeQl[{a, b, c, d, e, £}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] &% EqQlc~2xd + e, 0] && IGtQ[m, O]

Rule 6205
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Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*(x_)~
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2xd
+ e, 0] && EqQ[(1 - w~2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps

(3bC) f (_ e?(6c2d%+e?) (ac;i-b tanh ™! (cz))

/(d + ex)? (a + btanh_l(cz))3 dr = (d+ ex)* (a + btanh_l(cx)) .

4e
_ (d+ex)* (a+ btanh_l(cx))3 B (30) [ (c4d4+6c2d262+e4+4c2di(_cj;1;;l-e2)z)
de 4cde

_ 3be(6c’d? + €*) z(a + b’canh_l(cm))2 N 3bde?z? (a + btanh_l(cgv))2

4¢3 2c
_ 3be(6c’d? + €*) (a + btamh_l(cac))2 N 3be(6c*d* + %) z(a + btanh”
B 4ct 4¢3

3ab’de?r  b*e®z?(a+btanh '(cz))  3bde?(a+ btanh™'(cz)) 2
— + —
c? 4c? 2c3

3ab’de’z  bPe*x  3b3de’ztanh~'(cx) = b%e3z?(a + btanh™'(cz)
= +
c? 4¢3 c? 4c?

_ 3ab’de’z | bPe*z  bPe®tanh'(cx) N 3b%de*z tanh ™ (cx) N b?e3z

c? 4c3 4ct c?
_ 3ab’de’z | bPe*z  bPe®tanh'(cz) N 3b%de?zx tanh ™" (cx) N b’e’x
e 4c3 4ct c?

Mathematica [A]
time = 1.40, size = 830, normalized size = 1.35

Antiderivative was successfully verified.
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[In] Integrate[(d + e*x)~3*(a + bxArcTanh[c*x])~3,x]

[Out] (2%a~2xc*(4*xaxc™3*%d~3 + 3*bkex(6%c™2xd"2 + e72))*x + 12%a~2xc”3*d*ex* (a*xcxd
+ b*e)*x"2 + 2%a”~2%c"3ke”"2%(4*xakxckd + bke)*x"3 + 2%xa~3*kc"4*e"3*x"4 + 6xa”2x
bkxc"4*x* (4*%d~3 + 6%d"2%exx + 4*dxe”2*%x"2 + e~3*x"3)*ArcTanh[c*x] + 3%a~2xbx
(4%c™3*d"3 + 6%c™2%d"2%e + 4*xckd*e”2 + e"3)*Log[l - cxx] + 3%a~2%b*(4*c”3*d
~3 - 6%c"2xd"2%e + 4*xcxdxe”2 - e~3)*Logl[l + c*x] + 36%a*b"2%c"2xd"2%e* (2*cx*
xxArcTanh[c*x] + (-1 + c™2*x"2)*ArcTanh[c*x]~2 + Log[l - c™2*x"2]) + 2*axb~
2%e73x (-1 + c72%xx"2 + 2%cxx*(3 + c"2#x72)*ArcTanh[c*x] + 3*x(-1 + c™4*x"4)*A
rcTanh[c*x] "2 + 4*Log[l - c™2*x"2]) - 12xb~3xc~2xd"2*ex (ArcTanh[c*x]*((3 -
3*c*x)*ArcTanh[c*x] + (1 - c™2*x72)*ArcTanh[c*x]~2 + 6*Log[l + E~(-2*ArcTan
hlc*x])]) - 3*PolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 24xaxb~2*c*dxe”2*(cxx + (
-1 + ¢"3*x"3)*ArcTanh[c*x] "2 + ArcTanh[c*x]*(-1 + c™2*x"2 - 2%Log[1l + E~(-2
xArcTanh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 24*axb~2%c~3*d"3x(Ar
cTanh[c*x]*((-1 + c*x)*ArcTanh[c*x] - 2xLog[l + E~(-2*ArcTanh[c*x])]) + Pol
yLog[2, -E~(-2*%ArcTanh([c*x])]) + 2*%b~3*e”3*(c*xx + (-4 + 3*c*x + c~3*x"3)*Ar
cTanh[c*x] "2 + (-1 + c™4xx"4)*ArcTanh[c*x]~3 + ArcTanh[c*x]*(-1 + c™2*x"2 -
8xLog[1 + E~(-2xArcTanh[c*x])]) + 4xPolyLog[2, -E~(-2*%ArcTanh[c*x])]) + 8%
b~3%c~3*d"3* (ArcTanh [c*x] "2*%((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcT
anh[c*x])]) + 3%ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + (3*PolyLogl[
3, -E"(-2%ArcTanh[c*x])])/2) + 4%b~3*ckd*e”2x(6*xcxx*xArcTanh[c*x] - 3*ArcTan
hlc*x] "2 + 3%c™2*x”2*ArcTanh[c*x] "2 - 2*ArcTanh[c*x]~3 + 2%c~3*x~3*ArcTanh[
c*x] "3 - 6xArcTanh[c*x] "2xLog[1 + E~(-2xArcTanh[c*x])] + 3*Logl[l - c~2*x"2]
+ 6xArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + 3*PolyLog[3, -E~(-2*Ar
cTanh[c*x])]))/(8%c™4)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 27.53, size = 6004, normalized size = 9.78

method result size
derivativedivides | Expression too large to display | 6004

default Expression too large to display | 6004

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3*(atb*arctanh(c#*x))~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="maxima")
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[Out] 1/4*a"3*x"4*xe”3 + a~3*d*x"3*e”2 + 3/2*a"3*d"2*x"2*e + a~3*d"3*x + 9/4%(2xx~
2xarctanh(c*x) + cx(2*x/c”2 - log(c*x + 1)/c”3 + log(c*xx - 1)/c™3))*a~2xb*d
“2xe + 3/2x(2*c*x*arctanh(c*x) + log(-c™2*x"2 + 1))*a”2xbxd~3/c + 3/2x(2*x”
3*%arctanh(c*x) + cx(x72/c”2 + log(c™2%x"2 - 1)/c”4))*a”~2*bxd*e™2 + 1/8%(6x*x
“4xarctanh(c*x) + c*(2*%(c™2*x73 + 3*x)/c”4 - 3xlog(c*x + 1)/c”5 + 3xlog(c*x
- 1)/c75))*a"2xbxe”3 - 1/32*x((b"3*c"4*x"4*e”3 + 4xb~3*kc"4*d*x"3*e”2 + 6%b~
3*%CcT4*%d"2*%x"2%e + 4xb"3%c"4*d"3*%x — 4*xb"3*%c"3*%d"3 - 6*%b"3*kc"2*xd"2*%e - 4%b"3
xcxd*e”2 - b~3*e"3)*log(-c*xx + 1)73 - (6*%a*b~2kc"4*x"4*e”3 + 2% (12%a*b”2*c”
dxd*xe”2 + b~3*%c"3*%e"3)*x"3 + 12*%(3*kaxb"2*xc"4*d"2*xe + b"3*c"3*kd*e”"2)*x"2 + 6
* (4xa*b”~2%c”4*d"3 + 6*b~3*c"3*%d"2*e + b 3*ckxe”3)*x + 3*(b"3*xc"4*x"4*e"3 + 4
*¥b"3xcT4*kd*x"3%e”2 + 6*%b"3xcT4kd"2*%x"2%e + 4*%b"3xcT4*d"3*x + 4*b"3*%c”3*%d"3
- 6%b~3%c”2*d"2xe + 4*b"3xcxd*e”2 - b~3*e”3)*log(c*x + 1))*log(-c*x + 1)72)
/c”4 - integrate(-1/16*(2x(b"3*c~4*x"4*e"3 - b~3*c"3*xd"3 + (3*b~3*c"4xd*e”2
- b73*c"3*%e"3)*x"3 + 3*(b"3*xc"4*d"2%e - b"3*kc"3*d*e"2)*x"2 + (b~3*c”4*d"3
- 3*b~3%c”3*%d"2xe)*x) *log(c*xx + 1)73 + 12%(a*xb~2*kc"4*x"4*e”3 - axb~2*c”~3*d~
3 + (3*axb”2*c"4xd*e”2 - axb~2xc”"3*e”3)*x”3 + 3*(axb"2kc"4*d"2xe — a*b"2xc”
3xd*xe~2)*x"2 + (a*xb”2%c"4xd"3 - 3*axb~2*c”3*d"2xe)*x)*log(c*xx + 1)72 - (6*a
*b~2xc"4*x"4xe”3 + 2% (12*xaxb~2%c"4*d*e”2 + b "3*c"3*e”"3)*x"3 + 12*%(3*a*b”2*c
“4%xd"2%e + b 3*kc"3*d*e"2)*x"2 + 6% (b"3*%c"4*x"4*e"3 - b~ 3*%c"3*%d"3 + (3*%b"3*c
“4xd*xe”2 - b~3xc"3*e”3)*x"3 + 3*%(b"3*xc"4*d"2%e - b~3*kc"3*d*e"2)*x"2 + (b"3x%
c"4*d"3 - 3%b~3*c”3*d"2%e)*x)*log(c*kx + 1)72 + 6% (4*a*xb~2%c"4*xd"3 + 6%b~3*c
~3*%d"2%e + b "3*kcke"3)*x — 3% (8*xaxb"2%c”"3*d"3 - 4*xb"3%xc”3*%d"3 + 6*%b"3*kc”2*d"
2%e — (8*a*b~2%c”4 + b"3*c"4)*x"4*e”3 - 4xb"3*kc*d*e”2 + 4*(2*axb~2xc"3*e”3
- (6*a*xb”2*c"4*d + b"3*c”4*d)*e"2)*x"3 + b~ 3*%e”3 + 6*(4*axb"2*c"3*kd*e"2 - (
dxaxb~2xc"4*d"2 + b"3*%c"4*d"2) *ke) *x"2 - 4x(2*xaxb~2*%c"4*d"3 + b~ 3*c"4*d"3 -
6*a*b~2*%c”"3*%d"2%e) *x) *log(c*x + 1))*log(-c*x + 1))/(c”4*x - c~3), x)
Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*x"3*e”3 + 3*a~3*d*x"2xe”2 + 3*a~3*d"2*x*e + a~3*d"3 + (b~3*x"3
*@~3 + 3*b"3xd*x"2*%e”2 + 3*b~3*d"2*x*e + b~3*d"3)*arctanh(c*x)”~3 + 3*(axb”~2
*x"3%e”3 + 3kaxb"2xd*x"2*xe"2 + 3*axb”2*d"2*x*e + a*b~2*xd"3)*arctanh(c*x) "2

+ 3% (a"2xb*x"3%e”3 + 3*ka”2*b*xd*x"2*e”2 + 3*xa~2*b*d"2*x*e + a~2*bxd~3)*arcta
nh(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))® (d + ex)® dz
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)**3*(a+b*atanh(c*x))**3,x)
[Out] Integral((a + b*atanh(c*x))**3*%(d + e*xx)*x*3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(at+b*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((e*x + d) 3x(b*arctanh(c*x) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))® (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3*%(d + e*x)~3,x)
[Out] int((a + b*atanh(c*x))~3*%(d + e*x)~3, x)
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3

3.16 [(d+ ex)? (a+btanh~'(cz))” dz

Optimal. Leaf size=387

ab’e’z N b3e?z tanh ™ (cx) N 3bde(a + btanh ™' (cz)) ? be? (a + btanh™"(cz)) 2 N 3bdez (a + btanh™ (cz)) 2

_|
c? c? c? 2¢3 c

[Out] a*xb~2*e”2*x/c”2+b~3*e~2*x*arctanh (c*x)/c”2+3*bxd*xe* (a+b*arctanh(c*x))~2/c”2
-1/2%bxe”2* (a+b*arctanh(c*x)) ~2/c”3+3*b*d*exx* (a+b*arctanh(c*x)) ~2/c+1/2xb*
e 2*xx" 2% (at+b*arctanh(c*x)) ~2/c+1/3*%(3*c~2*d"2+e”2) * (a+b*arctanh(c*x))~3/c”3
-1/3*d*(d~2+3*e~2/c~2) * (a+b*arctanh (c*x) ) ~3/e+1/3* (e*xx+d) ~3* (a+b*arctanh (c*
X)) ~3/e-6*xb~2*d*ex (a+b*arctanh(c*x)) *1n(2/(-c*x+1))/c"2-b* (3*c™2*xd"2+e"2) * (
a+b*arctanh (c*x)) "2*1n(2/(-c*x+1)) /c”3+1/2*xb"3*e"2*1n(-c~2*x"2+1) /c~3-3%b"3
xdxe*polylog(2,1-2/(-c*x+1))/c"2-b~2%(3*xc~2*d"2+e"~2) * (a+b*arctanh (c*x)) *pol
ylog(2,1-2/(-c*x+1)) /c~3+1/2xb~3*(3*c~2*d"2+e~2) *polylog(3,1-2/(-c*x+1)) /c~
3

Rubi [A]

time = 0.55, antiderivative size = 387, normalized size of antiderivative = 1.00, number of

steps used = 20, number of rules used = 13, integrand size = 18, number of rules _ 0.722,
integrand size

Rules used = {6065, 6021, 6131, 6055, 2449, 2352, 6037, 6127, 266, 6095, 6195, 6205, 6745}

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2*(a + b*ArcTanh[c*x])~3,x]

[Out] (a*xb™2*e"2x*x)/c”2 + (b~3*e”~2*x*ArcTanh[c*x])/c"2 + (3*b*d*ex(a + b*ArcTanh[
c*x])"2)/c”2 - (bxe”2*(a + b*ArcTanh[c*x])~2)/(2%c”"3) + (3*b*xdxe*x*(a + b*A
rcTanh[c*x])~2)/c + (b*e™2*x"2x(a + b*ArcTanh[c*x])~2)/(2xc) + ((3*c~2*d"2

+ e72)*(a + bxArcTanh[c*x])~3)/(3*c"3) - (d*(d"2 + (3*e”2)/c"2)*(a + b*ArcT
anh[c*x])"3)/(3*e) + ((d + e*x)~"3*(a + bxArcTanh[c*x])~3)/(3*e) - (6*¥b~2*dx*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c”2 - (b*(3*xc™2*%d"2 + e~2)*(a + bx
ArcTanh[c*x]) “2%Log[2/(1 - c*x)])/c”3 + (b~3%e”2xLog[1 - c~2*x~2])/(2%c~3)

- (3*%b~3*dxexPolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b™2%(3*c"2xd"2 + e"2)*(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c”3 + (b™3%(3*xc™2xd"2 + e~2)*
PolyLog[3, 1 - 2/(1 - c*x)])/(2%c™3)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352
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Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2xf + d~2*g, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[b*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c~2%x"2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [bxc*(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]
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Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[d*x(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ e*x~2)), x], x] /; FreeQl[{a, b, c, d, e, £}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQLc~2*d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((£f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] & EqQlc~2*d + e, 0] && IGtQ[m, O]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + b*ArcTanh[c*x]) p)*(PolyLog[2, 1 - u]/(2xcxd))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx”2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc~2*d
+e, 0] && EqQ[(1 - w2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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c2

e2 (a-l-btanh_l(cq;))2 3z (a-+t
d 3 bt h_1 3 (bc) f _ 3d _
/(d +ex)? (a + btanh ' (cz))® do = (d+ez)* (a +btanh™ (cz))” <

3e
_ (d_|_ 65[})3 (CL+ btanh_l(ca:))3 B bf (62d3+3de2+e(352dit§3§) (a+btanh_1(cz
3e ce

_ 3bdez(a+ btanh_l(cx))2 N be’z? (a + btanh_l(cx))2 N (d+ ex)® (a
B c 2c

_ 3bde(a+ btaunh_l(ca:))2 N 3bdez (a + btanh_l(cx))2 N be’z?(a+ bt
B c? c 2

c? c? 2¢3

ab?e?z  3bde(a+btanh*(cz))®  be2(a+ btanh~*(cz))” N 3bdex

c? c? c? 2

ab’e’x N bde?x tanh ™ (cx) N 3bde(a + btanh~}(cz))”  be?(a + bta

c? c? c? 2

ab’e’x N b’e?z tanh ™ (cx) N 3bde(a + btanh ™" (cz)) 2 be? (a+bta

c? c? c? 2

A€’z | Vs tanh!(cz) | 3bde(a+ btanh~(cz))®  be?(a+ bta

Mathematica [A]
time = 1.28, size = 591, normalized size = 1.53

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2*x(a + bxArcTanh[c*x])~3,x]

[Out] (6%a~2xc™2kd*(a*xckd + 3*bke)*x + 3%a~2kc”2%ex(2*axckd + b¥e)*x~2 + 2%a~3%c”
3%e”"2%x"3 + 6%a”2%bkc”3*kx*k(3*%d72 + 3kd*exx + e”2*xx”2)*ArcTanh[c*x] + 3*a~2x
bx(3%c”2*%d"2 + 3*ckd*e + e”2)*Logl[l - c*x] + 3%a~2xbx(3*%c™2*%d"2 - 3*ckd*e +
e"2)*Log[1l + c*x] + 18xa*xb~2kckdxex(2xcxx*ArcTanh[c*x] + (-1 + c™2%x"2)*Ar
cTanh[c*x] "2 + Logl[l - c™2%x72]) - 6%b~3*cxdxe*(ArcTanh[c*x]*((3 - 3*c*x)*A
rcTanh[c*x] + (1 - c™2*x72)*ArcTanh[c*x]~2 + 6*Log[1 + E~(-2*ArcTanh[c*x])]
) - 3xPolyLog[2, -E~(-2xArcTanh[c*x])]) + 6*axb"2*e"2*x(c*x + (-1 + c~3%x73)
*ArcTanh [c*x] "2 + ArcTanh[c*x]*(-1 + c™2*%x"2 - 2%Log[1 + E~(-2*ArcTanh [c*x]
)1) + PolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 18*a*b~2xc~2xd~2*(ArcTanh [c*x]* ((
-1 + c*x)*ArcTanh([c*x] - 2*Log[l + E~(-2xArcTanh[c*x])]) + PolyLog[2, -E~(-
2xArcTanh[c*x])]) + 6*%b~3*c~2+d~2* (ArcTanh[c*x] 2% ((-1 + c*x)*ArcTanh [c*x]
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- 3xLog[1 + E~(-2%ArcTanh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTan
hlc*x])] + (3*PolyLog[3, -E~(-2*ArcTanh[c*x])])/2) + b~3*e”~2x(6*cxx*ArcTanh
[c*x] - 3*ArcTanh[c*x] "2 + 3%c~2*x"2xArcTanh[c*x]~2 - 2*ArcTanh[c*x]~3 + 2%
c”3%x"3%ArcTanh [c*x] "3 - 6*ArcTanh[c*x] “2xLog[1 + E~(-2xArcTanh[c*x])] + 3%
Log[1 - c¢™2*x~2] + 6%ArcTanh[c*x]*PolyLog[2, -E~(-2*%ArcTanh[c*x])] + 3*Poly
Log[3, -E~(-2xArcTanh[c*x])]))/(6%c~3)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 16.24, size = 4520, normalized size = 11.68

method result size

derivativedivides | Expression too large to display | 4520

default Expression too large to display | 4520

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "2*x(at+b*arctanh(c*x))~3,x,method=_RETURNVERBOSE)

[Out] 1/c*(3%a~2*b*exd*x+axb~2xe~2*arctanh(c*x)*x~2+a*b~2*c*e~2*arctanh (c*x) ~2*x"
3+3*%b~3*e*arctanh (c*x) “2xd*x+b~3*ckexarctanh (c*x) ~3*d*x"2-1/4*Ixb~3/c"2xe"2
*xarctanh (cxx) “2*Pi*csgn (I*(c*x+1)~2/(c™2*x"2-1) / (1+(c*x+1) "2/ (-c"2*x"2+1)))
~3-1/4*I*b~3/c”2*e"2*arctanh (c*x) “2*Pi*csgn (I*(ckx+1)~2/(c™2*%x"2-1) ) ~3+1/2%
I*¥b~3/c"2xe~2+Pi*csgn(I/(1+(c*x+1)~2/(-c"2%x~2+1))) “2*arctanh(c*x) "2-1/2*Ix
b~3/c"2*e"2xPixcsgn(I/(1+(c*x+1) "2/ (-c~2%x"2+1)) ) “3*arctanh(c*x) "2-3/2*I*b"
3/c*e*xarctanh(c*x) “2xPi*d-1/2%I*b~3%c/e*arctanh (c*x) “2*Pi*d~3-3/2*I*b~3*arc
tanh (c*xx) “2*xPi*d~2xcsgn(I*(cxx+1)/(-c™2*%x"2+1)~(1/2) ) *csgn(I* (c*x+1)~2/(c"2
*x~2-1)) "2+3/4*I*b~3*arctanh (c*x) “2*Pi*d~2*csgn (I*(c*x+1) "2/ (c™2%x"2-1) ) *cs
gn(I*(c*x+1)7"2/(c™2xx"2-1) / (1+(c*x+1) "2/ (-c~2*x"2+1) ) ) "2-3/4*I*b"3*arctanh(
c*x) "2*%Pi*d~2*csgn (I* (cxx+1)/(-c™2*xx"2+1)~(1/2) ) "2*csgn(I* (c*x+1) "2/ (c™2%x~
2-1))-3/4*I*b~3*arctanh(c*xx) “2*xPixd~2*csgn(I/(1+(c*x+1)~2/(-c"2*x"2+1))) *cs
gn(Ix(c*xx+1)~2/(c™2*x"2-1) / (1+(c*x+1) "2/ (-c"2*x"2+1)) ) "2+a”2xb*c*e~2*arctan
h(c*x)*x~3-1/4*%I*b"3/c"2%e"2*%Pi*csgn (I/(1+(c*x+1) 72/ (-c™2*%x"2+1) ) ) *csgn (I*(
cxx+1)72/(c™2xx"2-1) / (1+(c*x+1) "2/ (-c~2*x~2+1) ) ) "2*arctanh (c*x) “2-1/4*I*b~3
/c”2*%e”~2xarctanh (c*x) "2*Pikcsgn (I* (c*x+1)/(-c™2*xx~2+1)~(1/2)) "2*csgn (I*(c*x
+1)72/(c™2%x72-1) ) +1/4%I*b"3*c/e*Pixd~3*csgn (I* (c*x+1) "2/ (c"2*x"2-1) / (1+(c*
x+1) 72/ (-c”2%x"2+1)) ) “3*arctanh (c*x) “2+3/4*xIxb~3/c*exarctanh(c*x) "2*Pixd*cs
gn(I*(cxx+1)"2/(c™2*x"2-1) / (1+(c*x+1) "2/ (-c"2%x"2+1) ) ) "3+3/2*xI*b~3/c*xe*xarct
anh (c*x) “2xPixd*csgn(I/(1+(c*x+1)~2/(-c"2%x"2+1))) ~2+1/2*%I*b"3*c/e*Pi*d~3*c
sgn(I/(1+(c*x+1)~2/(-c™2*x"2+1))) "2*arctanh(c*x) "2-1/2*%I*b~3%c/e*arctanh (c*
x) "2*Pi*d~3*csgn(I/(1+(c*x+1) "2/ (-c~2%x"2+1)) ) ~3+3/4*I*b~3/c*exarctanh (c*x)
~2xPixdxcsgn(I*(cxx+1)~2/(c"2%x"2-1))"3-3/2*%I*b~3/c*e*arctanh (c*x) ~2*Pixd*c
sgn(I/(1+(c*x+1)72/(-c™2*%x"2+1)) ) ~3+1/4*I*b~3*c/exPi*d~3*csgn (I* (c*x+1)~2/(
c”~2%x~2-1)) "3*arctanh (c*x) ~2+3%a~2xb*c*e*arctanh (c*x) *d*x~2+6*a*b~2*e*arcta
nh (c*x)*d*x+3*a*b~2xcxe*xarctanh (c*x) “2xd*x~2+1/4*xI*b~3/c"2xe~2*Pixcsgn (I*(c
*xx+1) 72/ (c"2%xx72-1) ) *csgn (I* (cxx+1) "2/ (c™2*x~2-1) / (1+(c*x+1) "2/ (-c™2%x"2+1)
)) “2xarctanh(c*x) "2-1/2%I*%b~3/c~2*e"2*arctanh (c*x) ~2*Pi*csgn(I*(c*x+1)/(-c”
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2xx72+1) 7 (1/2) ) *csgn(I*(cxx+1)~2/(c"2%x"2-1) ) "2+3/4*I*b~3*arctanh (c*x) “2*Pi
*d~2*csgn (I/(1+(cxx+1) "2/ (-c”2*x"2+1) ) ) *csgn (I* (cxx+1) "2/ (c"2*xx~2-1) ) *csgn(
I*(c*xx+1)"2/(c™2*xx"2-1) / (1+(c*x+1) "2/ (-c~2*x~2+1) ) ) -3*%a*xb~2/c*e*arctanh (c*x
)*1n(ckx+1)*d+3/2*axb~2/cxe*1n(-1/2xc*x+1/2) *1n(1/2*c*x+1/2) *d-1/2*a*b~2*c/
exln(cxx-1)*1n(1/2*c*x+1/2)*d"3-1/2*axb”~2*c/e*1n(c*x+1) *1n(-1/2*c*x+1/2)*d~
3+1/2*xa*xb”2*c/ex1n(-1/2*c*x+1/2) *1n(1/2*c*xx+1/2) *d~3+a*xb~2*c/e*xarctanh (c*x)
*1n(c*x-1) *d~3-a*xb~2*c/e*xarctanh (c*x)*1n(c*x+1)*d~3-3/2*a*b~2/c*xe*x1n(c*x-1)
*1n(1/2xc*x+1/2) *d-3/2*a*b~2/cxe*x1n(cxx+1) *1n(-1/2*cxx+1/2) *d+3*a*xb~2/c*e*a
rctanh (c*x)*1n(c*x-1)*d+1/4*I*b~3%c/e*Pi*d~3*csgn (I*(cxx+1)/(-c™2%x"2+1)" (1
/2)) " 2*xcsgn(I*(c*xx+1)~2/(c™2*x~2-1) ) *arctanh(c*x) ~2+1/4*I*xb~3*c/e*xarctanh(c
*xx) “2xPi*d~3*xcsgn(I/(1+(c*x+1)~2/(-c™2*x"2+1)) ) *csgn(I* (c*xx+1) "2/ (c"2*x"2-1
)/ (1+(c*x+1) 72/ (-c™2*%x~2+1) ) ) “2+3/4*I*b"~3/c*e*arctanh (c*x) “2*Pixd*csgn(I/ (1
+(c*xx+1) 72/ (~c™2*x"2+1) ) ) *csgn (I* (c*xx+1) "2/ (c™2%x72-1) / (1+(c*x+1) "2/ (-c~2*x
~2+1)))~2+3/4*%I*b~3/c*e*xarctanh (c*x) “2*¥Pi*d*csgn (I* (c*x+1)/(-c™2*xx~2+1)~(1/
2))~2*csgn(I*(c*x+1)~2/(c™2%x"2-1))-1/4*I*b"3*c/exarctanh (cxx) “2*Pi*d~3*csg
n(I*(c*xx+1)72/(c™2%x"2-1)) *csgn(I*(cxx+1)~2/(c"2*xx"2-1) / (1+(c*x+1) "2/ (-c~2%
X"2+1)))"2-3/4*Ixb~3/c*e*arctanh (c*x) ~2*Pi*d*csgn(I*(c*x+1) "2/ (c™2%x"2-1)) *
csgn(I*(c*x+1)72/(c™2*%x72-1) / (1+(c*x+1) "2/ (-c"2*x"2+1) ) ) "2+3/2*Ixb~3/c*e*ar
ctanh (c*x) “2*Pi*d*csgn (I* (cxx+1)/(-c™2%x72+1)~(1/2) ) *csgn(I*(c*xx+1) "2/ (c™2%
x"2-1))"2+1/2%Ixb~3*c/e*arctanh (c*x) “2+Pi*d~3*csgn (I* (cxx+1) /(-c"2%x~2+1) ~(
1/2) ) *csgn(I*(c*x+1) "2/ (c™2%x72-1) ) "2+1/4*I*b"3/c~2*e"2*arctanh (c*x) “2*Pi*c
sgn(I/(1+(c*x+1) "2/ (-c™2*x"2+1)) ) *csgn(I* (c*x+1) "2/ (c~2*x"2-1) ) *csgn (I* (c*x
+1)72/(c™2%x72-1) / (1+(c*x+1) "2/ (-c~2*x"2+1) ) ) +1/4*axb~2*c/e*1n(cxx+1) "2*d~3
+3/4*a*b~2/cxex1n(c*xx+1) “2*%d+3/4*axb~2/c*xe*x1ln(cxx-1) "2xd+3*a*xb~2/c*e*x1ln(c*x
-1)*d+3*a*b~2/c*ex1ln(cxx+1)*d+axb~2*c/e*arctanh (c*x) “2*d~3-1/2*a*xb~2/c”2xe”
2x1n(c*xx-1)*1n(1/2*c*x+1/2)+1/2*%axb~2/c”"2*e”~2*1n(c*x+1) *1n(-1/2*c*x+1/2)-1/
2%axb~2/c”2%e"2x1n(-1/2*c*x+1/2) *1n(1/2*c*xx+1/2) +a*xb~2/c”2*e"2*xarctanh (c*x)
*1n(c*x-1)+a*xb~2/c”2*e"2*xarctanh (c*x)*1n(c*x+1)+1/4*a*xb”2*c/ex1n(c*x-1) ~2*d
~3+3*b~3/c*xex1n((c*x+1) /(-c~2*x"2+1) ~(1/2) ) *d*arctanh (c*x) ~2-6*b~3/c*exd*ar
ctanh (c*x) *1n(1+I*(cxx+1) /(-c™2*%x"2+1) ~(1/2) ) -1/2*b"3*c/e*arctanh (c*x) “2*1n
(cxx+1) *d~3+1/2%b"3*c/e*arctanh (cxx) "2*1n(c*x-1) *d~3+b"3*c/e*1n((c*x+1)/(-c
~2xx72+1) " (1/2) ) *d"3*arctanh (c*x) ~2+3/2*xb~3/c*e*arctanh (c*x) “2*x1n(c*x-1) *d-
3/2xb~3/c*e*arctanh (c*x) “2*1n(c*x+1)*d-1/2*I*b~3/c 2*e"2*arctanh (c*x) ~2*Pi-
3/2*%I*b~3*arctanh(c*x) “2*xPi*d~2*csgn(I/ (1+(c*xx+1) "2/ (-c™2%x"2+1)) ) ~3+3/2*I*
b~3*arctanh(c*x) “2*#Pi*d"2*csgn (I/(1+(c*x+1)~2/(-c™2%x"2+1))) "2-3/4*I*b~3*ar
ctanh (c*x) "2*Pi*d~2*csgn (I* (c*x+1) "2/ (c"2%x"2-1)) ~3-3/4*Ixb~3*arctanh(c*x)”
2xPi*d~2xcsgn(I*(cxx+1)~2/(c™2*xx"2-1) / (1+(c*x+1)~2/(-c"2*%x~2+1)) ) ~3-6%b~3/c
xexd*arctanh (cxx) *1n(1-I* (cxx+1) /(-c™2*xx”2+1) " (1/2) ) +a"2*b*c/e*arctanh (c*x)
*d~3+1/2*%a~2*b*xc/e*1n(cxx-1) *d~3+3/2*xa"2*b/c*ex. . .

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~2*(at+b*arctanh(c*x))~3,x, algorithm="maxima")

[Out] 1/3*a"3*x"3%e”2 + a~3*d*x"2xe + a~3*d"2xx + 3/2x(2*x"2xarctanh(c*x) + c*(2x
x/c”2 - log(cxx + 1)/c”3 + log(c*x - 1)/c”3))*a"2*b*xdxe + 3/2%(2*c*x*arctan
h(c*x) + log(-c~2*x~2 + 1))*a~2xbxd~2/c + 1/2%(2xx"3*arctanh(c*x) + c*(x~2/
c™2 + log(c™2%x"2 - 1)/c”4))*a"2%b*e”2 - 1/24*((b~3*c"3*x"3*e”2 + 3*b~3*c”3
*xd*x"2%e + 3xb~3%c”"3*d"2%x - 3*%b"3*xc”2*%d"2 - 3*b~3*ckd*e - b~3*e”~2)*log(-c*
X + 1)73 - 3%(2%a*b”2*c"3*xx"3%e”2 + (6*%axb”2*c”3*kd*e + b"3*kc"2xe"2)*x"2 + 6
*(axb~2xc”3*%d"2 + b~ 3*c”"2xd*e)*x + (b~3xc”3*x"3*e”2 + 3*%b"3xc”3*d*x"2*e + 3
*b~3%c”"3*%d"2%x + 3%b"3*c"2%d”"2 - 3xb~3*c*kd*e + b~3*%e”"2)*log(cxx + 1))*log(-
c*¥x + 1)72)/c”3 - integrate(-1/8*%((b~3*c™3*x"3%e"2 - b~3xc"2*d"2 + (2%b~3*c
“3xd*e - b~3xc"2*e”2)*x”2 + (b"3*c”3*%d”"2 - 2xb~3*c”2*d*e)*x)*log(cxx + 1)73
+ 6x(axb~2%c”3*x"3*e”2 - a*b"2xc”2*%d"2 + (2*axb~2*c”3*d*e - a*b~2*c"2xe~2)
*x"2 + (a*xb”2*c"3xd"2 - 2*axb~2*c”2*d*e)*x)*log(cxx + 1)72 - (4*a*xb~2xc”3*x
“3%e”2 + 2x(6*axb”2%c”3*d*e + b73*xc"2xe"2)*x"2 + 3*%(b"3*xc"3*x"3%e”2 - b~3*c
“2%d"2 + (2%b”3*%c"3*d*e - b"3xc"2*e”2)*x72 + (b"3*c”3*%d"2 - 2xb~3*c”2%d*e)*
x)*log(c*xx + 1)72 + 12%(axb™2*c”™3*d"2 + b~3*c"2xd*e)*x — 2% (6*a*b~2xc~2*d"2
- 3%b73%c”2*d"2 + 3*b”3xckd*e - (6*axb"2xc”3 + b"3*c”3)*x"3*%e”2 - b"3xe”2
+ 3% (2%axb~2*%c”"2%e"2 - (4xa*b”2*c"3xd + b~3*c"3xd)*e)*x"2 - 3*(2*a*b”"2*c”"3x
d"2 + b"3*%c"3*%d"2 - 4*axb~2*kc”2*d*e)*x)*log(c*kx + 1))*log(-c*xx + 1))/(c™3*x
- c72), x)
Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(at+b*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a”™3*x"2*e”2 + 2%a~3*d*x*e + a~3*d"2 + (b~3*x"2*%e”2 + 2%b~3*kd*x*e +
b~3*d"2)*arctanh(c*x) "3 + 3*(a*b~2*x"2*e”2 + 2*ka*b”2*d*x*e + a*b~2xd”~2)*ar
ctanh(c*x) "2 + 3*(a"2%b*x"2*xe”2 + 2*a~2xbkxd*x*e + a~2*b*d~2)*arctanh(c*x),

X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))® (d + ex)? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*(a+b*atanh(c*x))**3,x)
[Out] Integral((a + b*atanh(c*x))#**3%(d + e*x)**2, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((exx + d) ~2#(bxarctanh(c*x) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))® (d + ex)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x)) 3*(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x))~3*(d + e*x)~2, x)
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3.17 [(d+ezx) (a+ btanh_l(ca;))3 dx

Optimal. Leaf size=244

3be(a + btanh_l(cac))2 +3bem (a+ btanh_l(cac))2 +d(a + btanh_l(cac))3 <d2 + é) (a+ btanh_l(cx))3

2c2? 2c c 2e

[Out] 3/2*b*e* (atb*arctanh(c*x))~2/c”2+3/2xb*xe*x* (a+tb*arctanh(c*x))~2/c+d* (a+b*ar
ctanh(c*x))~3/c-1/2%(d"2+e"2/c"2) * (atb*arctanh(c*x)) ~3/e+1/2x (e*xx+d) ~2* (a+b
*arctanh (c*x)) ~3/e-3*b~2xe* (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1) ) /c~2-3*b*d* (a+b
*arctanh (c*x)) "2*1n(2/(-c*x+1))/c-3/2xb"3*e*polylog(2,1-2/ (-c*x+1))/c"2-3*Db

~2xd* (at+b*arctanh(c*x) ) *polylog(2,1-2/(-c*x+1))/c+3/2%b~3*d*polylog(3,1-2/(
-cxx+1))/c

Rubi [A]

time = 0.43, antiderivative size = 244, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules _
steps used = 14, number of rules used = 10, integrand size = 16, integrand size 0.625,

Rules used = {6065, 6021, 6131, 6055, 2449, 2352, 6195, 6095, 6205, 6745}

3belog (X5) (a+btanh~'(cz))  BbdLia(1 - L) (a+ btanh~'(cx)) (7 + d‘) (a+ btanh™ (cz)) | Selat btanh™'(cz))” e (at btanh~(cz))® L dlat btanh~(cz))’  3bdlog () (a+btanh~(cz))*  Seafat btanh~'(cz))’  3bPeLip(1 - 1)  dLis(1 - )
& - ¢ - 2 2 o - ¢ 2 - 22 2

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTanh[c*x])~3,x]

[Out] (3xb*e*(a + bk*ArcTanh[c*x])~2)/(2*c”2) + (3*b*exxx(a + bxArcTanh[c*x])~2)/(
2xc) + (d*(a + b¥ArcTanh[c*x])~3)/c - ((d"2 + e"2/c"2)*(a + b*ArcTanh[c*x])
~3)/(2xe) + ((d + e*x)~2x(a + b*ArcTanh[c*x])~3)/(2%e) - (3*b~2xe*x(a + b*Ar

cTanh [c*x])*Log[2/(1 - c*x)])/c”2 - (3*b*d*(a + bxArcTanh[c*x]) ~2+Log[2/(1

- cxx)])/c - (3xb~3%e*PolyLog[2, 1 - 2/(1 - c*x)])/(2*%c”2) - (3*b"2xdx(a +
b*ArcTanh [c*x] ) *PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*b~3*d*PolyLog[3, 1 - 2/

(1 - c*x)]1)/(2%c)

Rule 2352

Int [Logl(c_.)*(x_)]1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
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(p - 1)/ - c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*x(p/e), Int[(a + bxArcTanh[c*x])~(p - D) *(Log[2/(1 + e*x(x/d))]/(1 - c™2xx"2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)~(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&% IGtQ[p, 1] && IntegerQlql && NeQlq, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c~2*d + e, 0] && NeQ[p, -1]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*xd), Int[(a + b*ArcTanh[c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && IGtQ[p, O]

Rule 6195

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b¥ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c™2+d + e, 0] && IGtQ[m, O]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[bx(p/2), Int[(a + bxArcTanh([c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d
+ e*x”2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))"2, 0]
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Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps

e?(a+btanh~! (cac))2 (2d%+e
d+ ez)? (a+ btanh'(cz))®  (3b0) [ (— 2 +
/(d +ez) (a+ btanh_l(cav))3 dz = (d+ea)? (o + btanh™(cz))” (

2e 2e
C e c“dex) (a anh~!(cz 2
_ (d+ex)’(a+ btanh_l(cgn))3 (3v) | (fd pet+2 zdl_)cg;{bt b))
o 2e 2ce

_ 3bez(a + btanh_l(cx))2 4 (d+ex)?(a+ btanh_l(cz))3 (30) (

2c 2e
3be(a + btaunh_l(cac))2 3bex(a + btamh_l(cac))2 (d+ex)? (a+
- 2¢2 * 2 * 2

3be(a + btamh_l(cav))2 3bez(a + btaunh_l(cac))2 d(a+btanh™’
- 2c? + 2c + c

3be(a + btanh ™' (cz)) > 3bex (a+ btanh™(cz)) 2 d(a+btanh™'
- 2c? + 2c * c

3be(a + btaunh_l(cac))2 3bez(a + btamh_l(cac))2 d(a+btanh™"
- 2c? + 2c + c

_ 3be (a+ btanh_l(cav))2 N 3bez(a + btanh_l(cac))2 N d(a+btanh™!
B 2c? 2c c

Mathematica [A]
time = 0.44, size = 331, normalized size = 1.36

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTanh[c*x])~3,x]

[Out] (2*xa~2*xc*x(2%akcxd + 3*bke)*x + 2%a~3*%c™2%exx"2 + 6*%a~2%bkc™2*x*(2xd + exx)*
ArcTanh[c*x] + 3*a~2%b*(2*c*d + e)*Logl[l - c*x] + 3*a~2xb*(2xc*d - e)*Logl[1l
+ c*x] + 6*a*b”2xex(2kckx*ArcTanh[c*x] + (-1 + c”2*x"2)*ArcTanh[c*x]~"2 + L
ogll - c™2xx72]) - 2xb~3%e*(ArcTanh[c*x]*((3 - 3*c*x)*ArcTanh[c*x] + (1 - ¢
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~2xx72) *ArcTanh [c*x] "2 + 6%Log[1l + E~(-2*%ArcTanh[c*x])]) - 3*PolyLog[2, -E~
(-2%ArcTanh[c*x])]) + 12%a*b~2*c*d*(ArcTanh[c*x]*((-1 + c*x)*ArcTanh[c*x] -
2xLog[1 + E~(-2xArcTanh[c*x])]) + PolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 4x%b~
3*ckd* (ArcTanh [c*x] 2% ((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2%ArcTanh[c*
x])]) + 3%ArcTanh[c*x]*PolyLog[2, -E~(-2*xArcTanh[c*x])] + (3*PolyLog[3, -E~
(-2%ArcTanh[c*x])])/2)) /(4%c™2)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 6.66, size = 12134, normalized size = 49.73

method result size
derivativedivides | Expression too large to display | 12134

default Expression too large to display | 12134

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ex*x+d)*(at+b*arctanh(c*x))~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c#*x))~3,x, algorithm="maxima")

[Out] 1/2*%a”3*x"2%e + a~3*d*x + 3/4*%(2xx"2xarctanh(c*x) + c*(2*x/c”2 - log(c*x +
1)/c”3 + log(c*x - 1)/c”3))*a"2%bke + 3/2%(2xcxx*arctanh(c*x) + log(-c™2*x~
2 + 1))*a”"2+bxd/c - 1/16%((b"3%c™2*x"2%e + 2%b~3*c™2*d*x - 2%b~3*cxd - b~3*
e)*log(-c*x + 1)73 - 3x(2%axb~2*c”~2*x"2%e + 2% (2*a*b~2xc~2*d + b~ 3*c*e)*x +

(b™3%c™2*x"2%e + 2%b~3*%c"2xd*x + 2*b~3*c*d - b~3xe)*log(c*x + 1))*log(-c*x
+ 1)72)/c”2 - integrate(-1/8*((b~3*c™2*x"2xe - b~3*cxd + (b~3*c”™2*d - b~ 3%
ckxe)*x)*log(c*xx + 1)73 + 6%(axb~2*c”™2*x"2%e - a*b”2xc*xd + (a*b~2*c™2xd - ax
b~2xcxe) *x) *log(cxx + 1)72 - 3*(2xa*b~2*c"2*x"2*%e + (b~3*c"2%x"2%e - b~ 3*cx*
d + (b73%c”2*%d - b~ 3*c*e)*x)*log(c*x + 1)72 + 2% (2%xaxb~2%c~2xd + b~ 3*c*e)*x
- (4xaxb~2xcxd - 2*b~3*ckxd + b"3%e - (4*axb~2xc”2 + b73xc"2)*x"2%e - 2% (2%
axb~2xc”2*%d + b~3*c”2*d - 2¥a*b~2*cxe)*x)*log(cxx + 1))*log(-cxx + 1))/(c"2
*X - C), X)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)*(atb*arctanh(c#*x))~3,x, algorithm="fricas")
[Out] integral(a”3*x*e + a~3*d + (b~ 3*x*e + b~3*d)*arctanh(c*x)~3 + 3*(axb~2*x*e
+ axb~2xd)*arctanh(c*x) "2 + 3*(a"2xbxx*e + a~2*b*d)*arctanh(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? (d + ez) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)*(a+b*atanh(c*x))**3,x)
[Out] Integral((a + b*atanh(c*x))**3*(d + e*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))’ (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3*(d + e*x),x)
[Out] int((a + b*atanh(c*x))~3*%(d + e*x), x)
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-1 3
3.1 [lbtent (@) g,

Optimal. Leaf size=272

2¢(d+ex)

(a+ btaunh_l(cac))3 log (125) N (a+ btanh_l(CﬂU))3 log (W) +3b(a + btamh_l(cac))2 PolyLog(2,

e e 2e

[Out] -(atb*arctanh(c*x)) ~3*1n(2/(c*x+1))/e+(atb*arctanh(c*x)) ~3*1n(2*c* (e*xx+d)/(
cxd+e)/(c*x+1)) /e+3/2xb* (atb*arctanh(c*x)) “2*polylog(2,1-2/(c*x+1))/e-3/2%b

* (a+bxarctanh (c*xx) ) “2*polylog(2,1-2*xc* (exx+d) / (cxd+e) / (cxx+1)) /e+3/2xb" 2% (a
+b*arctanh (c*x) ) *polylog(3,1-2/(c*x+1))/e-3/2xb~2* (a+b*arctanh(c*x) ) *polylo
g(3,1-2*c*x (e*x+d) / (c*xd+e) / (cxx+1) ) /e+3/4xb~3*polylog(4,1-2/ (c*x+1)) /e-3/4%b
~3*polylog(4,1-2*xc*(exx+d)/(cxd+e)/(cxx+1)) /e

Rubi [A]

time = 0.04, antiderivative size = 272, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.056,

steps used = 1, number of rules used = 1, integrand size = 18,
Rules used = {6061}

3 (a+ btanh ™ (ex)) Lig (1 - patens) | WLy (1 = ) (o btanh ™)) o+ btanh (o)’ Lia (1 - edeens) | (a+bunb (cx))’ log (Zes) | (1= 22 (oot btanh™ )’ g () (oot btanh™(er)* L1 - ) L WL - )
2e 2e 2e e 2e e de 4e

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~3/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) ~3*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x]) ~3*Lo
gl(2xcx(d + exx))/((cxd + e)*x(1 + cxx))])/e + (3*bx(a + bxArcTanh[c*x]) ~2*P
olyLog[2, 1 - 2/(1 + c*x)])/(2xe) - (3*bx(a + bxArcTanh[c*x]) 2*PolyLog[2,

1 - (2xcx(d + e*x))/((c*xd + e)*(1 + c*x))])/(2%e) + (3*b~2*(a + b*ArcTanh[c

*xx] ) *PolyLog[3, 1 - 2/(1 + c*x)])/(2%e) - (3*b~2*(a + b*ArcTanh [c*x])*PolyL

ogl3, 1 - (2xc*x(d + e*x))/((c*xd + e)*(1 + cx*x))])/(2*e) + (3*xb~3*PolyLogl4,

1 -2/(1 + c*xx)])/(4%e) - (3*xb~3*PolyLogl4, 1 - (2%c*(d + e*x))/((cxd + e)

*(1 + c*x))])/(4xe)

Rule 6061

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTanh[c*x])~3)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) "3*(Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]1/e), x] + Simp[3*bx*
(a + b*ArcTanh[c*x]) 2% (PolyLog[2, 1 - 2/(1 + c*x)]/(2%e)), x] - Simp[3*b*(
a + bxArcTanh[c*x]) ~2*%(PolyLog[2, 1 - 2%c*((d + e*x)/((c*d + e)*(1 + c*x)))
1/(2%e)), x] + Simp[3*b~2*(a + bxArcTanh[c*x])*(PolyLog[3, 1 - 2/(1 + c*x)]
/(2*%e)), x] - Simp[3*b~2x(a + b*ArcTanh[c*x])*(PolyLog[3, 1 - 2xc*x((d + exx
)/ ((c*xd + e)*(1 + c*x)))]1/(2*e)), x] + Simp[3*b~3*(PolyLogl[4, 1 - 2/(1 + cx*
x)1/(4%e)), x] - Simp[3*b~3*(PolyLog[4, 1 - 2*c*((d + e*x)/((cxd + e)*(1 +
c*x)))]1/(4xe)), x]1) /; FreeQ[{a, b, c, d, e}, x] && NeQ[c™2*d~2 - e~2, 0]



133

Rubi steps

2¢(d+ex)

+

) s

_ 3
/ (a + btanh™(cz))’ g (a + btanh~*(cz))’ log () (a+ btanh™"(cz))” log (W

d+ex e e

Mathematica [C] Result contains complex when optimal does not.
time = 31.92, size = 2179, normalized size = 8.01

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x),x]

[Out] (a~3*Logld + e*x])/e - ((3%I)*a~2*b*(I*ArcTanh[c*x]*(-Log[1/Sqrt[1 - c~2*x~

2]] + Logl[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + ((-I)*(I*ArcTanh[(c*d
)/e] + IxArcTanh[c*x])"2 - (I/4)*(Pi - (2*%I)*ArcTanh([c*x])~2 + 2*(I*ArcTanh
[(c*d)/e] + IxArcTanh[c*x])*Logl[l - E~((2*I)*(I*ArcTanh[(c*d)/e] + I*ArcTan
hlc*x]))] + (Pi - (2*I)*ArcTanh[c*x])*Log[l - E~(I*(Pi - (2%I)*ArcTanh[c*x]
))] - (Pi - (2%I)*ArcTanh[c#*x])*Log[2+Sin[(Pi - (2*I)*ArcTanh[c*x])/2]] - 2
* (I*ArcTanh[(c*d) /e] + IxArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[(c*d)/e] + Ar
cTanh[c*x]]] - I*PolyLogl[2, E~((2*I)*(IxArcTanh[(c*d)/e] + I*ArcTanh[c*x]))
] - I*PolyLog[2, E~(I*(Pi - (2*I)*ArcTanh[c*x]))])/2))/e + (a*xb~2%(-8*cxd*A
rcTanh[c*x] "3 + 4*exArcTanh[c*x]~3 - (4*Sqrt[1 - (c"2*d~2)/e”2]*exArcTanh[c
*x]~3) /E"ArcTanh[(c*d) /e] - 6*c*d*ArcTanh[c*x]~2*Log[1l + E~(-2*ArcTanh [c*x]
)] - (6%I)*c*d*xPixArcTanh[c*x]*Log[(1 + E~(2*ArcTanh[c*x]))/(24E"ArcTanh [c*
x])] - 6xc*d*ArcTanh[c*x] “2*Log[1l + ((c*d + e)*E~(2*ArcTanh([c*x]))/(cxd - e
)] + 6*c*d*ArcTanh[c*x] "2*Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6%
ckxd*ArcTanh [c*x] “2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*cxd*Arc
Tanh [c*x] "2*Log[1 - E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 12%c*d*ArcTa
nh[(c*d) /e]*ArcTanh [c*x]*Log[(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1
+ E7(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] + 6xc*d*ArcTanh[c*x] ~2*Logl[(e*
(-1 + E~(2%ArcTanh[c*x])) + cxd*(1 + E~(2xArcTanh[c*x])))/(2+#E~ArcTanh [c*x]
)] + (6%I)*cxd*xPixArcTanh[c*x]*Log[1/Sqrt[1 - c~2*x~2]] - 6%c*d*xArcTanh[c*x
172xLog[(c*d) /Sqrt[1 - c~2*x~2] + (c*e*xx)/Sqrt[l - c™2%x"2]] - 12%c*d*ArcTa
nh[(c*d) /e]*ArcTanh [c*x]*Log[I*Sinh [ArcTanh[(c*d)/e] + ArcTanh[c*x]]] + 6%c
*dxArcTanh [cxx] *PolyLog[2, -E~(-2*%ArcTanh[c*x])] - 6*cxd*ArcTanh[c*x]*PolyL
ogl2, -(((cxd + e)*E~(2xArcTanh[c*x]))/(c*d - e))] + 12*cxd*ArcTanh[c*x]*Po
lyLog[2, -E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 12*c*d*ArcTanh [c*x]*PolyLo
g[2, E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x]*PolyLog[2, E
~(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 3*c*d*PolyLog[3, -E~(-2*ArcTanh[c
*x])] + 3*c*d*PolyLog[3, -(((c*d + e)*E~(2*ArcTanh[c*x]))/(c*d - e))] - 12x%
c*d*PolyLog[3, -E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 12*c*dxPolyLog[3, E~
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(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 3*c*d*PolyLog[3, E~(2*(ArcTanh[(c*d)/e
] + ArcTanh([c*x]))]1))/(2*cxd*e) + (b~3*(-5*c*kd*ArcTanh[c*x]~4 + 3*exArcTanh
[c*x]~4 - (3%Sqrt[1 - (c"2%d~2)/e"2]*exArcTanh[c*x]~4)/E~ArcTanh[(c*d)/e] -
4xcxd*ArcTanh [c*x] “3*Log[1 + E~(-2*ArcTanh[c*x])] - (6%I)*cxd*PixArcTanhl[c
*x] “2*Log[1 - I*E"ArcTanh[c*x]] - (6*I)*cxd*PixArcTanh[c*x] 2*Log[1 + I*E"A
rcTanh[c*x]] + 4*cxd*ArcTanh[c*x] “3*xLog[l - (Sqrtlc*d + e]*E~ArcTanh[c*x])/
Sqrt[-(cxd) + e]l] + 4*cxdxArcTanh[c*x] 3*Log[l + (Sqrtlc*d + e]*E"ArcTanh[c
*x])/Sqrt[-(c*d) + el]l + (6*I)*c*kd*PixArcTanh[c*x] ~2*Log[1l + E~(2xArcTanh[c
*x])] - (6*%I)*cxd*PixArcTanh[c*x] 2*Log[(1 + E~(2xArcTanh[c*x]))/(2*E~ArcTa
nhlc*x])] - 12xcxd*ArcTanh[c*x]“3*Log[1 + ((c*d + e)*E~(2xArcTanh([c*x]))/(c
*d - e)] + 12*kcxdxArcTanh[c*x] ~3*Log[l - E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c
*x]))] + 12%c*d*ArcTanh[(c*d)/e]*ArcTanh[c*x] ~“2*Log[(I/2)*E~ (-ArcTanh[(c*d)
/el - ArcTanh[c*x])*(-1 + E~(2%(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] + 8*cxd
*ArcTanh [c*x] “3*Log[(ex(-1 + E~(2*ArcTanh[c*x])) + c*d*x(1 + E~(2xArcTanh[c*
x])))/(2¥E"ArcTanh[c*x])] + (6*I)*c*d*PixArcTanh[c*x] 2*Log[1/Sqrt[1l - c™2x
x72]] - 8*cxdxArcTanh[c*x] “3*Logl[(c*d)/Sqrt[1 - c~2*x~2] + (c*e*x)/Sqrt[1l -
c~2*x"2]] - 12xc*d*ArcTanh[(c*d)/e]*ArcTanh [c*x] ~2*Log[I*Sinh[ArcTanh[(c*d
)/e] + ArcTanh[c*x]]] + 6*c*d*ArcTanh[c*x] ~“2*PolyLog[2, -E~(-2*ArcTanh [c*x]
)] - (12*I)*c*d*Pi*ArcTanh[c*x]*PolyLog[2, (-I)*E~ArcTanh[c*x]] - (12%I)*cx
d*Pi*ArcTanh [c*x]*PolyLog[2, I*E~ArcTanh[c*x]] + 12%c*d*ArcTanh[c*x] 2*Poly
Log[2, -((Sqrt[c*d + e]*E~ArcTanh[c*x])/Sqrt[-(cxd) + e])] + 12*c*d*ArcTanh
[c*x] ~2*PolyLog[2, (Sqrtl[c*d + e]l*E~ArcTanh[c*x])/Sqrt[-(c*xd) + el]l + (6%I)
xcxd*PixArcTanh [cxx]*PolyLog[2, -E~(2*ArcTanh[c*x])] - 18*c*dxArcTanh[c*x]~
2*¥PolyLog[2, -(((cxd + e)*E~(2xArcTanh[c*x]))/(c*d - e))] + 18*c*kd*ArcTanh[
c*x] “2*PolyLog[2, E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 6*c*d*ArcTanh[
c*x]*PolyLog[3, -E~(-2xArcTanh[c*x])] + (12%I)*c*d*Pi*PolyLogl[3, (-I)*E~Arc
Tanh[c*x]] + (12%I)*c*d*xPi*PolyLog[3, I*E"ArcTanh[c*x]] - 24*cxd*ArcTanh[c*
x] *PolyLog[3, -((Sqrtlcxd + e]l*E~ArcTanh[c*x])/Sqrt[-(cxd) + e]l)] - 24*cxdx
ArcTanh[c*x]*PolyLog[3, (Sqrtl[c*d + e]l*E~ArcTanh([c*x])/Sqrt[-(c*d) + el] -
(3*I)*c*d*Pi*PolyLog[3, -E~(2*ArcTanh[c*x])] + 18*c*d*ArcTanh[c*x]*PolyLogl
3, -(((cxd + e)*E~(2xArcTanh[c*x]))/(cxd - e))] - 18*c*d*ArcTanh[c*x]*PolyL
ogl[3, E"(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 3*cxdxPolyLogl[4, -E~(-2*Ar
cTanh[c*x])] + 24xcxd*PolyLog[4, -((Sqrt[cxd + e]l*E~ArcTanh[c*x])/Sqrt[-(c*
d) + e]l)] + 24*xcxdxPolyLogl[4, (Sqrt[c*d + el*E~ArcTanh[c*x])/Sqrt[-(c*d) +
e]] - 9*c*d*PolyLog[4, -(((cxd + e)*E~(2xArcTanh[c*x]))/(c*d - e))] + 9*cx*d
*PolyLog[4, E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(4*c*xd*e)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 11.47, size = 2415, normalized size = 8.88

method result size
derivativedivides | Expression too large to display | 2415

default Expression too large to display | 2415

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*arctanh(c*x))~3/(e*xx+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c*(3/4*%b~3xc~2/e*d/(c*d+e)*polylog(4, (cxd+e)* (cxx+1) "2/ (-c™2*x~2+1) /(-c*d
+e) ) -3*axb~2*c/exarctanh (c*x) "2x1n(d*cx (1+(c*x+1) "2/ (-c~2*x"2+1) ) +e* ((c*x+1
)"2/(-c72*x"2+1)-1) ) -3*%a*xb~2*c/e*arctanh (c*x) *polylog(2,-(c*x+1) "2/ (-c~2*x"
2+1))+3*a*b~2xc/ (c*d+e) *arctanh (cxx) “2*1n(1-(cxd+e) * (c*x+1) "2/ (-c™2%x"2+1)/
(-c*d+e) ) +3*a*xb~2xc/ (cxd+e) *arctanh (c*x) *polylog(2, (c*xd+e) * (cxx+1) ~2/(-c~2x%
x"2+1) /(-c*d+e) ) +3*xa~2*b*c*1n(c*kexx+c*d) /exarctanh (c*x)+3/2*a~2*bxc/ex1n((c
xexx-e) / (-c*d-e)) *1n(cxexx+c*d)-3/2*a”~2xb*c/e*x1n((cxe*x+e) /(-c*d+e) ) *1n(cxe
*xx+c*d)+b~3%c”2/e*d/ (c*d+e) *arctanh (c*x) “3*1n(1-(c*kd+e) * (ckx+1) “2/(-c™2*x"2
+1) /(-cxd+e) )+3/2xb~3*c"2/exd/ (cxd+e) *arctanh (cxx) “2*polylog(2, (cxd+e) * (c*x
+1)72/(-c"2*x"2+1) / (~cxd+e) ) -3/2xb~3*c~2/exd/ (cxd+e) *arctanh (cxx) *polylog(3
, (cxd+e) *(cxx+1) "2/ (-c~2*%x~2+1) / (-c*d+e) ) +1/2xI*b"3*c/e*arctanh (c*xx) “3*Pi*c
sgn(Ix(dxcx (1+(c*x+1) "2/ (-c™2*x"2+1) ) +ex ((c*x+1) "2/ (-c™2*x"2+1)-1) ) / (1+(c*x
+1)72/(-c"2*%x"2+1)) ) "3+3/2*I*axb~2*c/e*Pi*csgn (I* (d*c* (1+(c*x+1) "2/ (-c™2*x"
2+1) ) +e*x ((c*xx+1) "2/ (-c™2%x"2+1)-1)) / (1+(c*x+1) "2/ (-c™2%x"2+1) ) ) *csgn (I* (d*c
*(1+(c*x+1) "2/ (-c™2%x"2+1) ) +ex ((c*x+1) "2/ (-c"2*x"2+1)-1) ) ) *csgn (I/ (1+(c*x+1
)~2/(-c~2xx"2+1)) ) *arctanh (c*x) “2-1/2*%I*b~3*c/e*arctanh (c*x) “3*Pi*csgn(I*(d
*kck (1+(cxx+1) 72/ (-c™2%x72+1) ) +e*x ((c*xx+1) "2/ (-c™2xx~2+1)-1) ) / (1+(c*x+1) "2/ (-
c”2%x72+1))) "2*xcsgn(I/(1+(c*x+1) "2/ (-c~2*%x"2+1) ) ) -1/2xI*b~3*c/e*arctanh (c*x
) “3xPikcsgn (I*(d*ck (1+(c*kx+1) 72/ (-c™2xx"2+1) ) +ex ((c*x+1) "2/ (-c™2%x"2+1)-1))
/ (1+(c*xx+1) 72/ (-c™2%x"2+1) ) ) "2xcsgn (I* (d*xcx (1+(c*xx+1) "2/ (-c™2*x~2+1) ) +e* ((c
*xx+1) 72/ (-c”2*%x"2+1)-1)) ) +3*xaxb~2*c~2/exd/ (cxd+e) *arctanh (c*x) “2*x1n(1-(c*xd+
e)*(cxx+1) "2/ (-c~2*x~2+1) / (—c*d+e) ) +3*a*b~2*c~2/e*d/ (c*d+e) *arctanh (c*x) *po
lylog(2, (cxd+e)* (c*xx+1) "2/ (-c~2%x"2+1) / (-c*xd+e) ) +3/2xIxaxb~2*c/exPi*csgn (I*
(d*cx (1+(cxx+1) "2/ (-c™2*x72+1) ) +ex ((c*xx+1) "2/ (-c™2*%x"2+1)-1) ) / (1+(c*x+1) "2/
(-c~2*x72+1)) ) "3*arctanh(c*x) "2-3/2*%a*b~2xc~2/e*d/ (c*d+e) *polylog(3, (c*xd+e)
*x(cxx+1) "2/ (-c™2%x"2+1) / (-c*d+e) ) +1/2%Ixb~3*c/e*arctanh (c*x) "3*Pi*csgn(I*(d
*xck (1+(cxx+1) 72/ (-c™2%x72+1) ) +e*x ((c*xx+1) "2/ (~c™2xx~2+1)-1) ) / (1+(c*x+1) "2/ (-
c~2xx"2+1) ) ) xcsgn (I* (dxc* (1+(cxx+1) "2/ (-c™2*x"2+1) ) +e* ((c*x+1) "2/ (-c~2*x~2+
1)-1)) ) *csgn(I/(1+(c*x+1) "2/ (-c"2%x"2+1)) ) -3/2*%I*a*xb~2xc/e*Pikcsgn (I* (d*c*(
1+(cxx+1) 72/ (-c™2%x72+1) ) +e*x ((c*xx+1) "2/ (-c™2xx72+1)-1) ) / (1+ (c*x+1) "2/ (-c~2%
X"2+1))) "2*csgn (I* (d*c* (1+(cxx+1) "2/ (-c™2*%x~2+1) ) +e* ((c*x+1) "2/ (-c~2*x~2+1)
-1)))*arctanh(c*x) “2-3/2*I*a*xb~2xc/e*Pi*csgn (I* (d*c* (1+(cxx+1)~2/(-c™2*x"2+
1)) +e*x((cxx+1)72/(-c™2*%x"2+1)-1)) / (1+(c*x+1) "2/ (-c~2%x"2+1)) ) "2*csgn (I/ (1+(
c*x+1) "2/ (-c~2%x72+1)) ) *arctanh (c*x) “2+3*axb~2*c*1n(c*e*x+cxd) /exarctanh (c*
X) "2+3/2*a*b~2%c/expolylog(3,-(c*x+1) "2/ (-c™2*x"2+1) ) -3/2*a*b~2%c/ (c*d+e) *p
olylog(3, (c*d+e) *(c*x+1) "2/ (-c™2*%x"2+1) / (~c*d+e) ) +3/2*a"~2*b*c/exdilog ((c*e*
x-e)/(-cxd-e))-3/2xa~2*b*c/exdilog((c*e*x+e) /(-c*d+e))+b~3*cx1ln(ckexx+c*d) /
exarctanh(c*x) “3-b~3*c/e*arctanh (c*x) “3*1n(d*c* (1+(cxx+1) "2/ (-c"2*x"2+1) ) +e
*((cxx+1) "2/ (-c™2%x72+1)-1))-3/2*%b"3*c/e*arctanh (c*x) “2*xpolylog(2,-(cxx+1)~
2/ (-c™2%x72+1) ) +3/2%b~3*c/e*arctanh (c*x) *polylog(3,-(c*x+1) "2/ (-c™2*x~2+1))
+b~3*c/ (cxd+e) *arctanh (c*x) “3*1n(1-(cxd+e) * (ckx+1) "2/ (-c~2*x"2+1) / (-c*d+e))
+3/2*%b~3*c/ (cxd+e) *arctanh (c*x) “2*polylog(2, (cxd+e) * (c*x+1) "2/ (-c~2*xx~2+1) /
(-c*d+e))-3/2*%b~3*c/ (cxd+e) *arctanh (c*x) *polylog(3, (c*xd+e) * (cxx+1) ~2/(-c~2x%
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x"2+1) /(-c*d+e))-3/4*b~3*c/expolylog(4,-(c*x+1) "2/ (-c~2*xx~2+1) ) +3/4*b~3*c/ (
c*d+e) *polylog(4, (cxd+e) * (cxx+1) "2/ (-c~2*x"2+1) / (—c*d+e) ) +a~3*c*1n(c*e*x+c*
d)/e)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~3/(e*x+d),x, algorithm="maxima")

[Out] a~3*e~(-1)*log(x*e + d) + integrate(1/8*b~3*(log(c*x + 1) - log(-c*x + 1))~
3/(xxe + d) + 3/4*%a*b”2*(log(c*x + 1) - log(-c*x + 1))72/(xxe + d) + 3/2*a”
2xbx(log(c*xx + 1) - log(-c*x + 1))/(x*e + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))~3/(e*x+d),x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2xarctanh(c*x)~2 + 3*a~2*b*arctanh(c*x
) + a™3)/(xxe + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? p

X
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c#*x))**3/(e*x+d),x)
[Out] Integral((a + b*atanh(c*x))**3/(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x)) 3/ (e*x+d),x, algorithm="giac")

[Out] integrate((bxarctanh(c*x) + a)~3/(e*xx + d), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

3
/ (a + batanh(cx)) i
d+ezx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*x),x)
[Out] int((a + b*atanh(c*x))~3/(d + e*x), x)
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-1 3
3.19 [l ) g,

Optimal. Leaf size=517

(a + btanh~(cz))’ 3be(a+ btanh~(cr))’ log (+%;) 3bc(a+ btanh~(cr))’ log (25) 3bc(a+ btar
= + - +
e(d + ex) 2e(cd + e) 2(cd — e)e (

[Out] -(atb*arctanh(c*x))~3/e/(e*x+d)+3/2*bxcx(atbxarctanh(c*x)) ~2*1n(2/(-c*x+1))
/e/ (cxd+e) -3/2*b*c* (a+tb*arctanh(c*x)) “2+1n(2/(c*x+1) )/ (c*d-e) /e+3*bxc* (at+bx
arctanh(c*x)) “2*1n(2/(c*x+1))/(c"2*d"2-e~2) -3*b*c* (a+b*arctanh (c*x)) “2*1n(2
xc* (exx+d) / (cxd+e) / (c*x+1) )/ (c™2*%d"2-e72) +3/2%b~2*c* (a+b*arctanh (cxx) ) xpoly
log(2,1-2/(-c*x+1)) /e/ (c*d+e) +3/2%b~2xc* (atb*arctanh (c*x) ) *polylog(2,1-2/(c
*xx+1) )/ (c*d-e) /e-3*%b~2xc* (a+b*arctanh(c*x) ) *polylog(2,1-2/(c*x+1)) /(c"2*xd~2
-e~2)+3%b~2*c* (atb*arctanh(c*x))*polylog(2,1-2xc* (e*x+d) / (c*d+e) / (c*x+1)) /(
c"2*d"2-e72)-3/4%b"3*c*polylog(3,1-2/(-c*x+1)) /e/ (c*d+e)+3/4*b~3*c*polylog(
3,1-2/(c*x+1))/(c*d-e) /e-3/2%b~3*c*polylog(3,1-2/(c*x+1)) /(c"2*xd"2-e"2)+3/2
*b~3*c*polylog(3,1-2xcx(exx+d)/(c*d+e)/(c*x+1))/(c"2*xd"2-e"2)

Rubi [A]

time = 0.38, antiderivative size = 517, normalized size of antiderivative = 1.00, number of

number of rules _ ( 3g9
integrand size ’

steps used = 9, number of rules used = 7, integrand size = 18,
Rules used = {6065, 6055, 6095, 6205, 6745, 6203, 6059}

,,,,,,

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])~3/(d + e*xx)~2,x]

[Out] -((a + b*ArcTanh[c*x])~3/(ex(d + e*x))) + (3xb*c*(a + b*ArcTanh[c*x]) ~2xLog
[2/(1 - c*x)])/(2*%e*x(c*d + e)) - (3xb*c*(a + b*ArcTanh[c*x]) " 2xLog[2/(1 + ¢
*x)]) /(2% (c*d - e)*e) + (3*bxckx(a + bxArcTanh[c*x]) "2xLog[2/(1 + c*x)])/(c”
2%d"2 - e72) - (3*b*c*(a + bxArcTanh[c*x]) 2*Log[(2*c*x(d + exx))/((cxd + e)
*(1 + c*xx))])/(c™2%d"2 - e72) + (3*b~2*c*(a + b*ArcTanh[c*x])*PolyLog[2, 1
- 2/(1 - cxx)])/(2%ex(cxd + e)) + (3*%b"2xcx(a + b*ArcTanh[c*x])*PolyLogl[2,
1 -2/(1 + c*x)])/(2%(cxd - e)*e) - (3xb~2*c*(a + bxArcTanh[c*x])*PolyLog[2
, 1 - 2/(1 + c*xx)])/(c™2%d"2 - e72) + (3*%b~2*c*(a + bxArcTanh[c*x])*PolyLog
[2, 1 - (2%c*x(d + exx))/((c*d + e)*(1 + c*x))])/(c™2*%d"2 - e72) - (3*b~3*cx*
PolyLog[3, 1 - 2/(1 - c*x)])/(4*ex(cxd + e)) + (3*%b~3*cxPolyLogl3, 1 - 2/(1
+ cxx)])/(4x(cxd - e)*e) - (3*%b~3*cxPolyLogl[3, 1 - 2/(1 + c*x)])/(2x(c"2xd
"2 - e72)) + (3*b~3*c*PolyLogl[3, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))]
)/ (2%x(c™2%d"2 - e72))

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
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x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTanh[c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) "2*(Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x] + Simp[b*(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[b*(a + bxArcT
anh[c*x])*(PolyLog[2, 1 - 2%cx((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog([3, 1 - 2/(1 + c*x)]/(2*%e)), x] - Simp[b~2x(PolyLog[3, 1 -
2xcx((d + e*x)/((cxd + e)*(1 + c*xx)))1/(2%e)), x]1) /; FreeQ[{a, b, c, 4, e}
, X] && NeQ[c™2+#d"2 - e72, 0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q+ 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6203

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))~(p_.))/((d_ ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + bxArcTanh[c*x]) p*(PolyLog[2, 1 - u]/(2%cxd)), x
1 - Dist[bx(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd + e
, 0] && EqQ[(1 - uw)™2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLog[2, 1 - ul/(2xc*d))
, x] + Dist[b*(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d
+ exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d
+ e, 0] && EqQ[(1 - w~2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6745
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Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps
c(a+btanh~!(cz) 2 c(a+btanh™!(cz) e?(a+bt
/ (a+ btamh_l(calc))3 (a+ btanh_l(cac))3 (3be) [ <_ (2(cd+e)(—1+cz)) + (2(cd—e)(1+c.7:)) + ( cd+e)
Tr=— +
(d + ex)? e(d + ex) e
(a4 btaunh_l(ca;))3 (3bc?) [ (ath btalr:}r‘;(“)) dz  (3bc) [ (a+btiriI:L‘c;(CZ)) d
e(d + ex) 2(cd — e)e 2e(cd +e)

2

(a + btanh_l(cx))3 3bc(a + btanh™?

log ( 2 ) 3bc(a + btanh™!
e(d+ ex) + 2e(cd + B

2(cd -

2

log (+2-) B 3bc(a + btanh ™"
2(cd -

e(d + ex) * 2e(cd +
2

(a + btanh_l(cz))3 3bc(a + btanh™?

log (:2-) 3bc(a+btanh™"
e(d+ ex) + 2e(cd + B

2(cd -

(cz))
e)
(a+ btanh(cz))’  3bc(a + btanh™(cz))
e)
(cz))
e)

Mathematica [C] Result contains complex when optimal does not.
time = 11.58, size = 990, normalized size = 1.91

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x)~2,x]

[Out] -(a"3/(ex(d + exx))) - (3*a~2*bxArcTanh[c*x])/(ex(d + e*x)) - (3%a”2*b*c*Lo
gll - c*x])/(2%ex(cxd + e)) + (3*a~2*bxcxLogl[l + c*x])/(2xcxd*e - 2xe~2) -
(3xa~2*b*cxLog[d + e*xx])/(c"2xd"2 - e72) + (3*a*b~2x(-(ArcTanh[c*x]~2/(Sqrt
[1 - (c"2%d"2)/e"2]*exE"ArcTanh[(c*d)/e])) + (x*ArcTanh[c*x]~2)/(d + exx) +
(c*xd* (I*PixLog[1l + E~(2*ArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2*(Arc
Tanh[(c*d)/e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Logl[l - c~2%x~2]/2)
- 2xArcTanh[(c*d) /e]*(ArcTanh[c*x] + Log[l - E~(-2*(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~
(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c™2*%d"2 - e72)))/d + (b~3*((x*Ar
cTanh[c*x]~3)/(d + e*xx) + (3*%(6*cxd*xArcTanh[c*x]~3 - 2*e*ArcTanh[c*x]~3 + (
4xSqrt[1 - (c™2*d"2)/e~2]*exArcTanh[c*x]~3) /E"ArcTanh[(c*d)/e] + (6%I)*c*d*
PixArcTanh [c*x]*Log[(E~ (-ArcTanh[c*x]) + E~ArcTanh[c*x])/2] + 6*c*d*xArcTanh
[c*x]"2*Log[1 + ((c*d + e)*E~(2*ArcTanh[c*x]))/(c*d - e)] - 6*c*d*ArcTanh[c
*x] “2xLog[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 6*c*d*ArcTanh[c*x]~2+L
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ogl[l + E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 6xc*d*ArcTanh[c*x] 2*Log[l -

E~ (2% (ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - 12%c*d*ArcTanh[(c*d)/e]*ArcTanh[
c*x]*Log[(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(2*(ArcTanh[(c*
d)/e] + ArcTanh[c*x])))] - 6xc*dxArcTanh[c*x] 2+Log[(ex(-1 + E~(2xArcTanh[c
*x])) + c*xd*(1 + E~(2%ArcTanh[c*x])))/(2*E~ArcTanh[c*x])] + 6*c*d*ArcTanh[c
*xx] “2xLog[(cx(d + e*x))/Sqrt[1l - c™2%x"2]] + (3*I)*c*xd*xPixArcTanh [c*x]*Logl
1 - c¢™2*x"2] + 12*c*dxArcTanh[(c*d)/e]*ArcTanh[c*x]*Log[I*Sinh[ArcTanh[(c*d
)/e]l + ArcTanh[c*x]]] + 6xcxdxArcTanh[c*x]*PolyLog[2, -(((c*d + e)*E~(2*Arc
Tanh[c*x]))/(c*d - e))] - 12xcxd*ArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d)/
e] + ArcTanh([c*x])] - 12%c*d*ArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] +

ArcTanh([c*x])] - 6*cxd*ArcTanh[c*x]*PolyLog[2, E~(2*(ArcTanh[(c*d)/e] + Arc
Tanh[c*x]))] - 3*cxd*PolyLogl[3, -(((c*d + e)+*E~(2*ArcTanh[c*x]))/(cxd - e))
1 + 12%cxdxPolyLog[3, -E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 12*c*d*PolyLo
g[3, E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 3*c*d*PolyLog[3, E~(2*(ArcTanh[
(cxd)/e] + ArcTanh[c*x]))]))/(6%c™2xd"2 - 6%e72)))/d

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 8.04, size = 3591, normalized size = 6.95

method result size

derivativedivides | Expression too large to display | 3591

default Expression too large to display | 3591

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))~3/(e*xx+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/cx(-3%a~2*bxc”2/(c*d+e)/(c*d-e)*1n(cke*x+c*d)-3/4*Ixb~3*c~2/ (c*d+e)/(cxd-
e) *arctanh (c*x) “2*Pixcsgn(I*(cxx+1)~2/(c"2%x"2-1))~3-3/2*I*b"3*c~2/(c*d+e) /
(cxd-e) *arctanh (c*xx) “2*xPikcsgn (I* (d*c*x (1+(c*x+1) "2/ (-c™2xx"2+1) ) +ex ((c*x+1)
"2/ (-c”2%x"2+1)-1) ) / (1+(c*x+1) "2/ (-c"2*x"2+1) ) ) "3-3/2*I*b~3*c"~2/ (c*d+e) / (c*
d-e)*arctanh (c*xx) “2*Pixcsgn(I/ (1+(cxx+1) "2/ (-c"2%x~2+1))) ~3+3/2xI*b~3*c~2/(
c*d+e) /(c*d-e)*arctanh(c*x) “2*Pikcsgn(I/(1+(c*xx+1)~2/(-c"2%x"2+1))) "2-3/4*I
*b~3%c”2/ (c*d+e) / (c*d-e) *arctanh (c*x) “2xPixcsgn (I* (cxx+1)~2/(c™2*xx~2-1) /(1+
(cxx+1)72/(-c”2*x"2+1) ) ) ~3-3%a~2xbxc~2/ (c*xe*x+c*d) /exarctanh (c*x) -3*a”~2xbx*c
~2/e/(2*%c*d+2xe) *1n(c*x-1)+3*a~2%b*c~2/e/ (2xc*d-2%e) *1n(c*x+1)+3/2xb~3%c~3/
(cxd+e) "2/ (cxd-e) *d*polylog(3, (cxd+e)* (ckx+1) "2/ (-c™2*x"2+1) /(-c*d+e) ) -3%b~
3*c~2*arctanh(c*x) “2/ (c*d+e) / (c*d-e) *1n (c*e*x+c*d) +3*b~3*c~2*arctanh (c*x) ~2
/ (cxd+e) / (cxd-e) *1n(d*xckx (1+(c*x+1) "2/ (-c™2xx"2+1) ) +ex ((c*x+1) "2/ (-c"2xx"2+1
)-1))-3*b~3*c~2/ (c*d+e) / (cxd-e) *arctanh (c*x) “2*1n(2) +3/2*b~3*c~2*e/ (c*d+e) ~
2/ (c*d-e) *polylog(3, (cxd+e) * (cxx+1) "2/ (-c~2*x"2+1) / (-cxd+e) ) +3*b~3*c~2/e*ar
ctanh (c*x) "2/ (2%c*d-2%e) *1n(c*x+1) -3*b~3*%c~2/e*arctanh (c*x) “2/ (2*c*d+2%e) *1
n(cxx-1)-3%b~3%c~2/e*arctanh (c*x) “2/ (c*d-e) *1n((ckx+1) /(-c™2*x~2+1)~(1/2) ) -
3*a*b~2*c"2/ (cxexx+cxd) /e*arctanh (c*x) “2-3*axb~2xc~2/ (c*d+e) / (c*d-e) *dilog(
(cxexx-e) /(-c*d-e))+3*a*b~2xc~2/(cxd+e) / (c*d-e) *dilog((cxexx+e) /(—c*d+e))-3
/2%a*b~2xc~2/e/ (c*d-e)*dilog(1/2*c*x+1/2)-3/4*axb~2*%c"2/e/(cxd-e) *1n(c*x+1)
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~2-3/4*a*b~2xc~2/e/ (c*d+e) *1n(c*x-1) "2+3/2*axb~2*c”2/e/ (c*d+e) *dilog(1/2%cx*
x+1/2)+3/4%I*¥b~3*c~2/(cxd+e) / (c*d-e) *arctanh (c*x) "2*Pi*csgn(I/(1+(cxx+1)~2/
(-c™2xx72+1) ) ) *csgn (I* (cxx+1) "2/ (c"2*x"2-1) ) *csgn (I* (cxx+1) "2/ (c"2*xx~2-1) /(
1+(c*x+1) "2/ (-c"2*x"2+1)) ) -3/4*I*b~3*c~3/e/ (c*d+e) / (c*d-e) *arctanh (cxx) ~2*P
ixdxcsgn(I* (cxx+1) "2/ (c™2*%x"2-1) / (1+(c*x+1) "2/ (-c™2*x"2+1)) ) "3-3/2*I*b"3*c~
2/ (c*d+e) /(c*d-e) *arctanh (c*x) “2*Pixcsgn(I/(1+(c*x+1) "2/ (-c~2%x"2+1)) ) *csgn
(Ix(d*cx(1+(c*x+1) "2/ (-c™2*x"2+1) ) +ex ((c*x+1) "2/ (-c~2%x"2+1)-1) ) ) *csgn(I*(d
*kck (1+(cxx+1) "2/ (-c™2%x"2+1) ) +ex ((c*xx+1) "2/ (-c™2xx~2+1)-1) ) / (1+(c*x+1) "2/ (-
Cc"2%x72+1)))+3/2*I*b"3*%c"3/e/ (c*d+e) / (cxd-e) *arctanh (c*x) “2*xPi*d*csgn(I/ (1+
(c*xx+1)72/(-c™2%x"2+1)) ) "3-3/4xI*b~3*c~3/e/ (c*d+e) / (cxd-e) *arctanh (c*x) “24P
i*d*csgn(I* (c*x+1) "2/ (c”™2*x"2-1)) ~3-3/2%xI*xb~3*%c~3/e/(c*d+e)/(c*d-e) *arctanh
(cxx) ~2xPixdxcsgn(I/(1+(c*x+1)~2/(-c™2%x"2+1))) ~2+3/2*I*b"3*c~2/ (cxd+e) / (c*
d-e)*arctanh(c*x) "2*Pi*csgn(I/(1+(c*xx+1) "2/ (-c"2*x"2+1) ) ) *csgn (I* (d*c*(1+(c
*xx+1) "2/ (-c"2%x72+1) ) +e*x ((c*x+1) "2/ (-c™2*%x"2+1) -1) ) / (1+ (c*x+1) "2/ (-c™2*x"2+
1)))~2+3/4%I%b"3%c"2/(c*d+e) / (c*d-e) *arctanh (cxx) "2*Pixcsgn (I* (cxx+1)~2/(c”
2xx~2-1) ) *csgn(I* (c*x+1) "2/ (c”2*%x"2-1) / (1+(c*x+1) "2/ (-c~2*x"2+1) ) ) "2-3/2%I*
b~3%c~2/ (c*d+e) /(c*d-e) *arctanh (c*x) “2xPixcsgn (I* (cxx+1)/(-c™2%x"2+1)~(1/2)
)*csgn (I*(c*x+1)~2/(c™2%x72-1)) "2-3/4*Ixb~3*c~2/ (c*d+e) / (cxd-e) *arctanh (c*x
) "2*Pi*csgn (I*(c*xx+1) /(-c™2*%x72+1) 7 (1/2)) "2*csgn(I*(c*xx+1) "2/ (c™2%x"2-1))-3
/4*Ixb~3xc~2/(c*d+e) /(c*d-e)*arctanh(c*x) ~2*Pi*csgn (I/(1+(c*x+1)~2/(-c™2%x"
2+1)) ) *csgn(I*(c*x+1) "2/ (c™2%x72-1) / (1+(c*x+1) "2/ (-c"2%x"2+1) ) ) "2+3/2*I*b"3
*xc~2/ (cxd+e) / (cxd-e)*arctanh (c*x) "2*Pi*csgn (I* (d*c* (1+(cxx+1) "2/ (-c™2*%x"2+1
))+ex((c*x+1) "2/ (-c™2*x"2+1)-1) ) ) *csgn (I* (d*c* (1+(cxx+1) "2/ (-c™2*x"2+1) ) +e*
((cxx+1) 72/ (-c™2%x"2+1)-1) ) / (1+(c*x+1) "2/ (-c™2%x"2+1) ) ) "2+3/2xI*b~3%c"3/e/ (
cxd+e) /(c*d-e) *arctanh (c*x) “2*¥Pi*d-6*a*b~2*c~2/e*arctanh (c*x) / (2*%c*xd+2%e) *1
n(c*x-1)+6*a*xb~2xc~2/e*xarctanh (c*x)/(2*xc*d-2%e) *1n(c*x+1) -6*a*xb~2*xc~2*arcta
nh(c*x)/(c*d+e)/(c*d-e) *1n(c*e*x+c*d) -3*axb~2*c~2/ (c*d+e) / (c*d-e) *1n (c*xe*x+
c*d) *1n((cxexx-e) /(-c*d-e))+3*a*xb~2*c~2/ (cxd+e) / (c*d—e) *1n(c*e*x+cxd) *1n((c
xe*xx+te) /(-c*d+e))+3/2%axb~2%c"2/e/ (c*d-e) *1n(-1/2%c*x+1/2) *1n(c*x+1) -3/2%a*
b~2xc~2/e/(c*d-e)*1n(-1/2*c*x+1/2) *1n(1/2*%c*x+1/2)+3/2*axb~2xc~2/e/ (c*d+e) *
In(cxx-1)*1n(1/2%c*x+1/2) -3*¥b~3*c"2%e/ (cxd+e) "2/ (cxd-e) *arctanh (c*x) *polylo
g(2, (cxd+e) * (c*xx+1) "2/ (-c~2%x"2+1) / (-c*d+e) ) -3*%b~3*c~2*e/ (c*xd+e) "2/ (cxd-e) *
arctanh (c*x) “2*1n(1-(c*d+e) * (cxx+1) "2/ (-c~2*x"2+1) / (-c*d+e) ) -3*b~3*c~3/ (c*d
+e) "2/ (cxd-e) *d*arctanh (c*x) “2*1n(1-(c*xd+e) * (c*x+1) "2/ (-c~2*x"2+1) / (-c*d+e)
)-3%b~3*c~3/(cxd+e) "2/ (c*d-e) *d*arctanh (c*x) *polylog(2, (c*kd+e) * (c*xx+1) "2/ (-
c"2xx"2+1) / (~c*d+e) ) -3/2*I*b~3*c~2/ (c*d+e) / (c*kd-e) *arctanh (c*x) ~2%Pi-3/2%I*
b~3*c~3/e/(c*d+e) /(c*d-e) *arctanh (c*x) “2+Pi*d*csgn (I* (c*x+1) / (—c™2*x"2+1) ~(
1/2) ) *csgn(I*(c*x+1) "2/ (c"2*%x"2-1)) ~2-3/4*Ixb~3%c~3/e/(c*xd+e)/(c*d-e) *arcta
nh(c*xx) “2xPixd*csgn(I/(1+(c*x+1) "2/ (-c™2%x"2+1)) ) *csgn(I* (c*x+1) "2/ (c~2*x"2
-1)/(1+(c*x+1) "2/ (-c™2%x"2+1)) ) "2-3/4*I*¥b"3*c~3/e/ (c*d+e) / (cxd-e) *arctanh(c
*xx) “2xPikd*csgn (I*(cxx+1)/(-c™2%x"2+1)~(1/2) ) "2*csgn(I* (cxx+1) "2/ (c™2*x"2-1
))+3/4xI*b~3*c"3/e/ (cxd+e) /(cxd-e) *arctanh (c*x) “2*Pi*d*csgn(I* (c*x+1)~2/(c”
2xx72-1) ) *csgn (I* (c*x+1) "2/ (c”2*%x"2-1) / (1+(c*x+1) "2/ (-c"2*x"2+1) ) ) "2-b"3*c~
2/ (c*exx+cxd) /exarctanh (c*x) “3+b~3*c~2/exarctanh(c*x) 3/ (c*d-e)-a~3*c~2/(c*
exx+cxd) /e+3/4*I*b~3*xc~3/e/ (c*d+e) /(c*d-e) *arctanh (c*x) “2xPixd*csgn(I/(1+(c
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*xx+1) 72/ (-c”2*%x"2+1) ) ) xcsgn (I* (cxx+1) "2/ (c"2*xx"2-1) ) *csgn (I* (c*xx+1) "2/ (c™2%
x72-1)/(1+(c*x+1)"2/(-c"2*%x"2+1))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*x+d)~2,x, algorithm="maxima")

[Out] 3/2x(c*(log(cxx + 1)/(cxd*e - e72) - log(c*x - 1)/(ckd*e + e72) - 2*log(x*e
+ d)/(c”2%d"2 - e72)) - 2*xarctanh(c*x)/(x*e”2 + d*e))*a”2xb - a~3/(x*e”2 +
dxe) + 1/8%((b~3*cxd*e - b~3*e”2 - (b~3*%c”"2*xd*e - b~3*c*e”2)*x)*log(-c*x +
1)73 - 3%(2xaxb~2xc"2xd"2 - 2*axb~2*e"2 - (b~3*c*d*e + b~3xe”2 + (b”"3*c”2*
dxe + b~3%c*xe~2)*x)*log(c*xx + 1))*log(-cxx + 1)72)/(c"2*d"3*e + (c~2%d"2%e”
2 - e74)*x - dxe”3) - integrate(-1/8*((b~3*c*d*e - b~3*%e"2 - (b~3*c"2xd*e -
b~3*c*e”2) *x)*log(c*x + 1)73 + 6% (a*xb~2*ckd*e — a*b™2xe”2 - (a*xb~2*c~2xdxe
- axb~2xc*e”2)*x)*xlog(ckx + 1)72 - 3*(4xa*xb”2%c"2xd"2 - 4*xaxb~2*c*d*e + (b
“3xc*d*e - b~3%e”2 - (b"3*c"2xd*e - b~3xc*e”2)*x)*log(c*kx + 1)72 + 4x(axb~2
*xC"2xd*e - axb"2xcke"2)*x - 2% (b"3kcT2kx"2%e”2 + 2*ka*b"2*e”2 - ((2*a*b”2*c
- b73xc)*e”2 - (2%a*b"2*c”2*d + b"3*c"2*d)*e)*x - (2%axb~2*ckxd - b~ 3*c*d)*e
Yxlog(cxx + 1))*log(-c*x + 1))/(c*d"3*e - (c™2*d*e™3 - c*e™4)*x~3 - (2xc™2%
d~2%e"2 - 3xc*kd*e”3 + e74)*x"2 - d72*%e"2 - (c72%d"3*e - 3*c*kd"2%e”2 + 2xd*e
~3)*x), Xx)
Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~3/(e*x+d)~2,x, algorithm="fricas")
[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)~2 + 3%a~2*b*arctanh(c*x
) + a”3)/(x"2%e”2 + 2kxd*x*e + d~2), %)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))® p
(d + ex)?

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x))**3/(e*x+d)**2,x)



[Out] Integral((a + b*atanh(c*x))**3/(d + e*xx)*x2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x))~3/(exx+d)~2,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~3/(e*x + d)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))® i
(d+ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x))~3/(d + e*x)"2, x)
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-1 3
.20 [l ) g,

Optimal. Leaf size=953

3bc(a + btanh ™ (cz))® (a+btanh(cz))’ 3b%c*(a + btanh™(cz)) log (2;) 3bc?(a+ btanh™(cz)
2(2d? — €?) (d + ex) 2e(d + ex)? 2(cd — €)(cd + €)? de(cd + €)’

[Out] 3/2*bxcx(atbxarctanh(c*x))~2/(c"2*d"2-e~2)/(e*xx+d)-1/2*(atb*arctanh(c*x)) "3
/e/ (exx+d) “2-3/2%b~2*c~2* (at+b*arctanh(c*x))*1n(2/(-c*x+1))/(c*d-e) /(c*xd+e)~
2+3/4%bxc™2* (atb*arctanh(c*x)) "2*1n(2/(-c*x+1) ) /e/ (c*xd+e) "2+3/2¥b"2%c 2 (a+
bxarctanh(c*x))*1n(2/(c*x+1))/(c*d-e) "2/ (c*d+e) -3*%b~2xc~2*e* (a+b*arctanh (c*
x))*1n(2/ (cxx+1))/(c™2*%d"2-e~2) "2-3/4*b*c~2* (a+b*arctanh (c*x)) “2*1n(2/ (cxx+
1))/ (cxd-e) ~2/e+3*b*xc~3*d* (a+b*arctanh (c*x) ) “2*1n(2/(c*x+1))/(c"2xd~2-e"2) "
2+3%b~2%c"2%e* (atb*arctanh (c*x) ) *1n(2*c* (exx+d) / (cxd+e) / (c*xx+1))/(c™2*d"2-e
~2)~2-3xbxc~3*d* (atb*arctanh(cxx)) "2+1n(2*c* (e*xx+d) / (cxd+e) / (c*x+1)) /(c™2*d
~2-e72)"2-3/4%b~3xc~2*polylog(2,1-2/(-c*x+1))/(c*d-e) /(c*xd+e) “2+3/4*b~2xc~2
* (atbxarctanh(c*x))*polylog(2,1-2/(-c*x+1))/e/(c*d+e) ~2-3/4*b~3*c~2*polylog
(2,1-2/(c*x+1) )/ (c*d-e) "2/ (c*d+e) +3/2xb~3*c~2*e*xpolylog(2,1-2/(c*x+1)) /(c~2
*d"2-e72) "2+3/4*b~2*c~2* (atb*arctanh (c*x) ) *polylog(2,1-2/(c*x+1))/(c*d-e) "2
/e-3xb~2xc~3xd* (at+b*arctanh (c#*x) ) *polylog(2,1-2/(c*x+1))/(c"2xd"2-e~2) ~2-3/
2¥b~3*c~2*e*polylog(2,1-2xc* (exx+d) /(c*xd+e)/(c*x+1))/(c"2%xd"2-e72) "2+3*b~ 2%
¢~ 3*d* (atb*arctanh(c*x))*polylog(2,1-2*c* (e*x+d)/(c*d+e) /(cxx+1))/(c™2*%d"~2-
e”2)"2-3/8xb~3*c”"2*polylog(3,1-2/(-c*x+1)) /e/ (cxd+e) “2+3/8%b~3*c~2*polylog(
3,1-2/(c*x+1))/(c*d-e) "2/e-3/2xb~3*c~3*d*polylog(3,1-2/(c*x+1))/(c~2*d"2-e~
2) "2+3/2*b~3*c~3*d*polylog(3,1-2*c* (e*xx+d) / (c*d+e) / (c*x+1)) /(c"2*%d"2-e72) "2

Rubi [A]
time = 0.76, antiderivative size = 953, normalized size of antiderivative = 1.00, number of

steps used = 21, number of rules used = 11, integrand size = 18, Zumber of rules _ ( 599
integrand size

Rules used = {6065, 6055, 6095, 6205, 6745, 6203, 2449, 2352, 6057, 2497, 6059}

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])~3/(d + e*x)~3,x]

[Out] (3*b*c*(a + bxArcTanh[c*x])~2)/(2%x(c™2*d"2 - e72)*(d + exx)) - (a + b*ArcTa
nh[c*x])~3/(2%e*x(d + e*x)~2) - (3*xb~2*c"2x(a + bxArcTanh[c*x])*Log[2/(1 - ¢
*x)])/ (2% (c*d - e)*(c*d + e)~2) + (3*b*c™2*x(a + bxArcTanh[c*x]) ~2+Log[2/(1

- c*x)])/(4*%ex(cxd + e)”2) - (3*%b~2+c"2xex(a + bkxArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*d - e)"2x(c*xd + e)~2) + (3%b"2%c”2*(a + bxArcTanh[c*x])*Log[2/(1

+ cxx)])/(2%(c*d - e)72%(cxd + e)) - (3xb*c™2x(a + bxArcTanh[c*x]) ~2*Log[2/

(1 + c*x)])/(4*x(cxd - e)"2xe) + (3xbxc~3*d*(a + bxArcTanh[c*x]) ~2+Log[2/(1
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+ c*xx)])/((c*xd - e)"2%(cxd + e)~2) + (3*%b~2*c"2*e*(a + bxArcTanh[c*x])*Log[
(2%c*x(d + exx))/((c*d + e)*(1 + c*x))])/((cxd - e)"2*(c*xd + e)~2) - (3*b*c~
3xdx(a + bxArcTanh[c*x]) "2*Log[(2*cx(d + exx))/((cxd + e)*x(1 + c*x))])/((c*
d - e)”2%(cxd + e)72) - (3%b~3xc”2xPolyLogl[2, 1 - 2/(1 - c*x)])/(4x(c*d - e
)x(cxd + e)72) + (3%b~2*c"2*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)
1)/ (4xex(cxd + e)~2) + (3xb~3*c~2*xexPolyLogl[2, 1 - 2/(1 + c*x)])/(2x(c*xd -

e)"2*x(c*xd + e)”2) - (3*%b~3*c"2xPolyLog[2, 1 - 2/(1 + c*x)])/(4x(cxd - e)~2x
(cxd + e)) + (3*%b~2xc~2x(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)]1)/(
4x(c*d - e)"2%e) - (3%b"2%c”"3*d*(a + bxArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 +

cxx)])/((cxd - e)™2x(c*d + e)~2) - (3*b~3*c™2*exPolyLogl[2, 1 - (2*cx(d + ex*
x))/((c*xd + e)*(1 + c*x))])/(2*(c*d - e)"2x(cxd + e)72) + (3*b™2xc"3*dx(a +
bxArcTanh [c*x] ) *PolyLog[2, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))]1)/((c
xd - e)"2x(cxd + e)~2) - (3*b~3*c~2*PolyLog[3, 1 - 2/(1 - c*x)])/(8*ex(c*d

+ e)”~2) + (3xb~3*c~2*PolyLog[3, 1 - 2/(1 + c*x)]1)/(8*(cxd - e)~2*e) - (3*b~
3*c~3xd*PolyLog[3, 1 - 2/(1 + c*x)])/(2%(cxd - e)~2*(cxd + e)~2) + (3*xb~3x*c
~3xd*PolyLog[3, 1 - (2xcx(d + e*x))/((cxd + e)*(1 + c*x))])/(2%(c*d - e) 2%
(cxd + e)~2)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2xf + d~2xg, 0]

Rule 2497

Int[Loglu_l*(Pg_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/
Dlu, x1)]}, Simp[C#Polylogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1], Expon[Pq, x1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*xx~2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
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ogl2/(1 + c*xx)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c"2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6059

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + bxArcTanh[c*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x]) "2* (Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x] + Simp[bx(a
+ bxArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[bx(a + b*ArcT
anh[c*x])*(PolyLog[2, 1 - 2*c*((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog[3, 1 - 2/(1 + c*x)]1/(2*%e)), x] - Simp[b~2*(PolyLog[3, 1 -
2xcx((d + e*x)/((c*xd + e)*x(1 + c*x)))]/(2%e)), x]1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2+#d"2 - e~2, 0]

Rule 6065

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + exx)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Dist [b*c*(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 6095

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6203

Int[(Loglu_]l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(PolyLogl[2, 1 - ul/(2%c*d)), x
1 - Dist[bx(p/2), Int[(a + b*ArcTanh[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc™2*d + e
, 0] && EqQ[(1 - u)"2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6205

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcTanh[c*x]) “p)*(PolyLogl[2, 1 - ul/(2xc*d))
, x] + Dist[bx(p/2), Int[(a + bxArcTanh([c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d
+ e*x”2)), x], x] /; FreeQl[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]



Rule 6745

148

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[w]l]l /; FreeQ[n, x]

Rubi steps
_1 3 _1 3 (3bC) f (_ c?(a+btanh™!(cz)) 2 c?(a+btanh~! (cac))2 2 (a-
/ (a + btanh™(cz)) e (a+ btanh™*(cz)) 2(cd+e)2(—1+cz) 2(cd—e)? (1+cx) (—cd+
(d+ ex)3 N 2e(d + ex)? 2e
. (a+ btanh_l(cx))?’ N (3bc?) [ w dz (3bc?) [ W d
2e(d + ex)? 4(cd — e)%e 4e(cd + e)?
B 3bc(a + btanh'(cz)) 2 B (a+btanh™ (c:c))3 3bc?(a + btanh ™' (cz)) ?1o
"~ 2(cd —€)(cd + e)(d + ex) 2e(d + ex)? 4e(cd + €)?
_ 3be(a+ btanh ' (cz))’ (et btanh'(cz))’  3bc*(a+ btanh~(cz))” Io,
"~ 2(cd — e)(cd + e)(d + ex) 2e(d + ex)? 4e(cd + €)?
_ 3bc(a+ btanh_l(cx))2 B (a+ btamh_l(cx))3 B 3b2c*(a + btanh™(cz)) log
"~ 2(cd —€)(cd + e)(d + ex) 2e(d + ex)? 2(cd — e)(cd + €)?
_ 3bc(a+ btanh_l(cav))2 B (a+ btanh_l(cgv))3 3b%c?(a + btanh™'(cz)) lo
~ 2(cd —e)(cd + ¢e)(d + ex) 2e(d + ex)? 2(cd — €)(cd + €)?
3bc(a + bta,nh_l(cazc))2 (a+ bta,nh_l(cazc))3 B 3b%c*(a + btanh~'(cz)) lo

" 2(cd—e)(cd + €)(d + ex) 2e(d + ex)?

Mathematica [F]
time = 62.53, size = 0, normalized size = 0.00

/ (a+ btanh_l(cz))3

(d+ex)d dz

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x)~3,x]
[Out] Integrate[(a + b*ArcTanh[c#*x])~3/(d + exx)~3, x]

2(cd — €)(cd + €)?

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 15.39, size = 53542, normalized size = 56.18
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method result size
derivativedivides | Expression too large to display | 53542

default Expression too large to display | 53542

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))~3/(e*x+d)~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~3/(exx+d)~3,x, algorithm="maxima")

[Out] -3/4%((4*c~2xd*log(x*e + d)/(c"4xd~4 - 2*c~2xd"2*e”2 + e~4) - c*log(cxx + 1
)/ (c™2%d"2%e - 2%c*d*e”2 + e73) + c*log(cxx - 1)/(c™2xd"2%e + 2xcxd*e”2 + e
~3) - 2/(c”2x%d"3 + (c”2*d"2%e - e"3)*x - d*e~2))*c + 2*arctanh(c*xx)/(x"2xe”
3 + 2xd*xx*e”2 + d~2*e))*a"2xb - 1/2*%a"3/(x"2*e”3 + 2xd*xx*e”2 + d"2*xe) + 1/1
6% ((2*¥b~3*%c"3*%d"3*e — 3*b~3*c"2*d"2%e"2 + b"3*e”4 - (b"3*c"4*xd"2*e"2 - 2xb~
3%c"3*d*e”3 + b~ 3xc"2xe"4)*x"2 - 2%(b"3*%c"4*d"3xe - 2*%b"3*%c"3*d"2%e"2 + b~3
*xCc"2xd*e”~3) *x) *log(-c*x + 1)73 - 3%(2xaxb~2xc"4xd"4 - 2*b~3*c"3*d"3*e - 4*a
*b"2%c"2*%d"2%e”2 + 2%b"3*ckxd*e”3 + 2xaxb”2*xe”4 - 2% (b"3*c”3*d"2*e”2 - b~ 3*c
*@~4)*x - (2*%b"3*c”"3*d"3*e + 3*b"3*c"2*xd"2*e”2 - b~ 3*e”"4 + (b~ 3*c”"4*d"2*e"2
+ 2%b"3*%c"3xd*e”3 + b"3*kc"2*%e"4)*x"2 + 2% (b~ 3*%c"4*d"3*e + 2%b"3*kc”"3*kd"2*xe”
2 + b73%c”2*d*e"3)*x)*log(cxx + 1))*log(-cxx + 1)72)/(c"4*d"6%e - 2*c~2xd~4
*e~3 + (c74*d"4*xe”3 - 2*%c"2xd"2*e”5 + e 7)*x"2 + d~2*e”5 + 2x(c"4*d"5%e”2 -
2%c”2*%d"3%e"4 + d*e”6)*x) - integrate(-1/8*%((b~3*c”3*%d"3%e - b~ 3*c"2*d"2*e
"2 - b"3*c*d*e”3 + b"3*%e"4 - (b"3*%c"4*xd"3*%e - b~3*c"3*d"2%e"2 - b~ 3*c"2*d*e
~3 + b~3*cxe~4)*x)*log(c*xx + 1)73 + 6x(a*b”2xc”3*%d"3*e - a*b~2*c"2xd"2*e"2
- axb”~2*ckxd*xe~3 + axb"2*xe”4 - (a*b”"2%c"4*xd"3%e - axb"2*c"3*d"2%e”2 - axb"2x*
c"2xd*e”3 + ax*b~2xcxe”4)*x)*log(c*kx + 1)72 - 3*(2xaxb~2*c"4*xd"4 + 2*axb~2xc
*dxe”3 - 2% (b~3*c”3*d*e”3 - b"3*c"2%e"4)*x"2 + (b"3*c"3*d"3*e - b~3*c"2*d"2
*@"2 — b”3*cxd*e”3 + b~3*e"4 - (b"3*c"4*d"3*e - b"3*c"3*d"2*e"2 - b~3*c"2*d
*e~3 + b~3*cxe”4)*x)*log(c*x + 1)72 + 2x(axb”2xc”4*d"3*e + a*b"2*cxe”4 - (a
*b~2xc"2%d - 2*xb"3*c"2*d)*e”3 - (a*b”2*xc"3*d"2 + 2*xb"3*c”"3*%d"2)*e”2) *x - 2%
(a*b™2%c™2%d"2 - b~ 3*c™2*xd"2)*e"2 - 2x(a*b~2%c”3*d"3 + b~ 3*xc~3*xd"3)*e - ((b
“3*kc"4xd*e”3 + b~3*c"3*%e"4)*x"3 - 4*axb”"2xe”4 + 3% (b"3*c"4*d"2*xe”2 + b"3xc”
3*xd*e~3)*x"2 + ((4*a*b™2*c - b~3*c)*e”4 - (4*a*b~2xc”2*d - b~3*xc"2*d)*e"3 -
4% (axb~2*xc”"3*%d"2 - b"3*c"3*%d"2)*e”2 + 2% (2*xaxb”"2*%c”4*d"3 + b~3*c"4*d"3) *e)
*x + (4*a*xb~2xcxd — b 3*cxd)*e”3 + (4*xaxb"2*%c”2*%d"2 + b"3*cT2xd"2)*e”2 - 2%
(2%xa*xb~2*%c"3*%d"3 - b~3*c~3*d"3)*e)*log(c*x + 1))*log(-c*x + 1))/(c"3*d"6*e
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- ¢c"2%d"5*%e”2 - cxd"4*xe”3 - (c"4*d"3*%e"4 - c"3xd"2xe”5 - c"2*d*e”6 + c*e”7)
*x"4 - (3%c"4*xd"4*xe~3 - 4xc"3*%d"3*e"4 - 2%c”2*d"2*%e”5 + 4xckxd*e”6 - e77)*x”
3 + d"3*%e”4 - 3x(c"4*d"5*e"2 - 2%c"3*d"4*e”3 + 2xcxd"2*%e”5 - d*e”6)*x"2 - (
c"4*%d"6*e - 4*xc”3xd"5*e"2 + 2*%c"2*%d"4*e"3 + 4*xcxd"3*xe"4 - 3*%d"2*e”5)*x), X)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~3/(e*x+d)~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)~2 + 3*a~2xb*arctanh(c*x
) + a~3)/(x"3%e"3 + 3*kd*x"2*%e"2 + 3*%d"2*x*e + d"3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz))? p
(d+ ex)®

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x))**3/(e*x+d)**3,x)
[Out] Integral((a + b*atanh(c*x))**3/(d + e*xx)*x*3, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*x+d)~3,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~3, x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ (a + batanh(cz))?® p
(d+ex)®

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*x)~3,x)
[Out] int((a + b*atanh(c*x))~3/(d + e*x)"3, x)
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a+btanh~!(cz
3.21 [t (@) gy

Optimal. Leaf size=67

(a —btanh™" (1)) log (—1t2=) _ bPolyLog(2, =1 — 2cx) N bPolyLog(2, (1 + 2cz))
2c 4c 4c

[Out] 1/2*(a-b*arctanh(1/2))*1n(1/2%(-2%c*x-1)/d)/c-1/4*b*polylog(2,-2*c*x-1)/c+1
/4*b*polylog(2,2/3*cxx+1/3) /c

Rubi [A]

time = 0.05, antiderivative size = 109, normalized size of antiderivative = 1.63, number of

number of rules _
integrand size 0.235,

steps used = 4, number of rules used = 4, integrand size = 17,
Rules used = {6057, 2449, 2352, 2497}

_log (cmiﬂ) (a+ btanh_l(cx)) N log (23((2;::11))) (a+ btanh_l(cx)) bLiy (1 — miﬂ) _ bLis (1 - 23((2;;:11)))

2c 2c + 4c 4c

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])/(1 + 2*c*x),x]

[Out] -1/2%((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/c + ((a + bxArcTanh[c*x])*Logl[
(2% (1 + 2xcxx))/(3*x(1 + c*x))])/(2%c) + (bxPolyLogl[2, 1 - 2/(1 + cxx)])/(4*
c) - (b*PolyLogl[2, 1 - (2%(1 + 2%c*x))/(3*x(1 + c*x))]1)/(4x*c)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
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ogl2/(1 + c*xx)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rubi steps
/ a+ btanh™'(cx) do— (a + btanh™(cz)) log () . (a+ btanh™'(cz)) log (2;611203)) N lb/ log (;
1 + 20.’17 = 2c 2C 2 1 _
(a + btanh™(cz)) log (%) (a + btanh™"(cz)) log <2;(11ch‘;’”))> bLi, (1 — X
- 2c i 2c B 4c
_ (a + btanh™(cz)) log () . (a+ btanh™"(cz)) log (23((11123)> N bLis(1 — 1
2c 2¢ 4c

Mathematica [C] Result contains complex when optimal does not.
time = 0.18, size = 240, normalized size = 3.58

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*x])/(1 + 2%c*x),x]

[Out] (a*Log[1l + 2*c*x] + bxArcTanh[c*x]*(Log[l - c"2%x~2]/2 + Log[I*Sinh[ArcTanh
[1/2] + ArcTanh[c*x]]]) - (I/2)*bx((-1/4*I)*(Pi - (2*I)*ArcTanh[c*x])"2 + I
*(ArcTanh([1/2] + ArcTanh[c*x])~2 + (Pi - (2#I)*ArcTanh[c*x])*Log[1l + E~(2xA
rcTanh[c*x])] + (2*I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[l - E~(-2*(ArcTanh[

1/2] + ArcTanh([c#*x]))] - (Pi - (2%I)*ArcTanh[c*x])*Log[2/Sqrt[1 - c~2*x"2]]

- (2%I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[1/2] + ArcTan
h[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - I*PolyLogl[2, E~(-2%(ArcTanh[

1/2] + ArcTanh[c*x]))1))/(2*c)

Maple [A]
time = 0.26, size = 101, normalized size = 1.51

method result

wih

aln(2¢z+1)+bln(20w+1) arctanh(c:v)_’_bln(%_Q%)ln(26w+1) bln(
2 2

4

N

-2 ) (274 3) _ bdilog( 262 41 ) _ bdilog(2cz+2) b
derivativedivides — i

2_2 2_2 2 1 i 1
aln(2cz+1) + bln(2cz+1) arctanh(cz) + b 1“(3 _%) In(2ca+1) bln(§ _%) ln(%-{—g) bdllog(%"'é) _ bdilog(2¢cz+2) _ b
2 2 4

N
N
N

default
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2cx
3

aln(—2cz—1)  bln(—2cz—1) In(2cz+

bin(22+1)In(3-22)  bIn(2=+1) In(—ca+1) +bdilog(§— )+
4c 2c 4c

risch v yr

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(2*c*x+1),x,method=_RETURNVERBOSE)

[Out] 1/c*x(1/2*a*1ln(2*c*x+1)+1/2*%b*1n(2*c*x+1)*arctanh(c*x)+1/4*b*1n(2/3-2/3*c*x)
*1n (2*c*xx+1)-1/4%b*1n(2/3-2/3*c*x) *1n(2/3*c*x+1/3)-1/4*b*xdilog(2/3*c*x+1/3)
-1/4%b*dilog(2*c*x+2) -1/4*b*1n(2*c*x+1) *1n(2*c*x+2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(2*c*x+1),x, algorithm="maxima")

[Out] 1/2*bxintegrate((log(c*x + 1) - log(-cxx + 1))/(2*c*x + 1), x) + 1/2*axlog(
2xc*kx + 1) /c

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x))/(2*c*x+1),x, algorithm="fricas")
[Out] integral((b*arctanh(c*x) + a)/(2%cxx + 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ a + batanh (cz) s

2cx +1

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(c*x))/(2*c*xx+1),x)
[Out] Integral((a + b*atanh(c*x))/(2*cxx + 1), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(2*c*x+1),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(2*c*x + 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + batanh(cz) i
2cx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(2*c*x + 1),x)
[Out] int((a + b*atanh(c*x))/(2%c*x + 1), x)
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3.22 f tanh™

1\/_33

Optimal. Leaf size=88

_tanh-l (ﬁ) log (1- v2'z)  PolyLog (2, —\2/_5—\/—23“0) ) PolyLog <2, ‘f—ﬁ)
NG 22 2v2

[Out] -1/2%arctanh(1/2%27(1/2))*1n(1-x*2~(1/2))*2~(1/2)-1/4*polylog(2, (2*xx-2"(1/2
))/(2-27(1/2)))*2~(1/2)+1/4*polylog(2, (-2*xx+2~(1/2)) /(2+27(1/2)))*27(1/2)

Rubi [A]
time = 0.05, antiderivative size = 108, normalized size of antiderivative = 1.23, number of

number of rules
' integrand size = 0.267,

steps used = 4, number of rules used = 4, integrand size = 15
Rules used = {6057, 2449, 2352, 2497}

Liy <2<1+\/§> (1_ﬁz) + 1) log <—2(1+\/§> (1—\/53:)) tanh™*(z)
_Li2(1 -24) N ot N log (;27) tanh™(z) B ot
2v/2' 2v/2' V2 V2

Antiderivative was successfully verified.
[In] Int[ArcTanh[x]/(1 - Sqrt[2]#*x),x]

[Out] (ArcTanh[x]*Logl[2/(1 + x)])/Sqrt[2] - (ArcTanh[x]*Log[(-2*(1 + Sqrt[2])*(1
- Sqrt[2]1*x))/(1 + x)1)/Sqrt[2] - Polylog[2, 1 - 2/(1 + x)]/(2*Sqrt[2]) + P
olyLog[2, 1 + (2%(1 + Sqrt[2])*(1 - Sqrt[2]*x))/(1 + x)]1/(2%Sqrt[2])

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_)1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2*g, 0]

Rule 2497

Int[Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)]}, Simp[CxPolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1], Expon[Pq, x1]
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Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((cxd + e)*x(1 + cxx)))]1/(1 - c"2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*cx((d + e*x)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
e}, x] && NeQ[c™2%d"2 - e~2, 0]

Rubi steps

2(14v2') (1-V2'2 log| -
tanh ™! (z) log (—( ) )> [oelEs) g f—(

1+z
1—x2

/tanh_l(ac) i tanh™ () log ()

1—-v2z ! V2 - V2 - V2
e e T s
_ tanh™'(z) log (13;) B N
B V2 V2 2V2
tanh(2) (_2<1+\/5) (1—\/5x>) L (1
tanh~ (@) log (%) ; e CLe(-g%)
B V2 V2 2V2

Mathematica [C] Result contains complex when optimal does not.
time = 0.07, size = 272, normalized size = 3.09

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh([x]/(1 - Sqrt[2]*x),x]

[Out] (Pi~2 - 4x*ArcTanh[1/Sqrt[2]]1°2 - (4*I)*Pi*ArcTanh[x] + 8%ArcTanh[1/Sqrt[2]]
*ArcTanh[x] - 8*ArcTanh[x]~2 + 8*ArcTanh[1/Sqrt[2]]*Log[1l - E~(2*ArcTanh[1/
Sqrt[2]] - 2xArcTanh[x])] - 8%ArcTanh[x]*Log[l - E~(2%ArcTanh[1/Sqrt[2]] -
2xArcTanh([x])] + (4*I)*PixLog[l + E~(2*ArcTanh([x])] + 8*ArcTanh[x]*Log[1 +
E~(2*ArcTanh([x])] - (4*I)*PixLog[2/Sqrt[1 - x~2]] - 8*ArcTanh[x]*Log[2/Sqrt

[1 - x72]] - 4xArcTanh[x]*Log[l - x72] - 8xArcTanh[x]*Log[(-I)*Sinh[ArcTanh
[1/8Sqrt[2]] - ArcTanh[x]]] - 8*ArcTanh[1/Sqrt[2]]*Log[(-2*I)*Sinh[ArcTanh[1
/Sqrt[2]] - ArcTanh([x]]] + 8*ArcTanh[x]*Log[(-2*I)*Sinh[ArcTanh[1/Sqrt[2]]

- ArcTanh([x]]] + 4*PolyLog[2, E~(2*ArcTanh[1/Sqrt[2]] - 2*ArcTanh[x])] + 4x
PolyLog[2, -E~(2*ArcTanh([x])])/(8%Sqrt[2])
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Maple [A]
time = 0.18, size = 127, normalized size = 1.44
method | result
1n(z\/§—l>\/§ arctanh(z) \/5 ln(zﬁ—l) ln<\/§\/‘:\/§‘> \/5 ]n(w\/?—l) In W)
default | — 5 — : - + 1 = -
2 In ‘2$+\/§>1n< 2+2¢ ) 2 1n<‘2’”+ 2 )m z 2 dilo ( 242z ) 2 1n<2$‘ﬁ>1
| V(B () V2w e Vs ) V(Y
risch 1 y + 1 + Y

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(x)/(1-x*27(1/2)),x,method=_RETURNVERBOSE)

[Out] -1/2#1n(x*27(1/2)-1)*2"(1/2)*arctanh(x)-1/4%2"(1/2)*1n(x*2~(1/2)-1)*1n((27(
1/2)-x%27(1/2))/(27(1/2)-1))+1/4%27 (1/2) *1n(x*2~ (1/2)-1) *1n ((27 (1/2) +x*2~ (1
/2))/(1+427(1/2)))-1/4%27 (1/2) *dilog((27 (1/2) -x*27(1/2)) /(27 (1/2)-1) ) +1/4%2~
(1/2)*dilog((27(1/2)+x*2~(1/2))/(1+27(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 144 vs.

2(69) = 138.

time = 0.46, size = 144, normalized size = 1.64

i«/i(log(zﬂ) —log (w— 1)) log (V= - 1) —%ﬁartanh(z)log (VZa-1) —iﬁ <log(z+l)log (- ‘/2:/;:‘1/5 +1) +Li2<ﬁ\/;++‘f§>) +§\/’E <log(m— 1)log (ﬁ\/;j_‘l/i + 1) +Li2< ‘C;’_‘F))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x%27(1/2)),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*(log(x + 1) - log(x - 1))*log(sqrt(2)*x - 1) - 1/2*xsqrt(2)*arct
anh(x)*log(sqrt(2)*x - 1) - 1/4*sqrt(2)*(log(x + 1)*log(-(sqrt(2)*x + sqrt(
2))/(sqrt(2) + 1) + 1) + dilog((sqrt(2)*x + sqrt(2))/(sqrt(2) + 1))) + 1/4%

sqrt (2)*(log(x - 1)*log((sqrt(2)*x - sqrt(2))/(sqrt(2) - 1) + 1) + dilog(-(
sqrt(2)*x - sqrt(2))/(sqrt(2) - 1)))

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*27(1/2)),x, algorithm="fricas")

[Out] integral(-(sqrt(2)*x + 1)*arctanh(x)/(2*x"2 - 1), x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00
atanh (x)

— | —/—“dzx
ﬁx—l
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(x)/(1-x*2%*(1/2)),x)
[Out] -Integral(atanh(x)/(sqrt(2)*x - 1), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-xx2~(1/2)),x, algorithm="giac")

[Out] integrate(-arctanh(x)/(sqrt(2)*x - 1), x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
_ [ atanh(z) i
V2 z—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-atanh(x)/(27(1/2)*x - 1),x)
[Out] -int(atanh(x)/(2°(1/2)*x - 1), x)
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3.23 [(d+ex)® (a+btanh™" (cz?)) dx

Optimal. Leaf size=182

2bde®z  belz? bd(cd? — €?) ArcTan(v/c'z) bd(cd? + €?)tanh ™ (v/c'z) (d+ ex)* (a+ btanh™" (cz?))
+ 22 = +
c 4c c3/2 c3/2 4e

[Out] 2*bxd*e~2*x/c+1/4*b*e”3*x"2/c+b*d* (cxd~2-e"2)*arctan(x*c~(1/2))/c~(3/2)+1/4
* (exx+d) ~4* (atb*arctanh (c*xx~2)) /e-b*d* (cxd~2+e~2) *arctanh (x*c~(1/2))/c~(3/2
)+1/8xb* (c~2*%d~4+6*cxd"2xe”2+e~4) *1n(-c*x~2+1) /c"2/e-1/8*b* (c~2*d~4-6*c*xd"2
*e"2+e"4) *1n(cxx"2+1) /c"2/e

Rubi [A]

time = 0.20, antiderivative size = 182, normalized size of antiderivative = 1.00, number of

_ _ . e number of rules _
steps used = 13, number of rules used = 10, integrand size = 18, integrand size 0.556,

Rules used = {6071, 1847, 1294, 1181, 211, 214, 1833, 1824, 647, 31}

(d+ex)* (a+btanh™" (cz?)) = bdArcTan(v/c'z) (cd? —€?)  bd(cd® + €?)tanh™ (V') = b(Pd* + 6cd®e® + ') log (1 — ca?)  b(c2d! — 6ed?e® + e*)log (ca® +1)  2bde’s  belx?
+ - + - +
de 32 A2 8c%e 8ce c 4c

Antiderivative was successfully verified.
[In] Int[(d + e*x)~3%(a + b*ArcTanh[c*x"2]),x]

[Out] (2xb*d*e~2*x)/c + (b*e~3%x72)/(4*c) + (b*d*(c*d™2 - e~2)*ArcTan[Sqrt[c]*x])
/c”(3/2) - (bxdx(cxd~2 + e~2)*ArcTanh[Sqrt[cl*x])/c”(3/2) + ((d + exx) 4x(a

+ bxArcTanh[c*x~2]))/(4*%e) + (b*(c™2xd"4 + 6xcxd"2*e”2 + e"4)*Log[l - c*x~
2])/(8*c"2xe) - (b*(c™2*d"4 - 6*c*d"2xe”2 + e~4)*Logl[l + c*x72])/(8*c"2xe)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 647

Int [((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + c*x(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
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(-a) *c]

Rule 1181

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-a)*c, 21}, Dist[e/2 + c*(d/(2%q)), Int[1/(-q + c*x72), x], x] + Dist[e/2
- cx(d/(2*%q)), Int[1/(q + c*x72), x], x]1] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd"2 - a*e”2, 0] && PosQ[(-a)*c]

Rule 1294

Int [((£_)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[e*xf*(f*x)~(m - 1)*((a + c*x"4)"(p + 1)/(cx(m + 4xp + 3))),
x] - Dist[£72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + cxx"4) “px(axex(m -
1) - cxd*(m + 4*p + 3)*x72), x], x] /; FreeQl{a, c, d, e, £, p}, x] && GtQ[
m, 1] && NeQ[m + 4*p + 3, 0] &% IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m
1)

Rule 1824

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[Pq*
(a + b*x~2)7p, x], x] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rule 1833

Int[(Pg ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Dist[1/(m

+ 1), Subst[Int[SubstFor[x~(m + 1), Pq, x]*(a + b*x~Simplify[n/(m + 1)])7p
, X1, x, x"(m + 1)], x] /; FreeQ[{a, b, m, n, p}, x] && NeQ[m, -1] && IGtQ[
Simplify[n/(m + 1)1, 0] && PolyQ[Pq, x~(m + 1)]

Rule 1847

Int [(Pq_)*((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Mo
dule[{q = Expon[Pq, x], j, k}, Int[Sum[((c*x)"(m + j)/c”~j)*Sum[Coeff[Pq, x,
i+ kx(@/2)1*x" (k*(n/2)), {k, 0, 2%((q - j)/n) + 1}]1*(a + b*x"n)"p, {j, O,
n/2 - 1}], x]]1 /; FreeQ[{a, b, c, m, p}, x] && PolyQ[Pq, x] && IGtQ[n/2, O
1 & 'PolyQ[Pq, x~(n/2)]

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + exx)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*xcx(n/(ex(m + 1))), Int[x"(n - 1)*((d + e*x)"(m + 1)/(1 - c™2*x~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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/(d +ex)? (a +btanh™" (c2?)) dz = / (a(d+ ex)® + b(d + ex)® tanh ™" (cz?)) dz

= (zul——eeac)‘l + b/(d + ex)®tanh™" (cz?) dz

= a@dl——eem)‘l + b/ (d3 tanh ™ (czz) + 3d%ex tanh ™ (cx2) + 3de’z’ t
= a@dl——eez)‘* + (bd®) /tanh_1 (cz?) dz + (3bd%e) /aztanh_l (cz?)
= a@dl——eex)‘l + bd’z tanh ™" (cz?) + gbd2ex2 tanh™" (cz®) + bde’z® ta
- de:% + a(d Ieex)‘l + bdz tanh ™" (cz?) + gbd2ez2 tanh™" (c2?) -

_ 2bde’x N be3z? N a(d + ex)* N bd®tan”' (Vc'z)  bd’tanh™ (v
c 4c 4e Ve Ve

_ 2bde’z N be3x? N a(d+ ex)* N bd® tan™! (V/c z) B bde? tan™! (+/
c 4c 4e Ve c3/2

Mathematica [A]
time = 0.34, size = 254, normalized size = 1.40

1 (Sd(amﬂ +2et)x | 2e(6acd’ + be?)a? +, Sbd(ed! — €% ArcTan(v/ a) DA A +4VEde? +¢")log (1=~ VE'z) | b(~AC — dede® + VE'e!)log (1 +VE'x) _bellog (1+ca?) | baPelog (1= czz‘))
8 c c 2 2 o2 c? c

+ 8ade’s® + 2a¢°z’ + 2bz (4d® + Gd’ex + 4de’s” + €°z”) tanh ™ (cz?) +

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3x(a + b*ArcTanh[c*x"2]),x]

[Out] ((8*dx(axcxd~2 + 2*bxe~2)*x)/c + (2xex(6*axcxd™2 + bxe~2)*x"2)/c + 8*akxd*e”
2%x"3 + 2*a*e”~3*x"4 + (8xbxdx(c*d™2 - e”2)*ArcTan([Sqrt[cl*x])/c~(3/2) + 2xb

*xx* (4%d"3 + 6*%d"2xexx + 4*xd*e”2%x"2 + e~ 3%x"3)*ArcTanh[c*xx"2] + (bx(4*c~(3/
2)*d~3 + 4xSqrt[cl*dxe”2 + e~3)*Logl[l - Sqrtlcl*x])/c™2 + (b*(-4*c~2*d"3 -
4xcxd*e”2 + Sqrt[cl*e”3)*Log[l + Sqrtlcl*x])/c~(5/2) - (bxe~3*Logl[l + c*x~2
1)/c”2 + (6%b*d~2*e*Logl[l - c"2%x~4])/c)/8

Maple [A]
time = 0.35, size = 276, normalized size = 1.52

method | result

default | €otd Yo b arCtaih(c =)= | be? arctanh (cz?) z3d + 2 arCtan};(cxz)xde + barctanh (cz?) z d® +

risch Expression too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3*(at+b*arctanh(c*x~2)),x,method=_RETURNVERBOSE)

[Out] 1/4*x(e*x+d) ~4*a/e+1/4*bxe”3*arctanh(cxx”2)*x"4+bxe”2*arctanh (c*x~2) *x~3*d+3
/2*bxexarctanh (cxx”2) *x~2*d~2+b*arctanh (cxx~2) *x*d~3+1/4*b/e*arctanh (c*x~2)
*d~4+1/4%b*e”3xx"2/c+2*bxd*xe”2*x/c+1/8*b/e*1n(cxx~2-1) *d~4+3/4*b*e/c*1n(c*xx
~2-1)*d"2+1/8*b*e”~3/c"2*x1n(c*x"2-1)-b/c~(1/2) *arctanh (x*xc~(1/2) ) *d"3-b*e~2/

¢~ (3/2) *arctanh(x*c~(1/2))*d-1/8*b/e*1n(c*x~2+1) *d~4+3/4*bxe/c*1n(c*x~2+1) *
d"2-1/8xbxe~3/c”2*1n(c*x"2+1)+b/c” (1/2) *arctan(x*c~(1/2))*d"3-b*e~2/c~(3/2)
*xarctan (x*xc~(1/2))*d

Maxima [A]
time = 0.47, size = 238, normalized size = 1.31

\ log [ &==Y¢ log (&= c

1 1| [ 2arctan "(”, %) .\ 1 . 4z 2arctan (_15 » . 3(2cz?artanh (c?) + log (—&" +1))b 1 242 log(ca®+1)  log(ca®—1

—ux‘«‘wdr*a‘+%u<1'1’e+5(( [M+7 +2zartanh (e0?) b6 + ad’s + 5 | 20 artanh () + ¢ C—,’— arctan (VE's) Ve pae? + 32 artanl <">:'["g( e ))“F*-g(z;uw.p,(ut;ﬂ.(?’,%J,%))w
a & P & i

1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 3% (at+b*arctanh(c*x~2)),x, algorithm="maxima")
g g

[Out] 1/4*axx~4%e”3 + axd*x~3*e”2 + 3/2*a*d"2xx"2%e + 1/2x(cx(2*arctan(sqrt(c)*x)
/c”(3/2) + log((c*x - sqrt(c))/(c*xx + sqrt(c)))/c~(3/2)) + 2*x*arctanh(c*x~
2))*b*d~3 + a*d"3xx + 1/2*%(2*x"3*arctanh(c*x~2) + c*x(4*x/c”2 - 2*arctan(sqr
t(c)*x)/c”(56/2) + log((c*x - sqrt(c))/(c*x + sqrt(c)))/c~(5/2)))*b*d*e”2 +
3/4x(2xcxx~2*arctanh(c*x”2) + log(-c~2*x"4 + 1))*bxd"2xe/c + 1/8%(2xx~4*arc
tanh(c*x~2) + c*(2*xx"2/c”2 - log(c*x~™2 + 1)/c”3 + log(c*x~2 - 1)/c”3))*bxe”

3

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 572 vs.
2(156) = 312.
time = 0.40, size = 1137, normalized size = 6.25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(at+b*arctanh(c*x"2)),x, algorithm="fricas")

[Out] [1/8*(12*a*c”2*d"2*x"2*xcosh(1) + 8*a*xc™2*d"3*x + 2*(axc™2*x"4 + b*cxx~2)*co
sh(1)73 + 2x(a*c™2*x"4 + bxc*x~2)*sinh(1) "3 + 8x(a*c™2*d*x"3 + 2*b*c*xd*x)*c
osh(1)~2 + 2+ (4xaxc™2*d*x~3 + 8*b*c*d*x + 3*(a*c™2*xx"4 + b*c*xx~2)*cosh(1))x*
sinh(1)~2 + 8*(b*c*d~3 - b*d*cosh(1)~2 - 2*b*d*cosh(1)*sinh(1) - b*d*sinh(1
)~2)*sqrt(c)*arctan(sqrt(c)*x) + 4*(bxcxd"3 + bxd*cosh(1)~2 + 2*b*d*cosh(1)
*sinh(1) + bxd*sinh(1)~2)*sqrt(c)*log((c*x~2 - 2*sqrt(c)*x + 1)/(c*xx"2 - 1)
) + (6%b*cxd"2*cosh(1) - b*cosh(1)~3 - 3*b*cosh(1)*sinh(1)~2 - b*sinh(1)~3
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+ 3% (2xbxc*d~2 - bxcosh(1)~2)*sinh(1))*log(c*x~2 + 1) + (6*b*xcxd~2*cosh(1)
+ bxcosh(1) "3 + 3*b*cosh(1)*sinh(1)~2 + b*sinh(1)~3 + 3*(2xb*c*d~2 + b*cosh
(1)"2)*sinh(1))*log(c*x~2 - 1) + (bxc~2xx"4*cosh(1)~3 + b*c~2*x"4*sinh(1)~3
+ 4xbxc”2*d*x"3*cosh(1) "2 + 6xbxc™2*d"2*x"2*cosh(1) + 4xb*c~2+%d"3*x + (3*b
*Cc"2xx"4*cosh(1) + 4%b*c™2xd*x"3)*sinh(1)72 + (3*bxc~2*x"4*cosh(1)”2 + 8xbx*
c~2xd*x"3%cosh(1) + 6*b*c™2*d"2%x"2)*sinh(1))*log(-(c*x"2 + 1)/(c*x"2 - 1))
+ 2x(6*axc”2xd"2*x"2 + 3k (axc”2*x"4 + bkxc*x"2)*cosh(1)”2 + 8*(axc”™2*d*x"3
+ 2xbxcxd*x)*cosh(1))*sinh(1))/c”2, 1/8%(12*a*xc~2*%d"2*x"2*cosh(1) + 8*axc™2
*d"3*xx + 2% (axc”2*x"4 + bxcxx~2)*cosh(1)”3 + 2*(axc™2*x"4 + bxc*x~2)*sinh(1
)~3 + 8*(axc”2xd*x~3 + 2xbkxc*d*x)*cosh(1)”2 + 2k (4xaxc™2xd*x~3 + 8xbkcxd*xx
+ 3x(axc™2*%x~4 + b*c*x"2)*cosh(1))*sinh(1)~2 + 8*(b*c*d~3 + b*d*cosh(1)~2 +
2*bxd*cosh(1)*sinh(1) + bxd*sinh(1)~2)*sqrt(-c)*arctan(sqrt(-c)*x) + 4*(b*
c*d”3 - b*d*cosh(1)~2 - 2*bxdxcosh(1)*sinh(1) - b*d*sinh(1)~2)*sqrt(-c)*log
((c*x™2 + 2*sqrt(-c)*x - 1)/(c*x”2 + 1)) + (6*b*cxd~2*cosh(1) - b*cosh(1)~3
- 3*b*cosh(1)*sinh(1)"2 - b*sinh(1)~3 + 3*(2*b*c*d~2 - b*cosh(1)~2)*sinh(1
))*log(c*x~2 + 1) + (6%bxcxd~2*cosh(1) + b*cosh(1)~3 + 3*bxcosh(1)*sinh(1)~
2 + bxsinh(1)73 + 3%(2%b*c*d"2 + b*cosh(1)~2)*sinh(1))*log(c*x~2 - 1) + (b*
c"2%x"4*cosh(1) "3 + bxc™2*xx~4*sinh(1) "3 + 4xb*xc~2*d*x~3*cosh(1)~2 + 6%b*c”2
*d"2xx"2%cosh(1) + 4%b*c™2xd"3*x + (3*xbxc”™2*x"4xcosh(1l) + 4xbxc”~2*d*x~3)*si
nh(1)"2 + (3*bkc™2*x"4*xcosh(1) 72 + 8*b*c~2*d*x"3*cosh(1l) + 6xbkxc™2*d~2*xx"2)
*sinh(1))*log(-(c*x~2 + 1)/(c*x"2 - 1)) + 2% (6*a*c™2xd"2*x"2 + 3x(a*xc™2xx~4
+ bkxcxx"2)*cosh(1)~2 + 8*(a*c™2*xd*x"3 + 2xbxcxd*x)*cosh(1))*sinh(1))/c~2]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 2786 vs.
2(168) = 336.
time = 8.67, size = 2786, normalized size = 15.31

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(a+b*atanh(c*x**2)),x)

[Out] Piecewise((8*a*cx*2*d**3*x*sqrt(-1/c)*sqrt(1/c)/(2%c**3%(-1/c)**(3/2)*sqrt (
1/c) - 2*kc**x3*xsqrt(-1/c)*(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1/c)) + 12%
akxcx*k2kdx*2kexxx*k2xsqrt (-1/c) *sqrt (1/c) / (2xc**3x(-1/c) **(3/2) *sqrt(1/c) - 2
xcx*3xsqrt (-1/c) *(1/c)**(3/2) + 12xc**2xsqrt(-1/c)*sqrt(1/c)) + 8kakck*2kdx*
ex*¥2*xx**3*xsqrt (-1/c) *sqrt (1/c) / (2xcx*3*% (-1/c) **(3/2) *sqrt (1/c) - 2%c**3*sqr
t(-1/c)*(1/c)**(3/2) + 12xc**2*sqrt(-1/c)*sqrt(1l/c)) + 2kaxck*2kex*3kx**x4d*s
qrt(-1/c)*sqrt(1/c)/ (2*c*x3*(-1/c) *x(3/2) *sqrt (1/c) - 2xcx*3*xsqrt(-1/c)*(1/
c)**(3/2) + 12xc*x2xsqrt(-1/c)*sqrt(1l/c)) + 8*bkcx*2kd**3*x*sqrt(-1/c)*sqrt
(1/c)*atanh (c*xx**2) / (2xcx*3x (=1/c) ** (3/2) *sqrt (1/c) - 2*c**3*sqrt(-1/c)*(1/
c)**(3/2) + 12xcx*2*sqrt(-1/c)*sqrt(1/c)) - 2xbxcx*2kd*x3x(-1/c)**(3/2)*log
(x + sqrt(-1/c))/(2*c**3x(-1/c)**(3/2) *sqrt(1/c) - 2kcx*3*xsqrt(-1/c)*(1/c)*
*(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) + 2xbxc**2xd**3x(1/c)**(3/2)*log(x +
sqrt(-1/c) )/ (2*c*x3x(-1/c) **(3/2) *sqrt (1/c) - 2*kcx*3*sqrt(-1/c)*(1/c)**(3/
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2) + 12%c*x2*sqrt(-1/c)*sqrt(1l/c)) + 12xbkck*2*d**x2*e*xx**2*xsqrt(-1/c)*sqrt(
1/c)*atanh (ckx**2) / (2xc*x*3x (-1/c) ** (3/2) *sqrt (1/c) - 2*c*x*3*sqrt(-1/c)*(1/c
)*%(3/2) + 12xcx*2*ksqrt(-1/c)*sqrt(1/c)) + 3*bkc**2xd**2%e*(-1/c)**(3/2)*sq
rt(1/c)*log(x + sqrt(-1/c))/(2xc**3x(-1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-
1/c)*(1/c)*x(3/2) + 12%c**2xsqrt(-1/c)*sqrt(1l/c)) - 3*bkckx2xdx*2*xe*xsqrt(-1
/c)*x(1/c)*x(3/2)*Llog(x + sqrt(-1/c))/(2*c*x3*(-1/c)**(3/2)*sqrt(1/c) - 2xcx*
*x3xsqrt (-1/c)*(1/c)**(3/2) + 12%c*x2*sqrt(-1/c)*sqrt(1l/c)) + 8kbkcx*k2kdxex*
2*xx*x3xsqrt (-1/c) *sqrt (1/c) *atanh (c*x**2) / (2xc**3*(-1/c) **(3/2) *sqrt (1/c) -
2xcx*3*xsqrt (-1/c)*(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1/c)) + 2*bkck*2x
exx3xxx*4*sqrt (-1/c) *sqrt (1/c) *atanh (cxx**2) / (2xc**3*% (-1/c) **(3/2) *sqrt (1/c
) — 2kcx*3*ksqrt(-1/c)*(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1/c)) - 4xbxcx
dx*3*sqrt(-1/c)*log(x - sqrt(-1/c))/(2xcx*3x(-1/c)**(3/2)*sqrt(1/c) - 2*c*x
3xsqrt(-1/c)*(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1/c)) - 6*b*ckd**3*sqrt
(-1/c)*log(x + sqrt(-1/c))/(2xc**3x(-1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-1
/c)*(1/c)*%(3/2) + 12xc*x*2*sqrt(-1/c)*sqrt(1/c)) + 8*bkxcxd**3*sqrt(-1/c)*1lo
g(x - sqrt(1/c))/(2xc**x3*(-1/c)**(3/2) *sqrt (1/c) - 2xcx*3*sqrt(-1/c)*(1/c)*
*x(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) + 8xbxcxd**3*sqrt(-1/c)*atanh (c*x**2
)/ (2xc**3x(-1/c)**(3/2) *sqrt (1/c) - 2*kcx*3*xsqrt(-1/c)*(1/c)**(3/2) + 12kc**
2xsqrt(-1/c)*sqrt(1/c)) + 4xb*ckd**3*sqrt(1/c)*log(x - sqrt(-1/c))/(2*c**3*
(-1/c)**(3/2)*sqrt (1/c) - 2xcx*3*sqrt(-1/c)*(1/c)**(3/2) + 12xc**2*sqrt(-1/
c)*sqrt(1/c)) - 6xbxckxd**3*sqrt(1/c)*log(x + sqrt(-1/c))/(2xcx*3*(-1/c)**(3
/2)*sqrt(1/c) - 2%c**x3*sqrt(-1/c)*(1/c)*x(3/2) + 12*c**2*sqrt(-1/c)*sqrt(1/
c)) + 12*%bxcxd**2xexsqrt(-1/c)*sqrt(1l/c)*log(x - sqrt(-1/c))/(2*c*x3*(-1/c)
*x%(3/2)*sqrt(1/c) - 2xc**3*xsqrt(-1/c)*(1/c)**(3/2) + 12xcx*2*sqrt(-1/c)*sqr
t(1/c)) + 18*bkcxd**2*xexsqrt(-1/c)*sqrt(1/c)*log(x + sqrt(-1/c))/(2xc**3*(-
1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-1/c)*(1/c)**(3/2) + 12*c**2*sqrt(-1/c)
xsqrt(1/c)) - 12%bkcxd**2xexsqrt(-1/c)*sqrt(1/c)*atanh(cxx**2)/(2*c**3*(-1/
c)**(3/2)*sqrt(1/c) - 2*cx*3*sqrt(-1/c)*(1/c)**(3/2) + 12kcx*2*xsqrt(-1/c)*s
qrt(1/c)) + 16xbxcxdxex*2*x*sqrt(-1/c)*sqrt(1/c)/(2*c**3*(-1/c)**(3/2)*sqrt
(1/c) - 2%c**x3xsqrt(-1/c)*(1/c)**x(3/2) + 12*c**2*sqrt(-1/c)*sqrt(1/c)) + 2%
bxcxex*3*xx**x2xsqrt (-1/c) *sqrt (1/c) / (2xcx*x3* (=1/c) **(3/2) *sqrt (1/c) - 2xc**3
*xsqrt (-1/c)*(1/c)**(3/2) + 12xc*x*2xsqrt(-1/c)*sqrt(1/c)) - 4*bkxd*xex*2*xsqrt(
-1/c)*1log(x - sqrt(-1/c))/(2xcx*3x(-1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-1/
c)*x(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1/c)) - 4xbxd*e**2*sqrt(-1/c)*log
(x + sqrt(-1/c))/(2*c**3x(-1/c)**(3/2) *sqrt(1/c) - 2kcx*3*ksqrt(-1/c)*(1/c)*
*(3/2) + 12%cx*2*sqrt(-1/c)*sqrt(1/c)) + 8*b*dxex*2xsqrt(-1/c)*log(x - sqrt
(1/c))/ (2%c*x3*(-1/c) **(3/2) *sqrt (1/c) - 2*kcx*3*sqrt(-1/c)*(1/c)**(3/2) + 1
2xcx*2xsqrt (-1/c) *sqrt(1/c)) + 8xb*d*e*x*2*sqrt(-1/c)*atanh(cxx**2)/(2*c**3*
(-1/c)*x(3/2)*sqrt(1/c) - 2xcx*3xsqrt(-1/c)*(1/c)**(3/2) + 12xc**2xsqrt(-1/
c)*sqrt(1/c)) - 4xbxd*e*x*x2*sqrt(1/c)*log(x - sqrt(-1/c))/(2xc**3x(-1/c)**(3
/2)*sqrt(1/c) - 2xc*x3*sqrt(-1/c)*(1/c)**(3/2) + 12*kcx*2xsqrt(-1/c)*sqrt(1/
c)) + 4xbkdxex*2xsqrt(1/c)*log(x + sqrt(-1/c))/(2*c**3*(-1/c)**(3/2)*sqrt (1
/c) — 2%c*kx3*sqrt(-1/c)*(1/c)*x(3/2) + 12*c*k*2*sqrt(-1/c)*sqrt(1/c)) - 2xbx
ex*3*sqrt (-1/c) *sqrt (1/c) *atanh (cxx**2) / (2xc**3x(-1/c) **(3/2) *sqrt(1/c) - 2
*xcx*3*sqrt(-1/c)*(1/c)**(3/2) + 12kc*x2xsqrt(-1/c)*sqrt(1/c)), Ne(c, 0)), (
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ax (d*x*3%x + 3kdx*x2kxexx*x*x2/2 + dkxex*x2xx**3 + ex*3kxx**x4/4), True))

Giac [A]

time = 7.83, size = 227, normalized size = 1.25

ot b o
oot 4 1) |, (@ +200e)s | (el = b arctan (E'5) (bed® + bde?) arctan (\/7c ) , (Bade —beh)log (ca” +1) | (GbedPe + be") og (e~ 1)
.
p T

1 s, (6acdPe + be)a?
V——ce 8 8

3,4 2
—ae’s" + ade’z” +
4 4c

+ % (bez* + dbde’s® + 6 bd’ea’® + 4bd°z) log (7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~3*(atb*arctanh(c*x~2)),x, algorithm="giac")

[Out] 1/4*a*e”™3*x"4 + a*xd*e™2*%x"3 + 1/4%(6xaxcxd™2*e + b*e"3)*x"2/c + 1/8%(b*e 3%
X"4 + 4xbxd*e”2%x"3 + 6%b*xd"2*xe*x"2 + 4xb*d"3x*x)*log(-(c*x"2 + 1)/(c*x"2 -

1)) + (a*xc*d™3 + 2xb*d*e”2)*x/c + (b*cxd~3 - b*d*e~2)*arctan(sqrt(c)*x)/c”(

3/2) + (b*c*d™3 + b*d*e~2)*arctan(c*x/sqrt(-c))/(sqrt(-c)*c) + 1/8%(6xbxc*d

“2xe - b*e"3)*log(c*x~2 + 1)/c”2 + 1/8%(6*b*c*d"2xe + b*e~3)*log(c*xx~2 - 1)

/c”2

Mupad [B]

time = 2.04, size = 823, normalized size = 4.52

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x~2))*(d + e*x)~3,x)

[Out] log(c*x~2 + 1)*((b*e"3*x~4)/8 + (b*d~3*x)/2 + (3*%b*d"2xe*x"2)/4 + (b*d*e 2%
x73)/2) - log(1l - c*x"2)*((bxe~3%x74)/8 + (b*d~3*x)/2 + (3*%bxd~2%e*x"2)/4 +
(bxd*e~2*%x73)/2) + (axe”3*x"4)/4 - (log(8*c~5xd"6 - c"2xe”6 - 4*xd*e~5x(-c~
5)7(1/2) + e 6xxx(-c~5)"(1/2) + 8%c~3*d"2*e"4 + 4xc~4*xd"3*e"3*x - 4*c”3*xd*e
~B*x + 4xcxd"3*%e”3*%(-c”5) " (1/2) - 8%c”~3*%d"6xx*(-c~5) "~ (1/2) - 8*ckd"2%e 4¥x*
(-c75)"(1/2) ) *(b*c™2%e~3 — 4*b*c*d~3*(-c”5)~(1/2) + 4xb*d*e~2x(-c~5)~(1/2)
- 6xbxc”3*%d"2%e))/(8xc”4) - (log(8*c~5*d"6 - c~2*e~6 + 4*d*e~5x(-c~5)~(1/2)
- e76xxkx(-c”5)7(1/2) + 8*c~3*d"2*e"4 + 4xc”4*d"3*e"3*x - 4*c”3xd*e”5*x - 4
*c*d"3*%e"3*%(-c”5) " (1/2) + 8*c~3*%d"6*x*(-c”5)"(1/2) + 8*cxd"2xe~4*x*(-c~5) " (
1/2) ) *(bxc™2xe"3 + 4*bxc*d"3*(-c~5)~(1/2) - 4xb*d*e~2*(-c~5)~(1/2) - 6%b*c”
3%d"2xe))/(8xc”4) + (x*x(2xaxc™2%d"3 + 4*bxcxdxe”2))/(2*%c”2) + (log(64*c~2xd
~12%(c”5) " (7/2) + 128*d"8xe~4x(c~5)"(7/2) - 64*c”~20%d"12*x - c~14*e”12*x +
c*xe”12%(c”5) " (5/2) - 32xc”16*%d"4*e"8*x - 128%c”18*%d"8*e~4*xx + 32%c”3*d"4*xe”
8%(c”5)"(5/2))*x(bxc~2*%e~3 + 4%b*c*d~3*(c”5)~"(1/2) + 4xbxd*e”2*(c”5)~(1/2) +
6*%b*c~3*%d"2%e) )/ (8*c"4) + (log(8*c~10%d"6 + c~7*e"6 + 8xc~8xd"2xe"4 - 4xdx
e 5% (c75)"(3/2) + e 6*x*x(c”5)"(3/2) - 4*c™9*d"3*e”3*x - 4*cxd"3xe”3*(c”5) " (
3/2) + 8*c”3*%d"6*xx*x(c”5)"(3/2) - 4*c”8xd*e”5*x + 8xcxd"2*e”4*x*x(c”5)"(3/2))
*(bxc"2%e”3 - 4xbxc*d"3*(c”5)~"(1/2) - 4xbkxd*e”2x(c~5)~(1/2) + 6xbkc~3*d " 2*e
))/(8%c™4) + (x~2x(bkcke™3 + 6kakc™2xd~2%e))/(4%c”™2) + axd*e 2%x"3
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3.24 [(d+ ex)? (a+btanh™" (cz?)) dx

Optimal. Leaf size=158

2be?x  b(3cd? — €?) ArcTan(v/c'z) b(3cd® +e?)tanh™' (vc'z) (d+ex)® (a+btanh™ (cz?))  bd(cd? 4
+ = + +
3c 3c3/? 3c3/? 3e

[Out] 2/3*%b*e”2%x/c+1/3*b*(3*xc*d"2-e~2)*arctan(x*xc~(1/2))/c”(3/2)+1/3* (e*xx+d) ~3*(
atbxarctanh(c*x~2))/e-1/3xb* (3*xc*xd~2+e"2) *arctanh (x*xc~(1/2))/c~(3/2)+1/6%xbx*
dx(c*d~2+3*%e"2) *1n(-cxx~2+1) /c/e-1/6*b*d* (c*d~2-3*%e~2) *1n(c*x~2+1) /c/e

Rubi [A]
time = 0.13, antiderivative size = 158, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.500
' integrand size ’

steps used = 11, number of rules used = 9, integrand size = 18
Rules used = {6071, 1845, 1262, 647, 31, 1294, 1181, 211, 214}

(d+ex)® (a+btanh™" (cz?))  bArcTan(v/c'z) (3cd? —e2)  b(3cd? + €?)tanh™ (v/c'z)  bd(cd® + 3e?)log (1 — cz?)  bd(cd? — 3¢?) log (cz® +1) = 2be’x
3e + 3c3/2 B 3c3/? + 6ce B 6ce + T3¢

Antiderivative was successfully verified.

[In] Int[(d + e*x)~2%(a + b¥ArcTanh[c*x~2]),x]

[Out] (2xb*e~2%x)/(3%c) + (bx(3*cxd~2 - e~2)*ArcTan[Sqrt[cl*x])/(3*c~(3/2)) - (bx
(3xc*d~2 + e~2)*ArcTanh[Sqrt[c]*x])/(3*c~(3/2)) + ((d + e*x)~3*(a + bxArcTa
nh[c*x72]))/(3%e) + (bxd*(c*d™2 + 3*xe~2)*Logl[l - c*x~2])/(6xc*xe) - (bxd*(c*

d~2 - 3%e~2)*Logl[l + c*xx~2])/(6%cxe)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 647

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)~"2), x_Symbol] :> With[{q = Rt[(-
a)xc, 2]}, Distle/2 + c*(d/(2*q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - c*
(d/(2*q)), Int[1/(q + c*x), x], x]] /; FreeQl{a, c, 4, e}, x] && NiceSqrtQ[
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(-a) *c]

Rule 1181

Int[((d) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
(-a)*c, 2]}, Dist[e/2 + c*x(d/(2%q)), Int[1/(-q + c*x~2), x], x] + Dist[e/2
- cx(d/(2*%q)), Int[1/(q + c*x~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd~2 - axe”2, 0] && PosQ[(-a)x*c]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx)~gx(a + c*x~2)7p, x], x, x~2], x] /; FreeQ
[{a, c, 4, e, p, q}, x]

Rule 1294

Int [C(E_D)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)x((a_) + (c_.)*x(x_)"4)"(p_), x_
Symbol] :> Simp[e*f*(f*x)~(m - 1)*((a + c*x"4)"(p + 1)/(cx(m + 4xp + 3))),

x] - Dist[£72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + c*x"4) “p*(axex(m -

1) - cxdx(m + 4xp + 3)*x"2), x], x] /; FreeQ[{a, c, d, e, f, p}, x] && GtQ[
m, 1] && NeQ[m + 4xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m
1

Rule 1845

Int [((Pg_)*((c_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c~2xx~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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(d+ex)® (a+btanh ™ (ca?) b [ 25 da

/(d +ex)? (a+btanh™" (c2?)) dz =

3e 3e
_ (d+ex)* (a+btanh™" (c2?)  (2be) [ HET da
B 3e 3e
d3+3d62x2 x2(3d2e4-e322)
_ (d+ ex)? (a+ btanh™" (ch)) (2bc) [ < 1—c2z1 b+ (1—02904 )/
3e 3e
_ (d+ ex)® (a+ btanh™’ (cz®)  (2bc )f z(d +3de =) dp _ (2b0) i it
3e 3e ‘
_ 2% (d+ea)’ (ot btanh ™' (cz?))  (2b) [ £E3ELe” gz (be)
3 3e 3ce
_ 2be’x N (d+ ez)® (a+ btanh™" (cz?)) N (bed(cd? — 3e?)) Subst ([ -
3c 3e be
_ 2be’x N b(3cd? — e?) tan™" (1/c'z) _ b(3cd® +€?) tanh™" (v/c ) N
3c 3c3/2 3c3/2

Mathematica [A]
time = 0.10, size = 170, normalized size = 1.08

+2bz(3d” + 3dex + e?2?) tanh ™" (cz?) +

2 2,
P + 6adex® + 2ae’z” + an

1 4be*x 2b(3cd? — €?) ArcTan(v/c )
6 <6ad2z + . - &ar CS/Z CB/'Z c

b(3cd” + €*)log (1 — Vc'z)  b(3cd” + €*)log (1 + Vc'z) . 3bdelog (1 — c%"))

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2*(a + bxArcTanh[c*x~2]),x]

[Out] (6*a*xd~2*x + (4*b*e~2%x)/c + 6xaxdxexx~2 + 2%axe”2*x"3 + (2%b*(3*c*d™2 - e~
2)*ArcTan[Sqrt [c]*x])/c”(3/2) + 2*%bxx*(3*d~2 + 3*d*exx + e~2*x"2)*ArcTanh[c

*x"2] + (b*x(3%c*d™2 + e~2)*Log[l - Sqrtlcl*x])/c~(3/2) - (bx(3*%c*d™2 + e72)
*xLog[1 + Sqrtlcl*x])/c™(3/2) + (3xbxdxexLogl[l - c™2*x"4])/c)/6

Maple [A]
time = 0.28, size = 205, normalized size = 1.30

method | result

barctanh (c 1172) d3

default (e””;j Yo | be mtagh(c 2)2° | be arctanh (cx?) z%d + barctanh (cz?) x d* + % + 2”3‘3629“ +

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*(at+b*arctanh(c*x~2)),x,method=_RETURNVERBOSE)
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[Out] 1/3*(e*x+d) "3*a/e+1/3*bxe”2*arctanh(cxx”2) *x"3+b*exarctanh (cxx”2) *x~2*d+b*a
rctanh (cxx”2) *x*d~2+1/3*b/e*arctanh (c*x~2) *d~3+2/3*b*e~2*x/c+1/6*b/ex1n(c*x
~2-1)*d~3+1/2*b*e/c*1n(c*x~2-1)*d-b/c” (1/2) *arctanh (x*c~ (1/2) ) *d"2-1/3*bxe”
2/c~(3/2) *arctanh(x*c~(1/2))-1/6*b/e*1ln(cxx~2+1) *d~3+1/2*b*e/c*1n(c*xx™2+1) *
d+b/c~(1/2)*arctan(x*c~(1/2))*d~2-1/3*b*e~2/c~(3/2) *arctan(x*c~(1/2))

Maxima [A]
time = 0.47, size = 171, normalized size = 1.08

7 log <f.x7\/cﬂ>

, 5 2 arcta a 5 - 5 5

%az“ez + adz’e + % o 22C (ma( ca) + u:\/z + 2zartanh (cz?) |bd® + ad’x + % 22° artanh (cz®) + ¢
¢z

c2

B

c cz cz 2¢

log e 2 2 24
4z 2 arctan (Vc'z) . ot be? 4 (2 cz? artanh (cz?) + log (—c*z* + 1))bde

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(at+b*arctanh(c*x"2)),x, algorithm="maxima")

[Out] 1/3*a*x"3%e”2 + a*d*x"2*e + 1/2x(cx(2*arctan(sqrt(c)*x)/c~(3/2) + log((c*x
- sqrt(c))/(cxx + sqrt(c)))/c~(3/2)) + 2*xxxarctanh(c*x~2))*b*d~2 + a*d~2*x

+ 1/6%(2xx~3*arctanh(c*x”2) + c*(4*x/c”2 - 2*arctan(sqrt(c)*x)/c~(5/2) + lo
g((c*x - sqrt(c))/(c*xx + sqrt(c)))/c~(5/2)))*bxe”2 + 1/2x(2*c*x~2*arctanh(c
*x"2) + log(-c™2%x"4 + 1))*b*d*e/c

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 342 vs.
2(131) = 262.
time = 0.46, size = 677, normalized size = 4.28

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) 2*(atb*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/6%(6xa*xc”2*d*x"2*cosh(1) + 6*a*c™2xd"2*x + 2x(a*c™2*xx~3 + 2*bxcxx)*cosh(
1)72 + 2x(a*c”™2*x"3 + 2%bxc*x)*sinh(1)72 + 2% (3*b*c*d™2 - b*cosh(1)~2 - 2%b
xcosh(1)*sinh(1) - b*sinh(1)~2)*sqrt(c)*arctan(sqrt(c)*x) + (3xb*c*xd~2 + b*
cosh(1)~2 + 2*b*cosh(1)*sinh(1) + b*sinh(1)~2)*sqrt(c)*log((c*xx~2 - 2*sqrt(
c)*x + 1)/(c*x"2 - 1)) + 3*(bxc*d*cosh(1l) + bk*cxd*sinh(1))*log(c*x~2 + 1) +
3* (b*cxdxcosh(1) + bxc*d*sinh(1))*log(c*x"2 - 1) + (b*c~2xx"3%cosh(1)72 +
b*c™2*x"3*sinh (1) "2 + 3%bxc~2*d*x"2*cosh(1l) + 3*bkc™2*%d"2*x + (2%b*c™2%x"3*
cosh(1) + 3%b*c™2*d*x"2)*sinh(1))*log(-(c*x~2 + 1)/(c*x"2 - 1)) + 2x(3*a*c”
2%d*xx"2 + 2% (axc”2*%x"~3 + 2%bxc*x)*cosh(1))*sinh(1))/c”2, 1/6%(6*xaxc™2xd*x"2
xcosh(1) + 6xa*xc™2%d"2xx + 2% (a*c”™2*x"3 + 2¥bkc*x)*cosh(1)~2 + 2x(a*c™2xx"3
+ 2xb*c*x)*sinh(1)~2 + 2% (3*b*c*d"2 + b*cosh(1)~2 + 2*b*cosh(1)*sinh(1) +
b*sinh(1)~2)*sqrt(-c)*arctan(sqrt(-c)*x) + (3*b*c*d™2 - b*cosh(1)72 - 2*b*c
osh(1)*sinh(1) - b*sinh(1)~2)*sqrt(-c)*log((c*x~2 + 2xsqrt(-c)*x - 1)/(c*x”
2 + 1)) + 3*%(b*c*kd*cosh(1l) + bxcxd*sinh(1))*log(c*x~2 + 1) + 3*(b*c*d*cosh(
1) + bxc*d*sinh(1))*log(c*x"2 - 1) + (b*c™2*x"3*cosh(1)~2 + b*c~2*x~3*sinh(
1)72 + 3*b*c”™2xd*x"2*cosh(1) + 3%b*c™2xd"2*x + (2*¥b*c~2*x~3*cosh(1l) + 3*b*c
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~2xd*x"2)*sinh (1) ) *log(-(c*x"2 + 1)/(c*x"2 - 1)) + 2% (3*a*xc™2xd*x"2 + 2x(ax
c"2xx"3 + 2*bxc*x)*cosh(1))*sinh(1))/c"2]

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 3465 vs.
2(139) = 278.
time = 7.49, size = 3465, normalized size = 21.93

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(a+b*atanh(c*x**2)),x)

[Out] Piecewise((12*a*c**2*d**2*xx*sqrt(-1/c)/(12xcx*3%(-1/c)**(3/2) - 12xc*x*3*(1/
c)**(3/2) + 24xc*x2xsqrt(-1/c) + 24*xcx*2xsqrt(1l/c)) + 12xaxc**2xd**2xx*sqrt
(1/c)/ (12%c*x3x(=1/c) **(3/2) — 12%c*x3*(1/c)**(3/2) + 24xcx*2xsqrt(-1/c) +
24xc*kx2%sqrt (1/c)) + 12kaxckx*2xd*xe*xx**x2*sqrt(-1/c)/(12*c**3*(-1/c)**(3/2) -
12xcx*3% (1/c) **x(3/2) + 24*c**x2*sqrt(-1/c) + 24*xcx*2xsqrt(1l/c)) + 12%a*c**2
xdxexx**x2+sqrt (1/c) / (12%cx*3* (=1/c) **(3/2) - 12xcx*3*(1/c) *x(3/2) + 24*c**2
xsqrt(-1/c) + 24*c*x2+sqrt(1/c)) + 4xakckx2*e*xx2*x*x3*sqrt(-1/c)/ (12*c**3*(
-1/c)**(3/2) - 12%c*x3%(1/c)**(3/2) + 24xcx*2xsqrt(-1/c) + 24*c*x2*sqrt(1l/c
)) + 4dkakckx2xex*k2*kx*kx3xsqrt (1/c)/ (12xcx*3%(-1/c)**(3/2) - 12kc*k*x3x(1/c)**(
3/2) + 24xck*2*sqrt(-1/c) + 24xcx*2xsqrt(1/c)) - 3xbxckx*3xd**2x(-1/c)**(3/2
)*xsqrt(1/c)*log(x - sqrt(-1/c))/(12xcx*3%(-1/c)**(3/2) - 12xc**3*(1/c)**(3/
2) + 24xc*kx2xsqrt(-1/c) + 24xcx*2xsqrt(1l/c)) - 12%bkc*k*3*d**x2*(-1/c)**(3/2)
xsqrt (1/c)*log(x + sqrt(-1/c))/(12xc**3x(-1/c)**(3/2) - 12%c*x3*(1/c)**(3/2
) + 24xckx2xsqrt(-1/c) + 24xcx*2*sqrt(1/c)) + 3xbkxcx*3*xd**2%x(-1/c)**(3/2)*s
qrt(1/c)*log(x - sqrt(1/c))/(12%c**3*(-1/c)**(3/2) - 12kc**3*%(1/c)**(3/2) +
24xcx*2%sqrt(-1/c) + 24*c**2xsqrt(1/c)) + 3xbxcx*3*kd*x2xsqrt(-1/c)*(1/c) **
(3/2)*1log(x - sqrt(-1/c))/(12xc**3x(-1/c)**(3/2) - 12%c*x3*x(1/c)**(3/2) + 2
4xcxx2xsqrt(-1/c) + 24*c**2*sqrt(1/c)) - 12xbxc**3xd**2xsqrt(-1/c)*(1/c)**(
3/2)*log(x + sqrt(-1/c))/(12xcx*3*%(-1/c)**(3/2) - 12xcx*3x(1/c)*x(3/2) + 24
xcxkk2xsqrt(-1/c) + 24*c*k*x2*sqrt(1/c)) - 33*bkck*3*d**x2*sqrt(-1/c)*(1/c)**(3/
2)*xlog(x - sqrt(1/c))/(12%c**3x(-1/c)**(3/2) - 12%c**3*(1/c)**(3/2) + 24*c*
*x2xsqrt(-1/c) + 24*xcx*2xsqrt(1/c)) + 12xbxc**2xd**2xx*sqrt(-1/c)*atanh (ckx*
*x2) / (12xc**3x(=1/c)**(3/2) — 12%c*x3%(1/c)**(3/2) + 24xc**2xsqrt(-1/c) + 24
xcxk2xsqrt(1/c)) + 12+bkcx*2*kd**2*x*sqrt(1/c)*atanh (c*x**2) / (12%c**3*(-1/c)
*%(3/2) - 12xc**3x(1/c)**(3/2) + 24*xcx*2xsqrt(-1/c) + 24*c**2xsqrt(1/c)) -
18*b*c**2xd**2*sqrt (-1/c)*sqrt (1/c)*log(x - sqrt(-1/c))/(12*xc**3x(-1/c)**(3
/2) = 12xcx*3%(1/c)*x(3/2) + 24*c*x2xsqrt(-1/c) + 24*xcx*2+sqrt(1/c)) + 18+b
xcxk2xdx*2xsqrt (-1/c) *sqrt (1/c) *log(x - sqrt(1/c))/(12xcx*3x(-1/c)**(3/2) -
12xcx*3% (1/c) *x(3/2) + 24*c**2*sqrt(-1/c) + 24*xcx*2xsqrt(1l/c)) + 12%b*c**2
*xd**2*sqrt (-1/c)*sqrt (1/c)*atanh (ckx**2) / (12%c**x3x(-1/c) **x(3/2) - 12%c**3*(
1/c)**(3/2) + 24xc*x*2xsqrt(-1/c) + 24*c**x2*sqrt(1/c)) + 12kbxckx*2kd*xe*x**2x*
sqrt (-1/c)*atanh (cxx**2) / (12xc*k*x3% (-1/c)**(3/2) - 12%c**3%(1/c)*x(3/2) + 24
xcxk2xsqrt(-1/c) + 24*c*x2*sqrt(1/c)) + 12xbxcx*2xdxe*xx**x2*sqrt(1/c)*atanh(
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ckxx**2) / (12*%c**3% (-=1/c) **(3/2) - 12kcx*3*%(1/c)**(3/2) + 24*c*x2*sqrt(-1/c)
+ 24xcx*2xsqrt(1/c)) + 3*bkcx*2kdxex(-1/c)**(3/2)*log(x - sqrt(-1/c))/(12*c
*x%3% (-1/c)**(3/2) - 12%c**3*(1/c)**(3/2) + 24*c**x2*ksqrt(-1/c) + 24*xc*kx2xsqr
t(1/c)) + 12%b*c**2*xd*e*x(-1/c)**(3/2)*log(x + sqrt(-1/c))/(12%c**3x(-1/c)**
(3/2) - 12xc*x3%(1/c)**(3/2) + 24xc*xx2*sqrt(-1/c) + 24*cx*2xsqrt(1/c)) - 3%
bxc*x2xd*e* (1/c)**(3/2)*log(x - sqrt(-1/c))/(12*c**3*(-1/c)**(3/2) - 12%c**
3x(1/c)*x(3/2) + 24*c*x2*sqrt(-1/c) + 24xcx*2xsqrt(1/c)) - 12xbkck*2*d*xex (1
/c)**(3/2)*x1og(x + sqrt(-1/c))/(12%c**3%(-1/c)*x(3/2) - 12*%cx*3*(1/c)**(3/2
) + 24xc*kx2xsqrt(-1/c) + 24*xcx*2xsqrt(1l/c)) + 4*bkcx*2kex*2*xx*x*3*sqrt(-1/c)
*xatanh (cxx**2) / (12%xc**3% (-1/c)**(3/2) - 12%kc**x3x(1/c)**(3/2) + 24*cx*2*sqrt
(-1/c) + 24*c*x2*sqrt(1/c)) + 4xb*ckx2*e*xx2*x*x3*sqrt(1/c)*atanh(cxx**2)/(1
2xcx*k3% (—1/c)**(3/2) - 12xc*x*3x(1/c)**(3/2) + 24*xcx*2xsqrt(-1/c) + 24xc**2x
sqrt(1/c)) + bxc*x2xe*x2x(-1/c)**(3/2)*sqrt(1/c)*log(x - sqrt(1/c))/(12xcx*x*
3x(-1/c)**(3/2) - 12xc**3x(1/c)**(3/2) + 24*xcx*2*xsqrt(-1/c) + 24xc**2xsqrt(
1/c)) - bxcxx2xexx2xsqrt(-1/c)*(1/c)**(3/2)*log(x - sqrt(1/c))/(12*c**3* (-1
/c)*%x(3/2) - 12*xc**3x(1/c)**(3/2) + 24*c**2xsqrt(-1/c) + 24xc**2*sqrt(1/c))
- 12%bkcxd*x*2xlog(x + sqrt(-1/c))/(12xc**3x(-1/c)**(3/2) — 12%c**3*(1/c)**
(3/2) + 24xcx*2xsqrt(-1/c) + 24xc*x2xsqrt(1/c)) + 12*¥bxcxd**2xlog(x - sqrt(
1/c))/ (12%c*x3% (-1/c)**(3/2) - 12%c**3x(1/c)*x(3/2) + 24*cx*2xsqrt(-1/c) +
24xcx*2*xsqrt(1/c)) + 12+b*c*d**2xatanh(cxx**2)/(12%xc**x3*(-1/c)**(3/2) - 12%
c*x*3%(1/c)**(3/2) + 24*c*x2*xsqrt(-1/c) + 24xcxx2xsqrt(1/c)) + 15xbxcxd*e*sq
rt(-1/c)*log(x - sqrt(-1/c))/(12%c*x3*(-1/c)**(3/2) - 12%c**3%(1/c)**(3/2)
+ 24xcx*2xsqrt(-1/c) + 24xc*x2xsqrt(1/c)) + 24*bxcxdxe*sqrt(-1/c)*log(x + s
qrt (-1/c))/ (12*%c**3*% (-1/c) **(3/2) - 12xcx*3x(1/c)**(3/2) + 24xcx*2xsqrt(-1/
c) + 24xc*k*x2xsqrt(1/c)) - 12%bkckxdxexsqrt(-1/c)*atanh(ckx**2)/(12*c**3*(-1/
c)*x(3/2) - 12xc*x*3*(1/c)*x(3/2) + 24xcxx2*sqrt(-1/c) + 24*cx*2xsqrt(1/c))
+ 15%bxcxd*e*sqrt(1/c)*log(x - sqrt(-1/c))/(12%c**3*%(-1/c)**(3/2) - 12%c**3
*x(1/c)*x(3/2) + 24*xcx*2*xsqrt(-1/c) + 24xcx*2xsqrt(1/c)) + 24*bkxckxdxexsqrt(1
/c)*log(x + sqrt(-1/c))/(12%c*x3*(-1/c)**(3/2) - 12%c**3*(1/c)**(3/2) + 24x
cx*¥2xsqrt (-1/c) + 24xc*x2*sqrt(1/c)) - 12%bxc*d*exsqrt(1/c)*atanh (ckx**2)/(
12%c**3x (=1/c) **(3/2) - 12%c**3%(1/c)**(3/2) + 24*xc*kx2xsqrt(-1/c) + 24*xc*x*2
*xsqrt(1/c)) + 8xbxcxe*x2xx*sqrt(-1/c)/(12%c**3*(-1/c)**(3/2) - 12*c**3*(1/c
)*x(3/2) + 24*c*x2+sqrt(-1/c) + 24xcx*2xsqrt(1l/c)) + 8*bkxcxex*2xxxsqrt(1/c)
/ (12xcx*3% (-1/c)**(3/2) - 12xcx*3%(1/c)**(3/2)

Giac [A]
time = 1.31, size = 171, normalized size = 1.08

(3bed? + be?) arctan (\/%)

bdelog (ca® + 1) n bdelog (cz? — 1)
3vV-cec

2¢c 2c +

2 2 3bed? — be? 't
+é(be213+3bd612+3bd2z)log< ez +1> (3aad2+2be)z+( c e?) arctan (v/c )

1 2.3 2
zoe's + adex® + 30 3

cx? —1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctanh(c*x~2)),x, algorithm="giac")

[Out] 1/3*%axe”2%x"3 + axd*e*x~2 + 1/2%b*d*exlog(c*x~2 + 1)/c + 1/2*%bxd*exlog(c*x”
2 - 1)/c + 1/6%(b*xe”2*%x"3 + 3*b*d*exx~2 + 3*bxd~2*x)*1log(-(c*x~2 + 1)/(c*x~
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2 - 1)) + 1/3*%(3xaxc*d™2 + 2*b*e~2)*x/c + 1/3*(3*bxc*d~2 - b*e”2)*arctan(sq
rt(c)*x)/c~(3/2) + 1/3%(3xb*c*d"2 + bxe~2)*arctan(c*x/sqrt(-c))/(sqrt(-c)*c

)

Mupad [B]
time = 1.39, size = 309, normalized size = 1.96

— =)

(e~ 2VE) (b VE +30ed VT +3bde) In(e+ 2V (b VT 430 de—3bed V) (o= 2 V) (sbede b VI +3bedV
- - - o -t - 6

L (bfe bded b (b bdes? 35 | sBadd+2bed) acts W(etzVE) (b VE 4 3bed VE gbde) I
e ) (S ) (1) (M4 MG 1) y e een) 2 s +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x~2))*(d + e*x)~2,x)

[Out] log(c*x™2 + 1)*((b*e~2%x73)/6 + (bxd~2*x)/2 + (b*d*exx~2)/2) - log(l - c*x~
2)*x((bxe~2%x73) /6 + (bxd"2*x)/2 + (b*d*e*x~2)/2) + (x*x(3*axc™2+%d"2 + 2*b*cx*
e"2))/(3*c”2) + (a*e”2xx"3)/3 - (log(c + x*x(c~3)~(1/2))*(b*e~2x(c~3)~(1/2)

+ 3%bxc*d"2x(c"3)"(1/2) - 3*b*c~2*d*e))/(6%c”3) + (log(c - x*(c~3)~(1/2))*(
bxe~2%(c"3)~(1/2) + 3*bkc*d~2x(c~3)~(1/2) + 3xbxc~2*d*e))/(6xc~3) + (log(c

+ x*%(-c”3)7(1/2) ) *(b*e”~2x(-c~3)~(1/2) + 3*b*c~2*d*e - 3*bxc*d~2*(-c~3)~(1/2
)))/(6%c~3) + (log(c - x*x(-c~3)7(1/2))*(3*xb*xc~2*d*e - b*e~2*(-c~3)~(1/2) +
3xbkc*d~ 2% (-c"3)~(1/2)))/(6%c”3) + a*xd*xe*x~2
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3.25 [(d+ex) (a+btanh™" (cz?)) da

Optimal. Leaf size=117

bdArcTan(y/c'z) bdtanh™' (v/c'z) (d+ex)? (a+btanh™ (cz?))  b(cd? + e®)log (1 — ca?) b(cd® —
\/E \/g 2e 4ce

[Out] 1/2*(exx+d) ~2*(at+b*arctanh(c*x~2))/e+1/4xbx(c*d~2+e~2)*1In(-c*x~2+1)/c/e-1/4
*b* (c*d"2-e"2) *1n(c*xx~2+1) /c/e+b*d*arctan(x*c”(1/2)) /c~(1/2) -b*d*arctanh (x*
c~(1/2))/c~(1/2)

Rubi [A]
time = 0.09, antiderivative size = 117, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 10, number of rules used = 8, integrand size = 16
Rules used = {6071, 1845, 304, 209, 212, 1262, 647, 31}

(d+ ex)? (a+ btanh ™ (cz?)) N bdArcTan(+/c z) + bcd® +€*)log (1 —ca®)  b(cd® —e*)log(ca® +1) bdtanh™" (y/c'z)

2e Ve 4ce 4ce Ve

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + b*ArcTanh[c*x~2]),x]

[Out] (b*d*ArcTan[Sqrt[c]l*x])/Sqrtlc] - (bxdxArcTanh[Sqrt[c]*x])/Sqrtlc] + ((d +
exx) "2%(a + bxArcTanh[c*x"2]))/(2%e) + (b*(c*d"2 + e~2)*Logl[l - c*x~2]) /(4%
cxe) - (bx(c*xd™2 - e~2)*Logl[l + c*x~2])/(4*cxe)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 304

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-a/b,
211, s = Denominator[Rt[-a/b, 2]]1}, Dist[s/(2%b), Int[1/(r + s*x~2), x], x
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] - Dist[s/(2*b), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] && !GtQ[a
/b, 0]

Rule 647

Int[((d) + (e_.)*(x))/((a) + (c_.)*x(x.)"2), x_Symboll :> With[{q = Rt[(-
a)*xc, 2]}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx*
(d/(2*q)), Int[1/(q + c*x), x], x]1] /; FreeQl[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x)~"g*(a + c*x"2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*(x_)) " (m_.), x_
Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[bxcx(n/(ex(m + 1))), Int[x"(n - 1)*((d + e*xx)"(m + 1)/(1 - c™2*xx~ (2%
n))), xl], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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/(d +ex) (a+btanh™ (cz?)) dz = / (a(d+ ex) + b(d + ex) tanh ™" (cz?)) dz

= a@d—zi——eex)Q + b/(d + ez)tanh™" (cz?) dz

= a@d—;——eem)z + b/ (dtanh_1 (cx2) + extanh™? (cx2)) dx

- a@l—zi-—eea:)Z + (bd) /tanh_l (cz?) dz + (be) /zvtabnh_1 (cz?) dz

= aw—;—eew + bdz tanh ™" (cz?) + %beac2 tanh™" (cz?) — (2bcd) 1=
= a@d—;——eex)z + bdz tanh ™t (cz2) + %bez2 tanh ™ (cxz) + belog—(iC—CQ

_ a(d+ex)” N bdtan™ (v/c'z) bdtanh™' (vc'z)
2e Ve Ve

+ bdx tanh™* (ca

Mathematica [A]
time = 0.04, size = 104, normalized size = 0.89

bd(2ArcTan(\/Ex) + log (1 — \/F:c) — log (1 + \/gx)) n belog (1 — c?zt)
2+/c 4c

1 1
adzr + 5aeac2 + bdz tanh ™! (cmz) + §beac2 tanh™? (03:2) +

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x~2]),x]

[Out] a*d*x + (a*exx"2)/2 + b*d*xxArcTanh[c*x~2] + (b*exx~2*ArcTanh[c*x72])/2 + (
bxd* (2*ArcTan[Sqrt [c]*x] + Logl[l - Sqrt[cl*x] - Logl[l + Sqrtlcl*x]))/(2*Sqr

tlc]) + (bxexLogl[l - c~2*x"4])/(4%c)

Maple [A]

time = 0.15, size = 92, normalized size = 0.79

method | result

_ bdarctanh (z4/C ;
default | a(iez®+dz) + —barCtanhQ(ch)x% + barctanh (cz?) dz + = ln(ff b _ 2 aj/c&zf) + 1n(2:2+1,
. bz (ez+2d) In(cz?+1) bez? In(—cz?+1) bdz In(—cz?+1) ae 2 bln(l—x\/g)d bln(l-{—xﬁ)d bln(l—
risch — — + + — +
4 4 2 2 2\/3 2\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(at+b*arctanh(c*x~2)),x,method=_RETURNVERBOSE)
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[Out] ax(1/2%e*xx~2+d*x)+1/2*%b*arctanh(c*x”~2)*x"2*e+b*arctanh(c*x~2)xd*x+1/4*b*e/c
*1n(c*x"2-1)-b*d*arctanh(x*c~(1/2))/c~(1/2)+1/4%b*xe/c*1n(c*x~2+1)+b*d*arcta
n(x*xc~(1/2))/c~(1/2)

Maxima [A]

time = 0.47, size = 97, normalized size = 0.83

log (%\/E)
2 t cx 2 2 h 2 + 1 —c?zt + 1
2 % c arcan (\/Ez) + Ve + 2z artanh (cmz) bd + adx + (2’ artanh (o) + log (—c*x ))be

3 3
c2 c2 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x~2)),x, algorithm="maxima")

[Out] 1/2*a*x"2*e + 1/2*%(cx(2*arctan(sqrt(c)*x)/c”(3/2) + log((c*x - sqrt(c))/(cx*
x + sqrt(c)))/c”(3/2)) + 2xxxarctanh(c*x~2))*bxd + axd*x + 1/4*(2*c*x"2%arc
tanh(c*x~2) + log(-c™2*x"4 + 1))*b*e/c

Fricas [A]

time = 0.36, size = 315, normalized size = 2.69

o3 s s 0 (. 20 (Z2E2) B+ )1+ ) s )+ )t g <55 20 1) 20 1) st b Bt ()~ 20/ (2 —— 1)+ e 1) o(-2)]

| i () 0 (20 . ) - |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/4*(2*axcxx~2*cosh(1) + 2*akxc*x"2*sinh(1) + 4*a*xc*d*x + 4*b*sqrt(c)*d*arc
tan(sqrt(c)*x) + 2xbxsqrt(c)*d*log((c*x~2 - 2xsqrt(c)*x + 1)/(c*x"2 - 1)) +
(bxcosh(1) + bxsinh(1))#*log(c*x~2 + 1) + (b*cosh(1l) + b*sinh(1))*log(c*x~2

- 1) + (b*c*x"2xcosh(1) + bxc*x~2*sinh(1) + 2xbxc*d*x)*log(-(c*xx~2 + 1)/(c

*x"2 - 1)))/c, 1/4x(2%axcxx"2*cosh(1l) + 2*axc*x~2*sinh(1) + 4*xaxc*d*x + 4%b

*sqrt (-c)*d*arctan(sqrt (-c)*x) - 2%bxsqrt(-c)*d*log((c*x~2 - 2*sqrt(-c)*x -
1)/(c*x”2 + 1)) + (b*cosh(1) + b*sinh(1))*log(c*x~2 + 1) + (b*cosh(l) + bx*
sinh(1))*log(c*x~™2 - 1) + (b*c*x"2xcosh(1) + bxc*x~2*sinh(1) + 2xbxc*d*x)*1
og(-(c*x”2 + 1)/(c*x"2 - 1)))/c]

Sympy [A]
time = 6.01, size = 753, normalized size = 6.44

[ sl () W Eu(yE) N o/ T(F) 3Py ) V() . | vt i
7 L e i e e e e e e e i A e e A L e i i e e e e e e e e e A E o otherwine |
o i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*atanh(c*x**2)),x)

[Out] a*d*x + axe*x**2/2 + bxd+Piecewise((4*cxx*sqrt(-1/c)*sqrt(1/c)*atanh (c*x**2
)/ (cx*2x(=1/c)**(3/2) *sqrt (1/c) - c*x2xsqrt(-1/c)*(1/c)**(3/2) + 6*cxsqrt(-
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1/c)*sqrt(1/c)) - cx(-1/c)**(3/2)*1log(x + sqrt(-1/c))/(cx*2*x(-1/c)**(3/2)*s
qrt(1/c) - c*x2xsqrt(-1/c)*(1/c)**(3/2) + 6*cxsqrt(-1/c)*sqrt(1/c)) + c*(1/
c)**(3/2)*log(x + sqrt(-1/c))/(cx*2x(-1/c)**(3/2)*sqrt(1/c) - cx*2*sqrt(-1/
c)*(1/c)**(3/2) + 6xc*sqrt(-1/c)*sqrt(1/c)) - 2*xsqrt(-1/c)*log(x - sqrt(-1/
c))/(c**x2%(-1/c)**(3/2)*sqrt (1/c) - c**2ksqrt(-1/c)*(1/c)**(3/2) + 6*c*sqrt
(-1/c)*sqrt(1/c)) - 3*sqrt(-1/c)*log(x + sqrt(-1/c))/(c*x2*(-1/c)**(3/2)*sq
rt(1/c) - cx*2xsqrt(-1/c)*(1/c)**(3/2) + 6*c*sqrt(-1/c)*sqrt(1/c)) + 4xsqrt
(-1/c)*log(x - sqrt(1/c))/(cx*x2x(-1/c)**(3/2)*sqrt(1/c) - cx*2*sqrt(-1/c)*(
1/c)**(3/2) + 6*c*xsqrt(-1/c)*sqrt(1/c)) + 4xsqrt(-1/c)*atanh(c*x**2)/(c**2x*
(-1/c)**(3/2)*sqrt(1/c) - cx*2*xsqrt(-1/c)*(1/c)**(3/2) + 6*c*sqrt(-1/c)*sqr
t(1/c)) + 2xsqrt(1/c)*log(x - sqrt(-1/c))/(c**2x(-1/c)**(3/2)*sqrt(1/c) - ¢
*x*%2xsqrt (-1/c)*(1/c)**(3/2) + 6*c*ksqrt(-1/c)*sqrt(1/c)) - 3*sqrt(1/c)*log(x
+ sqrt(-1/c))/(cx*2*%(-1/c)**(3/2)*sqrt (1/c) - cx*2xsqrt(-1/c)*(1/c)**(3/2)
+ 6%c*xsqrt(-1/c)*sqrt(1/c)), Ne(c, 0)), (0, True)) + b*exPiecewise((x**2*a
tanh(cxx**2) /2 + log(cxx**2 + 1)/(2*c) - atanh(c*x**2)/(2*c), Ne(c, 0)), (0
, True))

Giac [A]
time = 0.55, size = 135, normalized size = 1.15

1

(Zbcd\/w —bce) log(1+ \/W ) . (2bcd\/w +bce) log(

4c? 4c?

1

)

)

bd+/|c| arctan (z\/w) belog (z2 + ﬁ)
+

c 4c

2
+i(bez2+2bdz)log( or “) -

1
5a6z2+ad1+ w1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x~2)),x, algorithm="giac")

[Out] 1/2*%axexx”2 + axd*x + b*d*sqrt(abs(c))*arctan(x*sqrt(abs(c)))/c + 1/4xbxexl
og(x™2 + 1/abs(c))/c + 1/4*x(b*e*x”2 + 2%b*d*x)*log(-(c*x"2 + 1)/(c*x"2 - 1)

) - 1/4x(2*¥bxcxd*sqrt(abs(c)) - b*c*e)*log(abs(x + 1/sqrt(abs(c))))/c"2 + 1

/4% (2xb*xc*d*sqrt(abs(c)) + bkckxe)*log(abs(x - 1/sqrt(abs(c))))/c"2

Mupad [B]
time = 1.31, size = 242, normalized size = 2.07

bdaln(er+1) bdr(i-ca?) beln(c+aVE) beln(c-aVE) popm(ers1) bea?lm(l—cxt) beln(ctav=E) beln(c-av=F) bdla(c+aVE) VA bdln(c-aVE) VI bdln(c+avV=T) VEF  bdln(c-oV=d) V=E
- + + + - 2+ - + - + - +
2 2 4c de 4 de de 2¢ 2 2¢2 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))*(d + e*x),x)

[Out] a*d*x + (axexx"2)/2 + (bxd*x*log(c*x~2 + 1))/2 - (b*d*x*log(l - c*x72))/2 +
(bxexlog(c + x*(c™3)7(1/2)))/(4%c) + (bxexlog(c - x*(c~3)7(1/2)))/(4xc) +
(bxexx~2*log(c*x"2 + 1)) /4 - (bxe*x"2xlog(l - c*x~2))/4 + (b*exlog(c + x*(-

c™3)7(1/2)))/(4*c) + (bkxexlog(c - x*(-c"3)7(1/2)))/(4*c) - (b*d*log(c + x*(

c™3)7(1/2))*(c™3)"(1/2))/(2xc™2) + (b*d*log(c - x*(c"3)~(1/2))*(c~3)"(1/2))

/(2xc~2) - (bxdxlog(c + x*x(-c~3)~(1/2))*(-c~3)"(1/2))/(2*%c"2) + (b*d*log(c

- x*x(-c”3)7(1/2))*(-c"3)~(1/2))/ (2%c"2)
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a+btanh! (cx2) d
d+ezx

3.26 |

Optimal. Leaf size=325

@) log(d + ex) blog <_M) log(d+ex) b

blog
(a + btanh™" (cz?)) log(d + ex) < —C d+e N
e 2e 2e

[Out] (atb*arctanh(c*x~2))*1n(exx+d)/e-1/2*b*1n(e*x+d)*1n(e*x(1-x*x(-c)~(1/2))/(e+d
*(-c)~(1/2)))/e-1/2%b*1ln(exx+d) *1n(-e*x (1+x*(-c)~(1/2)) / (-e+d*(-c)~(1/2))) /e
+1/2*%b*1n (exx+d) *1n(e*x (1-x*c~(1/2))/(e+d*c~(1/2))) /e+1/2%¥b*1n(e*x+d) *1n(-e*
(1+xxc™(1/2))/ (—e+d*c~(1/2))) /e-1/2%bxpolylog(2, (exx+d) *(-c)~(1/2) / (-e+d* (-
c)~(1/2)))/e-1/2%b*polylog(2, (exx+d)*(-c)~(1/2)/(e+d*(-c)~(1/2)))/e+1/2%b*p
olylog(2, (exx+d)*c~(1/2)/(-e+d*xc~(1/2)))/e+1/2%¥b*polylog(2, (e*x+d) *c~(1/2)/
(etdxc™(1/2))) /e

Rubi [A]

time = 0.41, antiderivative size = 325, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.444,

steps used = 19, number of rules used = 8, integrand size = 18
Rules used = {6067, 281, 212, 2463, 266, 2441, 2440, 2438}

i (1-v=e) (Ve (1-vE= o(Veen
g+ ) (o o™ () _ ”L‘Q(\/\/T%J:)) N bLi; (L‘;CL";J) bLl;(\/f_(‘_al::t?) ,,Lh(\/‘%«::v) i blog(d + ex) log (ﬁ i blog(d + ex) log | — ( \/?4,,) X blog(d+ ez)log | - ) blog(d + ex) log |~
e 3 2e e e 3 e

2 2 - 2

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x~2])/(d + e*x),x]

[Out] ((a + bxArcTanh[c*x~2])*Logl[d + e*x])/e - (bxLogl[(e*x(1 - Sqrt[-cl*x))/(Sqrt
[-c]*d + e)]xLogld + exx])/(2xe) - (bxLogl[-((ex(1 + Sqrt[-cl*x))/(Sqrt[-cl*
d - e))]*Logld + e*x])/(2xe) + (bxLogl[(ex(1 - Sqrtlcl*x))/(Sqrtlcl*d + e)]*
Logld + exx])/(2xe) + (b*Log[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]l*Logld

+ exx])/(2xe) - (bxPolyLogl[2, (Sqrt[-cl*(d + e*x))/(Sqrt[-cl*d - e)])/(2xe)

+ (b*PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d - e)])/(2*e) - (bxPolyLogl[2

, (Sqrt[-cl*(d + exx))/(Sqrt[-cl*d + e)])/(2*e) + (b*PolyLogl[2, (Sqrtlcl*(d

+ exx))/(Sqrtlcl*d + e)])/(2%e)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]1*((a + b*Loglcx(d + exx
)°nl)/g), x] - Dist[bxe*x(n/g), Int[Logl[(ex(f + gxx))/(exf - dxg)]1/(d + ex*x)
, x], x1 /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)]1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ b*Loglc*(d + exx)~n])~p, (h*x) m*(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 6067

Int[((a_.) + ArcTanh[(c_.)*(x_)"(@m_)]*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol
] :> Simp[Logl[d + e*x]*((a + bxArcTanh[c*x"n])/e), x] - Dist[b*c*(n/e), Int
[x"(n - 1)*(Logld + e*x]/(1 - c™2*%x~(2#n))), x], x] /; FreeQ[{a, b, c, d, e
, n}, x] && IntegerQ[nl]

Rubi steps

1.2 1.2
/a—l—btanh (Cz)dx=/< a +btanh (cx )) i

d+ex d+ex d+ex

_ alog(d +ex) N b/ tanh™* (cz?)
e

d
d+ ez v
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Mathematica [C] Result contains complex when optimal does not.
time = 13.63, size = 285, normalized size = 0.88

b<2 tanh™" (cz?) log(d + ez) — log <(\/}f”> log(d + ex) — log (7\‘/}@')) log(d + ez) + log (’(:;F\/f)) log(d + ex) + log(d + ez) log (?E%) + PolyLog (2 %) - PolyLog(Z, %) — PolyLog (2. %) + PolyLog (2. %))

alog(d + ex)
. %

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x~2])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2*ArcTanh[c*x~2]*Log[d + exx] - Logl[(e*(I - Sqrtlc
1*x))/(Sqrt[c]*d + Ixe)lx*Logld + exx] - Log[-((ex(I + Sqrtl[cl*x))/(Sqrtl[c]*

d - I*xe))]*Logld + e*x] + Log[-((ex(1 + Sqrtlcl#*x))/(Sqrtlcl*d - e))]xLogld

+ exx] + Logld + exx]*Log[(e - Sqrt[c]l*exx)/(Sqrtlc]l*d + e)] + PolyLogl[2,
(Sqrt[cl*(d + e*xx))/(Sqrtl[cl*d - e)] - PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrt

[c]*d - Ixe)] - PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + I*e)] + PolyLog

[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d + e)]))/(2xe)

Maple [A]
time = 0.14, size = 362, normalized size = 1.11

method | result

e\/g—dc

default aln(ex+d) + bln(ex+d) arctanh (cz?) + 266\/E+dc n

bln(ez+d)In (W) bln(ez+d)In <E\/E+(”+d>c_dc> bdilog

e e

aln(ez+d)  bln(ez+d)In(—ca?+1) + e\/8+dc n e\/z_dc
2e

2e
bln(ez+d) In < V/C <“+d)c+dc> bln(ez+d) In <W> bdilog (

risch - 5% 5%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))/(e*xx+d),x,method=_RETURNVERBOSE)

[Out] a*1ln(e*x+d)/e+b*1ln(e*x+d)/e*arctanh(c*xx~2)+1/2*b/e*1ln(e*xx+d)*1n((exc~(1/2)-
(exx+d) *c+d*c)/(exc™(1/2)+d*c) ) +1/2*b/ex1n(e*x+d) *1n((exc” (1/2)+(e*xx+d) *c-d

*xc) /(exc™(1/2)-d*c))+1/2xb/exdilog((exc™(1/2) - (e*x+d) *c+d*c) / (exc™ (1/2)+d*c
))+1/2%b/e*xdilog((exc™(1/2)+(e*x+d) *c—d*c)/(e*c™(1/2)-d*c))-1/2xb/e*1n(e*x+

d) *1n((ex(-c)~(1/2)-(e*xx+d) *c+d*xc) /(e*(-c) ~(1/2)+d*c) ) -1/2*%b/e*1n(e*xx+d) *1n
((ex(-c)~(1/2)+(exx+d) *c-d*c)/(e*x(-c) ~(1/2)-d*c))-1/2xb/exdilog((ex(-c)~(1/

2) - (exx+d) *c+d*c) /(ex(-c)~(1/2)+d*c) ) -1/2*b/e*xdilog((e*x(-c) ~(1/2) +(e*xx+d) *c
-dxc)/(ex(-c)~(1/2)-d*c))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x~2))/(exx+d),x, algorithm="maxima")

[Out] a*e~(-1)*log(x*e + d) + 1/2xbxintegrate((log(c*x~2 + 1) - log(-c*x"2 + 1))/
(xxe + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(e*x+d),x, algorithm="fricas")
[Out] integral((bxarctanh(c*x~2) + a)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**2))/(e*x+d),x)

[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~2) + a)/(e*xx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2
/a-l—batanh(cx )dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))/(d + e*x),x)
[Out] int((a + b*atanh(c*x"2))/(d + e*x), x)
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a+btanh~1 (cx2) d
(d+ex)?

327 |

Optimal. Leaf size=166

by/c ArcTan(v/c'z) by/c tanh™ (Vc'z) a+btanh™ (ca?)  2bcdelog(d + ex) bedlog (1 — cz?) +bcd1
cd? + e? cd? — e? e(d + ex) c2d* — et 2e (cd? — €2?) 2e

[Out] (-a-b*arctanh(c*x~2))/e/(e*xx+d)+2%bxc*d*e*x1ln(e*xx+d)/(c"2*%d"4-e~4)-1/2*xb*c*d
*1n(-c*x~2+1)/e/(c*d"2-e~2)+1/2*b*c*xd*x1n(c*xx~2+1) /e/ (c*d~2+e"2) +b*arctan (x*
c~(1/2))*c~(1/2)/ (c*xd~2+e"2) -b*arctanh(x*c~(1/2))*xc~(1/2)/(cxd"2-e"2)

Rubi [A]
time = 0.20, antiderivative size = 166, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 9, number of rules used = 6, integrand size = 18,
Rules used = {6071, 6857, 649, 213, 266, 209}

_a+btanh™ (ca?) bv/c' ArcTan(v/c'z) = 2bedelog(d + ex) _ bedlog (1 —ca®)  bedlog(ca® +1) by/c tanh™ (v z)
e(d + ex) cd? + e2 c2dt — et 2e (cd? — €2) 2e (cd? + €?) cd? — e?

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x~2])/(d + e*x)~2,x]

[Out] (bxSqrt([cl*ArcTan[Sqrtl[cl*x])/(cxd”2 + e~2) - (b*Sqrt[c]*ArcTanh[Sqrt [c]*x]
)/(cxd”2 - e72) - (a + bxArcTanh[c*x"2])/(ex(d + e*x)) + (2*¥bxcxd*exLogl[d +
exx])/(c"2xd~4 - e"4) - (b*ckdxLogl[l - c*xx~2])/(2%e*(c*xd”2 - e72)) + (bx*c*
dxLog[1 + c*x72])/(2%e*(c*d"2 + e72))

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQl[a/b] &&
(LtQ[a, 0] Il GtQl[b, 01)

Rule 266
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649
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Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x”2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*x(x_))"(m_.), x_
Symbol] :> Simp[(d + exx)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c™2xx~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
/ a + btanh™ (cz?) a+btanh " (cz?) bf (d+ex)2(+c2x4) dx
dr = —
(d + ex)? e(d + ex) e
__a+ btanh~' (cz?)  (2bc) J ([@en)(i=c2zr) 4T
e(d + ex) e
_a+t btanh™' (cz?) (2bc) [ (_(_62d4fzz)(d+em) + 2(cd2—ee5)c(d—w1+cz2) + 2(cd2fj23%9164
T e(d+ex) e
_ a+btanh ' (cz?)  2bedelog(d +ex)  (be) [ e=edt g (be) [ % da
B e(d + ex) c2d* — et e (cd? — e?) e (cd? + e?)
_ a+btanh ! (cz?)  2bedelog(d +ex)  (be) [ —pamdr  (be%d) [ i a
 e(d+ex) c2dt — et cd®—e2  e(cd?—€2)
_byctan™' (Ve'z) by tanh™' (Ve'z)  a+btanh ! (cz?)  2bedelog(d
B cd? + €2 a cd? — e? a e(d + ex) c2d* — ¢

Mathematica [A]
time = 0.24, size = 261, normalized size = 1.57

1 < 2a 2by/c’ ArcTan(v/c'z)  2btanh™! (cz?) = bv/c (*2d® — cd®e — €*) log (1 — /c'z) 4 by (*2d® + cd?
DA - 2

e+e?)log (1++c'z) . 4bede log(d + ex) . bc*d®log (1 +ca?)  bedelog (1 — c*a?)
d+ ex) cd? + €2 e(d+ ex) —c*die+ €° - 5 5

die + € c2dt — et ctdte — e® c2dt — et

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~2])/(d + e*x)~2,x]
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[Out] ((-2%a)/(ex(d + exx)) + (2%b*Sqrt[cl*ArcTan[Sqrtlcl*x])/(c*d"2 + e~2) - (2%
bxArcTanh[c*x~2])/(e*x(d + e*x)) + (bxSqrtlcl*(c™(3/2)*d"3 - c*xd"2xe - e~3)*
Log[1l - Sqrtlcl*x])/(-(c"2xd~4xe) + e75) + (b*Sqrtlc]l*(c~(3/2)*d"3 + cxd~2x%

e + e"3)*xLog[1 + Sqrtlcl*x])/(-(c"2*%d"4*e) + e75) + (4*bkckd*exLogl[d + e*x]
)/(c™2%d"4 - e~4) + (b*xc™2%d"3*Logl[l + c*xx~2])/(c"2%d"4*e - e~5) - (b*c*d*e
xLog[1l - c™2xx74])/(c”2%d"4 - e74))/2

Maple [A]
time = 0.33, size = 181, normalized size = 1.09

method | result

default | ——a  _ barctanh(cz?)  bedln(ca®-1) 2by/C arctanh(x\/g) bedIn(cz?+1) 2by/C arctan(zﬁ)
elau (ex+d)e (ex+d)e e(2cd?—2e2) 2cd?—2e2 e(2cd?+2e2) 2cd?+2e?

+

risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))/(e*x+d)~2,x,method=_RETURNVERBOSE)

[Out] -a/(e*x+d)/e-b/(e*x+d)/exarctanh(c*x~2)-b/e*c/(2xc*d"2-2*%e~2) *d*1n(c*x~2-1)
-2xbxc”(1/2) / (2*xcxd~2-2*e~2) *arctanh (x*c~(1/2) ) +b/exc/ (2*c*d~2+2xe~2) *d*1n (
cxx”2+1)+2xbxc” (1/2) / (2%c*xd~2+2xe~2) *arctan (x*c” (1/2) ) +2xbxe*cxd/ (cxd"2-e~2

)/ (c*d"2+e~2) *1n(e*x+d)

Maxima [A]
time = 0.46, size = 171, normalized size = 1.03

c2d* — et cd’e + €® cd?e — €3 (cd? + e2)y/c' * (cd? — e2)4/c ze? + de T ze? +de

Cz—ﬁ
1 ((4 delog (ze + d) n dlog(ca® +1)  dlog(cz® —1) + 2 arctan (v/c ) log <cz+\/5 o 2 artanh (cz?) b a
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(exx+d)~2,x, algorithm="maxima")

[Out] 1/2*%((4*d*exlog(xxe + d)/(c"2xd"4 - e"4) + dxlog(c*x~2 + 1)/(c*d"2xe + e73)
- dxlog(c*x~"2 - 1)/(c*d"2xe - e73) + 2*arctan(sqrt(c)*x)/((cxd”2 + e~2)*sq
rt(c)) + log((c*x - sqrt(c))/(c*xx + sqrt(c)))/((c*d™2 - e~2)*sqrt(c)))*c -
2xarctanh(c*x~2)/(x*e”2 + dxe))*b - a/(x*e”2 + dx*e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 885 vs.
2(149) = 298.
time = 2.57, size = 1762, normalized size = 10.61

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(exx+d)~2,x, algorithm="fricas")
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[Out] [-1/2*%(2*a*xc”2*d"4 - 2*xaxcosh(1)~4 - 8*a*cosh(1) " 3*sinh(1) - 12*a*cosh(1)"2
*3inh (1) "2 - 8*a*cosh(1)*sinh(1)~3 - 2*a*sinh(1)~4 - 2*(b*c*d~2*x*cosh(1)~2
+ b*cxd~3*cosh(1) - b*x*cosh(1)~4 - b*x*sinh(1)~4 - bxd*cosh(1)~3 - (4*b*x
*cosh(1) + bxd)*sinh(1)~3 + (b*c*d"2*x — 6*b*x*cosh(1)”2 - 3*bxd*cosh(1))x*s
inh(1)~2 + (2*b*c*d~2*x*cosh(1) + bxc*d™3 - 4xb*x*cosh(1)~3 - 3*b*d*cosh(1)
~2)*sinh(1))*sqrt(c)*arctan(sqrt(c)*x) + (b*c*d 2*x*cosh(1)~2 + b*c*d~3*cos
h(1) + b*x*cosh(1)~4 + b*x*sinh(1)~4 + bxd*cosh(1)~3 + (4*b*x*cosh(1l) + b*d
)*sinh(1) "3 + (b*c*d~2*x + 6*b*x*cosh(1)~2 + 3*b*d*cosh(1))*sinh(1)"2 + (2%
bxc*d~2*x*cosh(1) + bxcxd~3 + 4xbxx*cosh(1)~3 + 3*b*d*cosh(1)~2)*sinh(1))*s
qrt (c)*log((c*x~2 + 2*sqrt(c)*x + 1)/(c*x"2 - 1)) - (b*c™2*d"3*x*cosh(1l) +
b*c™2%d"4 - b*c*d*x*cosh(1)”3 - bxcxd*x*sinh(1)~3 - b*c*d~2*cosh(1)~2 - (3%
b*cxd*x*cosh(1l) + bxc*d™2)*sinh(1)~2 + (b*c™2*xd"3*x - 3*b*c*d*x*cosh(1)~2 -
2*bxcxd~2*cosh(1))*sinh(1))*1log(c*x~2 + 1) + (bxc~2*d"3*x*cosh(1l) + bxc™2%
d"4 + bxcxd*x*cosh(1)~3 + b*cxd*x*sinh(1)~3 + b*c*d"2xcosh(1)~2 + (3*b*c*d*
x*cosh(1l) + bxc*d~2)*sinh(1)~2 + (b*c™2xd"3*x + 3xb*cxd*x*cosh(1)~2 + 2*bxc
*d~2*cosh(1))*sinh(1))*log(c*x"2 - 1) - 4x(b*cxd*x*cosh(1)~3 + b*cxd*x*sinh
(1)73 + bxcxd"2xcosh(1) "2 + (3*b*c*d*x*cosh(1l) + bxc*d~2)*sinh(1)~2 + (3*b*
ckd*xxcosh(1) "2 + 2xb*c*d~2*cosh(1))*sinh(1))*log(x*cosh(1) + x*sinh(1) + d
) + (b*c"2%d"4 - b*cosh(1)~"4 - 4xbxcosh(1) 3*sinh(1) - 6*b*cosh(1) 2*sinh(1
)~2 - 4xb*cosh(1)*sinh(1)~3 - bx*sinh(1)~4)*log(-(c*x"2 + 1)/(c*x~2 - 1)))/(
c"2*%d"4*x*cosh(1) "2 + c~2*xd~5*cosh(1) - x*cosh(1)”6 - x*sinh(1)~6 - d*cosh(
1)7"5 - (6*x*cosh(1) + d)*sinh(1)”"5 - 5%(3*x*cosh(1)~2 + d*cosh(1))*sinh(1)~
4 - 10*x(2*xx*cosh(1)~3 + d*cosh(1)~2)*sinh(1)~3 + (c™2*d"4*x - 15*x*cosh(1)”
4 - 10*d*cosh(1)~3)*sinh(1)~2 + (2*xc~2*d~4*x*cosh(1l) + c~2*d"5 - 6*x*cosh(1
)~5 - 5xd*cosh(1)"4)*sinh(1)), -1/2*%(2*a*c”2*d"4 - 2*a*cosh(1)~4 - 8*a*cosh
(1)"3%sinh(1) - 12*a*cosh(1) " 2*sinh(1)~2 - 8*a*cosh(1)*sinh(1)~3 - 2*a*sinh
(1)74 - 2% (bxc*xd™2*x*cosh(1)”2 + b*xcxd"3*cosh(1l) + b*x*cosh(1)~4 + b*x*sinh
(1)74 + bxd*cosh(1)~3 + (4xb*x*cosh(1l) + b*d)*sinh(1)~3 + (bxc*d~2*x + 6*b*
x*cosh(1)”2 + 3*b*d*cosh(1))*sinh(1)"2 + (2*b*c*d~2*x*cosh(1l) + bxc*d~3 + 4
*bxx*cosh(1)~3 + 3%b*d*cosh(1)~2)*sinh(1))*sqrt(-c)*arctan(sqrt(-c)*x) - (b
*cxd~2*x*cosh(1) "2 + b*cxd"3*cosh(1l) - b*x*cosh(1)~4 - b*x*sinh(1)~4 - bxdx*
cosh(1)~"3 - (4xb*x*cosh(1l) + b*d)*sinh(1)~3 + (b*c*d~2*x - 6*b*x*cosh(1)~2
- 3*b*d*cosh(1))*sinh(1)"2 + (2*b*c*d~2*x*cosh(1l) + bxc*d~3 - 4xb*x*xcosh(1)
=3 - 3*bxd*cosh(1)~2)*sinh(1))*sqrt(-c)*log((c*x"2 + 2*sqrt(-c)*x - 1)/(c*x
"2 + 1)) - (bxc~2*d"3*x*cosh(1l) + b*c~2*xd"4 - bxcxd*x*cosh(1)~3 - b*c*d*x*s
inh(1)~3 - b*cxd"2*cosh(1)~2 - (3*bxc*d*x*cosh(1l) + b*cxd~2)*sinh(1)"2 + (b
*xC"2%d"3%x - 3*b*ckd*x*xcosh(1)~2 - 2%b*c*d~2xcosh(1))*sinh(1))*log(c*x~2 +
1) + (b*c”2*%d"3*x*cosh(1l) + b*xc™2xd"4 + b*cxd*x*cosh(1)~3 + b*c*d*x*sinh(1)
~3 + bxc*d"2*cosh(1)~2 + (3*b*cxd*x*cosh(1l) + bxc*d~2)*sinh(1)”2 + (b*c™2*d
“3xx + 3*bxcxd*x*cosh(1)~2 + 2*¥bxc*xd~2*cosh(1))*sinh(1))*log(c*x~2 - 1) - 4
* (b*cxd*x*cosh(1) "3 + b*cxd*x*sinh(1)~3 + bkc*d~2*cosh(1)~2 + (3*b*cxd*x*co
sh(1) + b*c*d"2)*sinh(1)"2 + (3*b*c*d*x*cosh(1)~2 + 2xbxcxd~2*xcosh(1))*sinh
(1)) *log(x*cosh(1l) + x*sinh(1) + d) + (b*c™2*d"4 - b*cosh(1)~4 - 4xbxcosh(1
)"3*sinh(1) - 6*b*cosh(1) " 2*sinh(1)~2 - 4*b*cosh(1)*sinh(1)~3 - b*sinh(1)"4
)*xlog(-(c*xx~2 + 1)/(c*xx"2 - 1)))/(c"2xd"4*x*cosh(1)"2 + c~2*d"5*cosh(1) - x
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*cosh(1)”"6 - x*sinh(1)76 - d*cosh(1)"5 - (6*x*cosh(1) + d)*sinh(1)"5 - 5x(3
*x*cosh(1)~2 + d*cosh(1))*sinh(1)~4 - 10*(2*x*cosh(1)~3 + d*cosh(1)~2)*sinh
(1)73 + (c™2*d"4*x - 15*x*cosh(1)”4 - 10*d*cosh(1)~3)*sinh(1)~2 + (2*c~2*xd"
4xx*xcosh(1l) + c~2%d"5 - 6*x*cosh(1)”5 - 5xd*cosh(1)~4)*sinh(1))]

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x**2))/(e*x+d)**2,x)
[Out] Timed out

Giac [A]
time = 0.45, size = 269, normalized size = 1.62

ol 2 ol _ 2
2ed o2 2 2ed &2 5 9 t crrateara 9 " cotd extd e
1 Cdl‘)g(c_ﬁ"'w"'m)7Cdl°g(c_ezid+m_ﬁ7>+ carca.n( Wara . /¢ arctan Ve 7log( :i271) . a
2 cd?e + €3 cd’e — €3 (cd? — e2)v/—c cd? + €2 (ex + d)e (ex + d)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(e*x+d)~2,x, algorithm="giac")

[Out] 1/2*%(c*d*log(c - 2*kcxd/(exx + d) + c*d™2/(e*xx + d)~2 + e”2/(exx + d)~2)/(c*
d~2xe + e73) - cxdxlog(c - 2xcxd/(exx + d) + c*d"2/(exx + d)"2 - e”2/(e*x +
d)~2)/(c*d"2xe - e~3) + 2*ckarctan((c*d - c*d"2/(exx + d) + e”2/(e*xx + d))
/(sqrt(-c)*e))/((cxd~2 - e~2)*sqrt(-c)) + 2*ksqrt(c)*arctan((c*d - cxd~2/(ex

x +d) - e"2/(exx + d))/(sqrt(c)*e))/(c*d”2 + e72) - log(-(c*x~2 + 1)/(c*x~

2 - 1))/ ((exx + d)*e))*b - a/((exx + d)*e)

Mupad [B]
time = 2.60, size = 727, normalized size = 4.38

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))/(d + e*x)~2,x)

[Out] (log((16%b~4xc~10*x)/e - ((b*(-c)~(1/2)*e + bkc*xd)*(8*b~3*c~9*e - ((b*x(-c)~
(1/2)*xe + bxcxd)*(((b*x(-c)~(1/2)*e + bkxc*d) *((8*x*(4xb*xc~11xd"5%e~2 + 52xbx*
c9xd*e"6))/e"2 - ((bx(-c)~(1/2)*e + bxc*d)*(384*c~8*d*e~6 + (8*xx*(40*c~8*e
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"9 + 24%c”10%d"4*e”5))/e”2 + 128*c~10*d"5*%e”2))/(2x(e~3 + c*d"2*e)) + 320%b
*Cc~9xd"2%e73)) /(2% (e”3 + cxd"2%e)) - 64*xb~2*c”10*d"2*e*x))/(2*x(e”3 + c*xd~2x*
e)) + (8*b"3*c~11*xd"3*x)/e"2))/(2%(e”3 + cxd~2*e)))*(bx(-c)~(1/2)*e + b*c*d
))/(2%(e”3 + c*d"2%e)) - a/(dxe + e"2*xx) - (log(((b*x(-c)~(1/2)*e - bxcxd)*(
8*b~3xc"9%e - ((b*x(-c)~(1/2)*e - bxc*d)*(((bx(-c)~(1/2)*e - bxc*d)*((8*x* (4
*bxc~11*%d"5%e"2 + 52%b*c”9*d*e”6))/e"2 + ((b*(-c)~(1/2)*e - bxc*d)*(384*c”8
*dxe"6 + (8*x*x(40*c™8*e”9 + 24*c”10*d"4*e”5))/e”2 + 128%c~10*d"5%e"2) )/ (2x*(
e”3 + cxd"2xe)) + 320*b*xc”9xd"2*e~3))/(2x(e”3 + c*d"2xe)) + 64*b"2xc”10*d"2
xe*x))/(2%(e”3 + cxd"2*xe)) + (8*%b~3*%c”11*d"3*x)/e"2))/(2*%(e”3 + c*d"2*e)) +
(16%b~4*c~10%x) /e) * (bx(-c)~(1/2)*e - bxc*d))/(2*%(e"3 + cxd"2*e)) - (bxlog(
c*x"2 + 1))/ (2%ex(d + e*x)) - (bxc~(1/2)*log(c~(1/2)*x - 1))/(2*x(e”2 + c~(1
/2)*dxe)) + (b*c”(1/2)*1log(c™(1/2)*x + 1))/(2%x(e”2 - c~(1/2)*d*e)) + (bxlog
(1 - c*x72))/(ex(2*%d + 2xexx)) - (2*bk*cxdxexlog(d + exx))/(e”4 - c~2xd~4)
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-1 2
3.98 ch—bta,nh (cx ) dz

(d+ex)?
Optimal. Leaf size=226
B bede +bc3/2dArcTan(\/Ex) _bc*Pdtanh™ (Ve'w) a+btanh™' (ca?) | bee(3c*d! + ) Ic
(c2d* — e*) (d + ex) (cd? + €2)” (cd? — €2)? 2e(d + ex)? (c*d* — ¢

[Out] -bxc*d*e/(c~2*xd"4-e~4)/(exx+d)+b*c”~(3/2)*d*arctan(x*c~(1/2))/(c*d"2+e~2) "2+
1/2*(-a-b*arctanh(c*x~2))/e/ (e*xx+d) “2-b*c~ (3/2) *d*arctanh (x*xc~(1/2))/(c*d~2

-e72) "2+b*c*e* (3*xc"2*d"4+e"4) *1n(e*x+d) / (c"2*d"4-e"4) "2-1/4*bxc*x (cxd"2+e”~2)
*1n(-c*x"2+1)/e/(c*d"2-e72) "2+1/4%b*cx (cxd"2-e"2) *1n(c*x"2+1) /e/ (c*d"2+e"2)

-2

Rubi [A]

time = 0.26, antiderivative size = 226, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.333,
integrand size

steps used = 9, number of rules used = 6, integrand size = 18,
Rules used = {6071, 6857, 649, 212, 266, 209}

a+btanh™ (cz?) = bc*?dArcTan(v/c ) B bc*/2dtanh ™" (v/c z) bede bee(3c*d* + ') log(d +ex)  be(ed® + €) log (1 — cz?) " be(cd? — e2) log (cx? + 1)

+
2e(d + ex)? (cd? + €2)? (cd? — €?)? (c?d* —e*) (d + ex) * (c2d — et)? e (cd? — €2)’ de (cd? + €2)®

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x~2])/(d + e*xx)~3,x]

[Out] -((b*cxd*e)/((c™2*%d"4 - e”4)*(d + e*x))) + (b*c~(3/2)*d*ArcTan[Sqrt[c]l*x])/
(cxd™2 + e72)72 - (b*c~(3/2)*d*ArcTanh[Sqrt[c]*x])/(cxd"2 - e72)"2 - (a + b
xArcTanh [c*x~2])/(2%e*(d + e*x)~2) + (bxcxe*(3*c™2*d"4 + e~4)*Logl[d + exx])
/(c”2%d"4 - e74)"2 - (bxcx(cxd™2 + e”2)*Logl[l - c*x72])/(4*ex(c*d™2 - e~2)~
2) + (b*xc*(c*d™2 - e"2)*Log[1l + c*x"2])/(4xex(cxd"2 + e72)"2)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01D

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 649

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)*c]

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(m_)]1*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[bxcx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c™2xx~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps

[t [ (o )

a b tanh™! (cx?) p
= — —_— dx
2e(d + ex)? (d+ex)d
Mathematica [A]
time = 0.46, size = 379, normalized size = 1.68
( b b (vez) (cz?) _ bed( Ve )log (1- V&' \/chwzmmg(uﬁz}+4m(3mu) (d+ex) | be*(d + 3! log (1 beef( ) log (. ))
(¢ IR ) ) (cd? + €2y ( ) ( ) ( ) (et + ety e(—cd' +ef) (= )

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~2])/(d + e*x)"~3,x]

[Out] ((-2*a)/(ex(d + exx)~2) - (4*bxckd*e)/((c™2xd™4 - e"4)*(d + e*x)) + (4*bxc”
(3/2)*d*ArcTan[Sqrt[c]*x])/(cxd"2 + e72)"2 - (2xbxArcTanh[c*x"2])/(ex(d + e
*x)"2) - (b*c™(3/2)*d*(c~(5/2)*d"5 - 2*%c~2*d"4xe - 4*xcxd"2%e”3 + 3xSqrt[c]*
dxe~4 - 2*xe~5)*Log[1l - Sqrtlcl*x])/(ex(-(c™2%d"4) + e74)"2) - (b*xc~(3/2)*d*
(c™(5/2)*d"5 + 2*c™2*d"4*e + 4*xc*kd"2*e”3 + 3*Sqrt[c]l*d*e”4 + 2%e~5)*Logl[l +
Sqrt[cl*x])/(ex(-(c™2%d™4) + e74)72) + (4xbxcxex(3*c™2*d"4 + e~4)*Logld +
exx])/(-(c™2*d™4) + e74)72 + (b*c™2*(c"2+d"6 + 3*d~2*xe~4)*Logl[l + c*x~2])/(
ex(-(c™2xd"4) + e74)72) - (bxcxex(3*xc™2+%d"4 + e~4)*Logl[l - c™2*xx~4])/(-(c"2

*d~4) + e~4)"2)/4
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Maple [A]
time = 0.34, size = 310, normalized size = 1.37

method | result

default a —

" 2(ez+d)%e 2(ex+d)%e de(cd?—e?)? 4(cd2—e?)? o (cd?2—e?)? de(cd?+e2)?

3
barctanh (cx?) _ bc?In(cz?—1)d? _ becln(cz?—1) bc2darctanh(z\/g) bc?In(ca?+1)d? _ becl

4(c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~2))/(e*x+d)~3,x,method=_RETURNVERBOSE)

[Out] -1/2*a/(e*x+d)~2/e-1/2xb/(e*xx+d) "2/exarctanh(c*x~2)-1/4*b/exc”2/(c*d~2-e"2)
~2x1n(c*x"2-1)*d"2-1/4%bxexc/ (c*d"2-e~2) "2*1In(c*x~2-1) -b*c~(3/2) *d*arctanh (
x*c~(1/2))/(c*d"2-e72) "2+1/4%b/exc”2/ (c*d"2+e”2) "2*1n(cxx~2+1) *d~2-1/4*b*e*
c/(c*xd~2+e~2) ~2x1n(c*x~2+1) +b*c~(3/2) *d*arctan(x*c~(1/2))/(c*d~2+e~2) ~"2-b*e

*c*xd/ (c*d"2-e"2) / (cxd~2+e"2) / (e*xx+d) +3*b*e*xc”~3/ (cxd~2-e72) "2/ (c*d"2+e"2) ~2%
1n(e*xx+d) *d~4+bxe”5*c/ (c*xd"2-e"2) "2/ (c*xd"2+e~2) "2x1n(e*x+d)

Maxima [A]
time = 0.48, size = 300, normalized size = 1.33

o/
1 ((4 V@ darctan (&) 2 VE o8 (rm/%) 4de (o = )log(er? +1) _ (o + e log (2~ 1) 43 + &) log (we + 4)) 2 artanh () )h a

— _ + - _ -
4 d* + 2cd?e? + e* c2d* — 2cd?e? + e* A + (de — %)z — det c2die + 2 cd?ed + €b c2die — 2cd?e® + €0 cAd® — 2c2diet + e® €7 2% + 2due? + dPe 2 (z2€3 + 2dze? + d2e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(exx+d)~3,x, algorithm="maxima")

[Out] 1/4*%((4*sqrt(c)*d*arctan(sqrt(c)*x)/(c"2*d"4 + 2*c*d"2*xe”2 + e74) + 2*sqrt(
c)*d*log((c*x - sqrt(c))/(cxx + sqrt(c)))/(c”2+%d™4 - 2xcxd"2*e”"2 + e”4) - 4
xdxe/(c”2+%d”5 + (c"2*d"4xe - e75)*x - dxe”4) + (cxd"2 - e"2)*log(c*x"2 + 1)
/(c™2%d"4*e + 2%c*d"2%e”3 + e75) - (c*d™2 + e"2)*log(c*x™2 - 1)/(c”2*d 4*e

- 2%c*kd"2%e”3 + e75) + 4x(3*%c”2*d"4*e + e~5)*log(x*e + d)/(c™4*d™8 - 2%c”2x
d~4xe”4 + e78))*c - 2*arctanh(c*x~2)/(x"2*%e”~3 + 2*d*x*e”2 + d"2%e))*b - 1/2
*xa/(x"2%e"3 + 2xdxx*e”2 + d"2xe)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 4393 vs.
2(205) = 410.
time = 19.41, size = 8795, normalized size = 38.92

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(exx+d)~3,x, algorithm="fricas")

[Out] [-1/4%(2%a*xc”™4*d"8 + 4xbxc~3*%d"5*x*cosh(1)~3 + 4*xb*c~3*d~6%cosh(1) "2 - 4*ax
c~2*%d"4*cosh(1) "4 - 4xbxc*d*xx*cosh(1)~7 - 4xbxc*d~2%cosh(1)~6 + 2*axcosh(1)
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~8 + 2*a*sinh(1)7"8 - 4x(bxcxd*x - 4+*a*cosh(1))*sinh(1)77 - 4x(7*b*c*d*x*cos
h(1) + b*xcxd™2 - 14*a*xcosh(1) 2)*sinh(1)"6 - 4*x(21*b*c*d*x*cosh(1)~2 + 6*b*
c*d~2*cosh(1) - 28*axcosh(1)~3)*sinh(1)"5 - 4x(axc™2*xd~4 + 35*b*c*d*x*cosh(
1)°3 + 15xbxc*d"2*cosh(1) "2 - 35*ax*cosh(1)~4)*sinh(1)~4 + 4*(b*c~3*d"5*x -
dxaxc~2xd~4*xcosh(1l) - 35*b*ckd*x*cosh(1l)~4 - 20*bxc*d~2*cosh(1) "3 + 28*ax*co
sh(1)~5)*sinh(1) "3 + 4% (3*b*c~3*d"5*x*cosh(1) + b*c~3*d~6 - 6*a*c”2*d"4*cos
h(1)"2 - 21*b*c*d*x*cosh(1)”"5 - 15xbxcxd~2*cosh(1)~4 + 14*a*cosh(1)~6)*sinh
(1)72 - 4% (2xbxc~3*d"6*x*cosh(1) "2 + bxc"3*d"T7*cosh(1) + 4xbxc”~2*d"4*x*cosh
(1)74 + b*c*d*x"2*cosh(1)”7 + b*xcxd*x"2*sinh(1) "7 + 2*b*cxd~2*x*cosh(1)"6 +
(7T*b*c*d*x~2*cosh(1) + 2xbkc*d™2*x)*sinh(1)76 + (2*b*c™2*%d"3*x"2 + b*c*xd~3
Yxcosh(1)"5 + (2%b*c™2%d"3*x"2 + 21*b*c*d*x"2*cosh(1)”"2 + 12xbxc*d~2*x*cosh
(1) + b*c*d~3)*sinh(1)~5 + (4*b*c™2*xd"4*x + 35xb*c*d*x~2*cosh(1)~3 + 30*b*c
*d~2xx*cosh(1) "2 + 5% (2%bxc”2*d"3*x"2 + b*c*d~3)*cosh(1))*sinh(1)"4 + (b*c~
3*%d"5*x"2 + 2*b*xc”2*%d"5)*cosh(1) "3 + (b*c~3*d"5*x"2 + 16*b*c”2*d"4*x*cosh(1
) + 35%b*cxd*xx”"2*cosh(1) "4 + 2¥b*xc~2*xd"5 + 40*bxc*xd~2*x*cosh(1)~3 + 10*(2*b
*Cc"2xd"3*x"2 + b*c*d"3)*cosh(1)"2)*sinh(1)73 + (2*xb*c™3*d"6*x + 24*b*c~2xd~
4xx*cosh(1)”2 + 21xbxckd*x~2*cosh(1)~5 + 30*bkxc*d~2*x*cosh(1)~4 + 10*(2*b*c
~2xd"3*x"2 + bxc*xd"3)*cosh(1)”3 + 3*(b*xc~3*d"5*%x"2 + 2*b*c~2*d~5)*cosh(1))x*
sinh(1) "2 + (4*b*c~3*d"6*x*cosh(1l) + b*c~3*d”7 + 16*b*xc~2*xd~4*x*cosh(1)~3 +
T*b*cxd*xx~2*%cosh(1) "6 + 12*bxcxd”2*x*cosh(1)75 + 5*x(2xbkc™2+%d"3*x"2 + b*c*
d~3)*cosh(1)~4 + 3x(b*c~3*d~5*x~2 + 2%b*c”~2*d~5)*cosh(1)~2)*sinh(1))*sqrt(-
c)*arctan(sqrt(-c)*x) - 2*%(2*¥b*c~3*d~6*x*cosh(1)~2 + bxc~3*d"7*cosh(1l) - 4x
bxc”"2*%d"4*x*xcosh(1) "4 + bkc*d*x"2*xcosh(1)~7 + b*xckd*x"2*sinh(1)~7 + 2xb*c*d
~2xx*cosh(1) 76 + (7*b*cxd*x"2*cosh(1l) + 2*b*c*d~2*x)*sinh(1)76 - (2%b*c~2*d
“3%x72 - b*c*d"3)*cosh(1)"5 - (2*b*c™2*%d"3*x"2 - 21*b*cxd*x~2*cosh(1)"2 - 1
2%b*xckd~2*xx*cosh(1l) - b*c*d~3)*sinh(1)75 - (4*xbxc~2*%d"4*x - 35*b*xc*d*x~2*co
sh(1)~3 - 30*b*c*d~2*x*cosh(1)”2 + 5x(2xb*c~2*d"3*x"2 - b*c*d~3)*cosh(1))*s
inh(1)74 + (b*c~™3*d"5*x"2 — 2%b*c~2*d"5)*cosh(1)”"3 + (b*c~3*d"5*x"2 - 16*b*
c~2xd"4x*x*cosh(1) + 35*bxcxd*x”2*cosh(1)”"4 - 2%bxc~2*d"5 + 40*bxc*d”2*x*cos
h(1)73 - 10*%(2%b*c™2*d"3*x"2 - b*c*d~3)*cosh(1)2)*sinh(1)~3 + (2*xb*xc~3*d"6
*x — 24%b*c”2xd"4*x*cosh(1) "2 + 21*bxcxd*x~2*cosh(1)~5 + 30*bxc*xd”2*x*cosh(
1)74 - 10*(2*b*c™2*%d"3*x"2 - bxc*d~3)*cosh(1)~3 + 3*(b*xc~3*d"5%x"2 — 2*b*c”
2*%d~5)*cosh(1))*sinh(1) "2 + (4xb*c~3*d~6*x*cosh(1l) + bxc~3*d"7 - 16*b*c™2*d
“4xx*xcosh(1) "3 + 7*b*c*d*x~2*cosh(1)76 + 12*b*c*d~2*x*cosh(1)~5 - 5%(2%bxc”
2*%d"3*x"2 - b*c*d~3)*cosh(1)"4 + 3*(b*c~3*d"5*x"2 — 2*xbxc~2*d~5)*cosh(1)~2)
*sinh (1)) *sqrt(-c)*log((c*x™2 + 2xsqrt(-c)*x - 1)/(c*x"2 + 1)) - (2xbxc~4*d
“T*x*cosh(1) + b*c™4*xd~8 - 6xb*c~3*d"5*x*cosh(1)~3 + 6xbxc~2*xd~3*x*cosh(1)”~
5 - bxc*x"2%cosh(1)”"8 - b*c*xx"2*sinh(1) "8 - 2%b*cxd*x*cosh(1)~7 — 2% (4*bxcx*
x"2%cosh(1) + b*cxd*x)*sinh(1)~7 + (3*b*c™2*xd"2*x"2 - b*c*xd~2)*cosh(1)”6 +
(3*%b*c™2%d"2%x"2 - 28*b*xcxx"2*xcosh(1) "2 - 14*b*c*d*x*cosh(l) - b*c*d"2)*sin
h(1)76 + 2x(3*b*c™2*%d"3*x - 28*bxc*xx~2*cosh(1)~3 - 21xbxcxd*x*cosh(1)~2 + 3
* (3*b*c”2*%d"2*%x"2 - b*c*xd~2)*cosh(1))*sinh(1)"5 - 3*(b*c~3*d~4*x"2 - b*c™ 2%
d~4)*cosh(1)~4 - (3*b*c~3*d"4*x"2 - 30*b*xc~2xd~3*x*cosh(1l) + T70*b*c*x~2*cos
h(1)74 - 3*bxc”™2%d"4 + 70*b*c*d*x*cosh(1)~3 - 15x(3*b*c™2*xd"2*x"2 - bxc*xd~2
Y*cosh(1)"2)*sinh(1) "4 - 2*(3*b*xc~3*d~5*x - 30*b*c~2*d"3*x*cosh(1)~2 + 28%b



192

*cxx~2*%cosh(1) "5 + 35%b*cxd*x*kcosh(1)~4 — 10*(3*bxc~2*d"2%x"2 - b*c*d~2)*co
sh(1)"3 + 6*%(b*c™3*xd~4*x~2 - b*c~2*%d"4)*cosh(1))*sinh(1)~3 + (b*c~4*d"6*x"2
- 3*bxc"3*%d"6)*cosh(1) "2 + (b*c™4*d"6*x"2 - 18*b*c~3*d"5*x*cosh(1) - 3*b*c
~3*%d"6 + 60*b*c”~2*d"3*x*cosh(1)~3 - 28*b*c*x~2*cosh(1)~6 - 42xbxcxd*x*cosh(
1)7°5 + 15%(3*b*xc™2*%d"2*%x"2 - b*ckd"2)*cosh(1)~4 - 18*(b*c~3*d"4*x"2 - b*xc~2
*d~4)*cosh(1)"2)*sinh(1) 72 + 2% (b*c™4*d"7*x - 9*bxc~3*d"5*x*cosh(1)”2 + 15x%
b*c~2*%d"3*x*cosh(1) "4 - 4xb*c*x"2*xcosh(1)~7 - 7xbkc*d*x*cosh(1)~6 + 3*(3*bx*
c"2%d"2%x"2 - b*xckxd"2)*cosh(1)"5 - 6%(b*c”~3*d"4*x"2 - b*xc~2*d~4)*cosh(1)"3

+ (b*c™4%d"6%x"2 - 3%bxc~3*d~6)*cosh(1))*sinh(1))*log(c*x~2 + 1) + (2%bxc™4
*d~7*xx*cosh(1l) + b*c~™4*d"8 + 6*b*c~3*d"5*x*cosh(1)~3 + 6*b*c~2*xd”~3*x*cosh(1
)"5 + bxc*x"2%cosh(1) "8 + b*xcxx~2xsinh(1)~8 + 2*b*c*d*x*cosh(1)77 + 2x(4xb*
cxx~2*cosh(1) + bkc*d*x)*sinh(1)"7 + (3*b*c™2*%d"2*x"2 + b*c*xd~2)*cosh(1)~6

+ (3*b*xc™2%d"2%x"2 + 28*b*c*x"2*xcosh(1)~2 + 14xb*c*d*x*cosh(1l) + bxcxd™2)*s
inh(1)76 + 2% (3*b*c~2*d"3*x + 28*b*c*x"2*cosh(1) "3 + 21*b*cxd*x*cosh(1)~2 +
3% (3*xb*xc™2*d"2%x"2 + b*c*d"2)*cosh(1))*sinh(1)75 + 3*(b*c~3*d"4*x"2 + b*c~
2*%d~4)*cosh(1) "4 + (3*b*c~3*d"4*x"2 + 30*b*c~2+%d"3*x*cosh(1) + 70*b*c*x~2*c
osh(1)74 + 3*b*c™2*xd"4 + TOxbxckxd*x*cosh(1)~3 + 15%(3*bxc~2%d"2*x"2 + b*c*d
~2)*cosh(1)"2)*sinh(1) "4 + 2*%(3*b*c~3*d"5*x + 30*b*c~2*d~3*x*cosh(1)"2 + 28
*b*c*x"2%cosh(1) "5 + 35xbxcxd*x*cosh(1) 4 + 10*%(3*bxc~2*xd"2*%x"2 + b*c*d™2)*
cosh(1)73 + 6*(b*xc™3*d"4*x~2 + b*c~2*d"4)*cosh(...

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**2))/(e*x+d)**3,x)
[Out] Timed out

Giac [A]
time = 22.47, size = 362, normalized size = 1.60

: o .
beldarctan (Veg) ¢ darctan (ﬁ) (bc*d® —boe*)log (ca® +1) _ (be* +bee?)log (—ea? + 1) (3be%d'e + bec®) log (ex +d) _ blog (7%111) ac’d® + 2bede’s + 2bed?e? — aet

ATt 2ede et | (Pdt - 2ede + ef)y/—c | A(Cdie+2cde + €%) 1(Pd%e — 2cd%® + &) AdF —23d%e" + & (@2 + 24P + Pe)  2(PdS7” + 23D en + Adoe — e'a? — 2deba — dPeb)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~2))/(exx+d)~3,x, algorithm="giac")

[Out] b*c~(3/2)*d*arctan(sqrt(c)*x)/(c"2+%d"4 + 2xcxd"2*e”2 + e~4) + b*c~2xd*xarcta
n(c*x/sqrt(-c))/((c"2xd~4 - 2xcxd~2%e”2 + e"4)*sqrt(-c)) + 1/4*(bxc™2*d"2 -
bxcxe~2)*log(c*x~2 + 1)/(c”2%d"4*e + 2xcxd"2xe”3 + e75) - 1/4*(bxc™2xd"2 +
bxcxe~2)*log(-c*x~2 + 1)/(c™2xd"4*e - 2xc*d"2%e"3 + e75) + (3*b*c~3xd"4*e
+ bxc*e”b)*log(exx + d)/(c™4*d"8 - 2*c"2xd"4*e”4 + e78) - 1/4%b*log(-(c*x~2
+ 1)/(cxx™2 - 1))/(e73*x"2 + 2xd*e”2%x + d"2%e) - 1/2%(a*c™2xd"4 + 2xbxc*d
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*e”3%x + 2%bxckd"2%e"2 - axe”4)/(c”2xd"4*e"3%x"2 + 2%c”2xd"5*ke"2%x + c~2%d"”
6xe — e T7T*x"2 - 2%d*xe"6xx — d"2%e”5h)

Mupad [B]
time = 5.28, size = 2016, normalized size = 8.92

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))/(d + e*x)~3,x)

[Out] ((a*c™2*%d~4 - axe”4 + 2*bxc*d~2xe”2)/(2*(e”4 - c~2%d"4)) + (bxc*d*e~3*x)/(e
"4 - c"2%d"4))/(d"2%e + e73*x"2 + 2*d*e”2*x) + (log(c*d~28*(-c~3)~(13/2) +
c"21%d"28*x + 100*%c”~7*xe~28*x - 100*c~2%e”28%(-c~3)~(3/2) + 496*d"2*e~26*(-c
~3)7(5/2) - 7398xd"8*e~20%(-c~3)~(7/2) + 17176*d"14*e"~14x(-c~3)~(9/2) - 270
3%d~20*%e"8x(-c~3)~(11/2) - 20*d"26*e"2*x(-c~3)~(13/2) + 496*c~8*d"2*e”26*x +
1473*%c™9*%d"4*e”"24*x + 3692*%c”10*d"6*e"22*xx + 7398*c~11*%d"8*e~20*x + 11868x*
c”12%d"10*%e”18*xx + 16015%c”13*%d"12*xe"16*x + 17176*c”14*xd"14*e”~14*x + 13192
cT15*%d"16xe”12xx + 6984*c”16*xd"18*e~10*xx + 2703*c~17*d"20*e " 8*x + T764*c~18%*
d~22%e”"6xx + T8*%c~19*%d"24*e"4*xx - 20%c~20*d"26*e"2*x + 3692%c”2*d"6*e”~22% (-
c~3)"(5/2) - 16015%c™2xd"12*%e~16*(-c~3) "~ (7/2) + 6984*c~2*xd~18*e~10*(-c~3) " (
9/2) - 78xc”2%d"24xe"4x(-c~3)"(11/2) + 1473xc*d"4*xe~24*x(-c~3)~(5/2) - 11868
*c*d~10*%e~18%(-c~3) ~(7/2) + 13192*c*d"16*%e~12*%(-c~3)~(9/2) - T64*c*d"22*e"6
*(-c”3)7(11/2) ) *(b*c™2%d"2 - b*c*e™2 + 2*xb*d*e*(-c~3)~(1/2)))/(4x(e”5 + 2xc
*d"2%e”3 + c"2xd"4*e)) - (log(c™21%d"28xx - c*d~28%(-c~3)~(13/2) + 100*c~7x*
e”28%x + 100*c™2%xe~28*(-c~3) " (3/2) - 496*d~2xe~26*(-c~3)~(5/2) + 7398*d"8*e
~20%(-c"3)"(7/2) - 17176*d"14*e~14%(-c~3)~(9/2) + 2703*d"20*e~8*(-c~3)~(11/
2) + 20*d"26%e"2x(-c”3) " (13/2) + 496*c~8*d"2*e"26%x + 1473*c”9*d"4*e”24*x +
3692*%c”10*%d"6*xe"22*%x + 7398*c"11*xd"8*e~20*x + 11868*c~12*d"10*e~18*x + 160
15%c™13%d"12*%e"16%x + 17176*%c”~14*%d"14*xe"14*xx + 13192*%c”15*%d"16*%e~12*%x + 698
4x%c”16*%d"18%e"10*x + 2703*%c”17*d"20*%e"8%x + 764*c”~18*%d"22*%e"6*x + 78*%c~19%d
“24*xe~4*x - 20%c”20*%d"26*e"2%x - 3692*xc”2*d"6xe"22*x(-c~3)~(5/2) + 16015%c"2
*d~12%e”16*%(-c~3) " (7/2) - 6984*c~2*%d"18*%e~10*(-c~3)~(9/2) + 78*c~2*%d"24*e"4
*(-c73)"(11/2) - 1473*cxd~4*e~24*(-c~3)~(5/2) + 11868*c*d~10*e~18*(-c~3) (7
/2) - 13192*%c*xd~16xe~12%(-c~3) ~(9/2) + 764*xcxd~22*xe~6*(-c~3) ~(11/2)) *(b*c*e
"2 - b*c"2%d"2 + 2*b*d*ex(-c~3)"(1/2)))/(4*x(e”5 + 2xc*xd"2%e”3 + c”~2*d"4*e))
- (log(100*e~28%(c~3)~(7/2) + c~2%d~28%(c~3)~(15/2) - 3692*d~6%e~22*(c~3)~
(9/2) + 16015*d"12*%e~16*(c~3)~(11/2) - 6984*d~18*e~10*(c~3)~(13/2) + 78*d"2
dxe”~4x(c~3)"(15/2) + c~25%d"28*x + 100*c~11*e"28*x - 496%c~12*d"2*e~26*x +
1473%c”13*%d"4*e"24*x - 3692*xc”14*xd"6*e " 22*%x + 7398*c~15%d"8xe~20*x - 11868%*
cT16*%d"10*%e"18%x + 16015*%c™17*d"12*xe"16*%x — 17176%c”18*d"14*e"14*x + 13192x%
cT19%d"16*%e"12xx — 6984*xc”20*d"18*%e " 10*x + 2703*%c™21*d"20*e " 8*x - 764*c~22x%
d"22%e”6xx + 78*%c”23*d"24*e " 4xx + 20%c”24*xd"26*%e"2*%x - 496*cxd"2*e”~26%*(c~3)
~(7/2) + 7398*cxd"8%e~20*(c~3)~(9/2) - 17176*c*d"14*xe~14%(c~3)"(11/2) + 270
3xcxd"20%e" 8% (c~3) ~(13/2) + 20*c*d~26*e”~2x(c~3)~(15/2) + 1473*c~2*d"4*xe”24x*
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(c™3)7(7/2) - 11868*c~2*d"10*e~18*(c~3)~(9/2) + 13192*%c~2*xd"16*e~12*(c~3) " (
11/2) - 764*xc™2%d"22*xe” 6% (c"3) " (13/2)) *(b*c™2*d"2 + bxc*xe”2 + 2*bxd*e*x(c”3)
~(1/2)))/(4%(e"5 - 2*%c*d"2*%e”3 + c"2*d"4*e)) - (log(100*e~28%(c~3)~(7/2) +

c"2%d"28%(c"3) " (15/2) - 3692*xd"6*e"22*(c"3)~(9/2) + 16015*xd~12*xe~16*(c~3)~(
11/2) - 6984*%d~18%e~10%(c~3)~(13/2) + 78*d"24*e~4*(c~3)~(15/2) - c~25*%d~28x*
x — 100*c™11xe"28*x + 496*%c™12*%d"2*xe”~26*x — 1473*c”13*d"4*e"24*x + 3692*xc”1
4xd"6*%e"22*%x — 7398*c”15%d"8*%e”20*x + 11868*c”~16*%d"10*xe~18*x - 16015*%c™17*d
T12*%e”16*x + 17176*%c”18*d"14*xe”14*xx — 13192%c”19*%d"16*e”~12*xx + 6984*c~20*d"™
18%e”10*x — 2703*%c™21*d"20*%e"8%x + 764*c™22%d"22*%e"6%x - 78*c~23*xd"24*e 4*x
- 20%c”"24*d"26%e"2*%x - 496xc*d"2xe”26*(c~3) " (7/2) + 7398*c*xd"8xe”~20*(c~3)"
(9/2) - 17176%c*d"14*%e”14x(c~3)~(11/2) + 2703*c*d"20*e~8*(c~3)~(13/2) + 20%
c*d~26*%e"2%(c"3) " (15/2) + 1473%c~2*%d"4*e"24%(c~3)~(7/2) - 11868*c~2*d"10*e~
18%(c~3)~(9/2) + 13192%c~2%d"16*%e”~12%x(c~3)~(11/2) - 764*c~2*xd"22*xe~6x(c~3)"
(13/2))*(b*c™2*%d"2 + b*c*xe™2 - 2xbxd*e*(c”3)~(1/2)))/(4x(e”5 - 2*xc*d"2*e"3
+ c"2xd"4*e)) + (log(d + e*x)*(bxcke™5 + 3xbkc~3xd"4*e))/(e"8 + c”4*d"8 - 2
xc"2%d"4*e"4) - (b*log(c*xx~2 + 1))/(4*xex(d"2 + e~2*%x"2 + 2xd*e*xx)) + (bxlog
(1 - c*x72))/(2%e*x(2+%d"2 + 2%e"2%x"2 + 4*d*e*x))
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3.29 [(d+ex) (a+btanh™ (cwz))z dx

Optimal. Leaf size=1085

2abdArcTan(+/c z) +ib2dArcTan(\/Ez)2 2abdtanh™" (v/c'z) b*dtanh™' (\/E:c)2 +e(a + btan.
Ve Ve Ve NG 2

[Out] -1/2%b~2*expolylog(2,1-2/(-c*x~2+1))/c+2*b~2xd*arctan(x*c”(1/2))*1n(2/(1+I*
x*xc~(1/2)))/c”(1/2)-2%b"2*d*arctanh (x*xc~(1/2) )*1n(2/ (1+x*c~(1/2)))/c~(1/2)-
1/2*%I*b~2xd*polylog(2,1-(1+I)*(1-x*xc~(1/2))/(1-I*x*c~(1/2)))/c~(1/2)-1/2%I*
b~2*d*polylog(2,1+(-1+I)*(1+x*xc~(1/2))/(1-I*x*c~(1/2)))/c”(1/2) -b*e* (a+b*ar
ctanh(c*x72))*1n(2/ (—c*x~2+1)) /c—a*bxd*x*1n (—c*x~2+1) +a*b*d*x*1n(c*x~2+1) +I
*b~2xd*arctan(xxc”~(1/2))72/c”(1/2)-b~2xd*arctan(x*xc”~(1/2) ) *1n(-c*x~2+1) /c”(
1/2)+b~2*d*arctanh (x*c~(1/2) ) *1n(-c*x~2+1) /c~(1/2)+b"2*d*arctan(x*c~(1/2) ) *
In(c*x"2+1) /c” (1/2)-b~2*d*arctanh (x*c~ (1/2) ) *1n(c*x~2+1) /c~(1/2)+b~2*d*arct
an(x*xc~(1/2))*1n((1+I)*(1-x*c~(1/2)) / (1-I*x*c~(1/2)))/c~(1/2)+b~2*d*arctanh
(xxc™(1/2) ) *1n(-2* (1-x*(-c)~(1/2) ) *c~(1/2) / ((-c)~(1/2)-c~(1/2)) / (1+x*c~(1/2
)))/c”(1/2)+b~2*d*arctanh(x*c™ (1/2) ) *1n(2* (1+x*x(-c) ~(1/2))*c~(1/2)/((-c)~ (1
/2)+c~(1/2))/ (1+x*xc~(1/2)))/c~(1/2)+b"2xd*arctan (x*xc~(1/2) ) *1n((1-I) * (1+x*c
~(1/2))/(1-I*x*c~(1/2)))/c~(1/2)+Ixb~2*d*polylog(2,1-2/(1-I*x*c~(1/2)))/c~(
1/2)+I*b~2*d*polylog(2,1-2/ (1+I*x*c~(1/2)))/c~(1/2)-1/2%b~2*d*x*1n (-c*x~2+1
)*1n(c*x~2+1)+2*a*b*d*arctan(x*c~(1/2))/c”(1/2)-2*a*b*d*arctanh(x*c~(1/2))/
c~(1/2)+2%b~2xd*arctanh (x*xc~(1/2) ) *1n(2/(1-x*c~(1/2)))/c~(1/2) -2*b~2*d*arct
an(x*c~(1/2))*1n(2/ (1-I*x*c~(1/2))) /c~(1/2)+a"2*d*xx+1/4*b~2xd*x*1n (—c*xx~2+1
) "2+1/4xb~2*d*x*1n (c*x~2+1) "2-1/2%b~2*d*polylog(2,1+2* (1-x*(-c) ~(1/2) ) *c~ (1
/2)/((-¢c)~(1/2)-c~(1/2)) / (1+x*c™(1/2))) /c™(1/2) -1/2¥b~2*d*polylog(2,1-2% (1+
xx(-c)~(1/2))*c~(1/2)/((-c)~(1/2)+c~(1/2)) / (1+x*c~(1/2)) ) /c~(1/2) -b~2*d*arc
tanh(x*xc~(1/2))~2/c”(1/2)+b~2*d*polylog(2,1-2/(1-x*xc~(1/2)))/c~(1/2)+b~2xd*
polylog(2,1-2/(1+x*c~(1/2))) /c~(1/2)+1/2*e* (at+b*arctanh (c*x~2)) “2/c+1/2*%exx
~2* (at+b*arctanh(c*x~2)) "2

Rubi [A]
time = 1.34, antiderivative size = 1085, normalized size of antiderivative = 1.00, number of

steps used = 77, number of rules used = 24, integrand size — 18, Lumber of rules _ 4 335
integrand size

Rules used = {6073, 6023, 2498, 327, 212, 2500, 2526, 2520, 12, 6131, 6055, 2449, 2352, 209,
2636, 6139, 6057, 2497, 5048, 4966, 5040, 4964, 6039, 6021}

a’dr+

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTanh[c*x~2])"2,x]

[Out] a~2*xd*x + (2xa*b*d*ArcTan[Sqrt[c]l*x])/Sqrtlc] + (I*b~2xd*ArcTan[Sqrt[c]*x]~
2)/Sqrtlc] - (2xaxb*d*ArcTanh[Sqrt[c]*x])/Sqrtlc] - (b~2*d*ArcTanh[Sqrt[c]=*
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x]72)/Sqrtc] + (ex(a + bxArcTanh[c*x~2])"2)/(2*c) + (exx~2*(a + b*ArcTanh[
c*xx~2])7"2)/2 + (2*b~2*d*ArcTanh[Sqrt [c]*x]*Log[2/(1 - Sqrtlcl#*x)]1)/Sqrtlc]
- (2%b~2*d*ArcTan[Sqrt [c]*x]*Log[2/(1 - I*Sqrtlcl#*x)])/Sqrtlc] + (b~2*d*Arc
Tan[Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] +
(2¥b~2*d*ArcTan [Sqrt [c]*x] *Log[2/(1 + IxSqrt[cl*x)])/Sqrtlc] - (2*b~2*d*Arc
Tanh [Sqrt [c]*x]*Log[2/(1 + Sqrt[cl*x)])/Sqrtlc] + (b~2*d*ArcTanh[Sqrt [c]*x]
*xLog[(-2*Sqrt[c]*(1 - Sqrt[-cl*x))/((Sqrtl-c] - Sqrtlcl)*(1 + Sqrtlcl*x))])
/8qrt[c] + (b~2xd*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrt[cl*(1 + Sqrt[-cl*x))/((Sqr
t[-c] + Sqrtlcl)*(1 + Sqrtlcl*x))]1)/Sqrtlc] + (b~2*d*ArcTan[Sqrt[c]*x]*Logl
(1 - D*1 + Sqrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] - (b*ex(a + bxArcTanh
[c*x~2])*Log[2/(1 - c*x~2)])/c - a*b*xd*x*xLog[l - c*x~2] - (b~2xd*ArcTan[Sqr
t[cl*x]*Log[1l - c*x72])/Sqrtlc] + (b~2*dxArcTanh[Sqrt[c]l*x]*Log[l - c*x~2])
/Sqrtlc] + (b~2xd*x*Logl[l - c*x72]72)/4 + a*bxd*xxLogl[l + cxx~2] + (b~2xd*A
rcTan[Sqrt [c]*x]*Log[1 + c*x~2])/Sqrtlc] - (b~2*d*ArcTanh[Sqrt[c]*x]*Logl[1
+ cxx2])/Sqrtlc] - (b~2*dxx*Logl[l - c*x~2]*Logl[l + c*x~2])/2 + (b~2*d*x*Lo
gll + cxx~2]72)/4 + (b~2*d*PolyLogl[2, 1 - 2/(1 - Sqrtlcl*x)])/Sqrtlc] + (I*
b~2*d*PolyLog[2, 1 - 2/(1 - I*Sqrtlcl*x)])/Sqrtlc] - ((I/2)*b~2*d*PolyLogl[2
, 1 - ((1 + I)*(1 - Sqgrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] + (I*b~2xd*Poly
Logl[2, 1 - 2/(1 + IxSqrtlcl*x)]1)/Sqrtlc] + (b~2*d*PolyLogl[2, 1 - 2/(1 + Sar
t[c]*x)])/Sqrtlc] - (b~2*d*PolyLogl[2, 1 + (2*Sqrtl[c]*(1 - Sqrt[-cl#*x))/((Sq
rt[-c] - Sqrtlcl)*(1 + Sqrtlcl*x))1)/(2*Sqrtlc]l) - (b~2*d*PolyLogl[2, 1 - (2
*xSqrt [c]*(1 + Sqrt[-cl*x))/((Sqrt[-c] + Sqrtlc]l)*(1 + Sqrtlcl*x))])/(2%Sqrt
[c]) - ((I/2)*b~2*d*PolyLogl[2, 1 - ((1 - I)*(1 + Sqrtlcl*x))/(1 - I*Sqrt(c]
*x)])/Sqrt[c] - (b~2*exPolyLogl[2, 1 - 2/(1 - c*xx~2)]1)/(2*c)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 21*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + D*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Dist[
axcnx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*xx"n)"p, x],
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x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 2498

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Loglc*(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, p}, xJ

Rule 2500

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + bxLoglc*(d + e*xx"n)~pl)~q, x] - Dist[b*e*n*p*q, Int[x"n*(
(a + b*Loglc*(d + exx™n)”pl)~(q - 1)/(d + exx"n)), x], x] /; FreeQ[{a, b, c
, d, e, n, p}, x] && IGtQ[q, O] && (EqQlq, 11 || IntegerQ[nl)

Rule 2520

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)" (@ )) " (p_)1*(b_.))/((f)) + (g_.)
*(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*x(a + bx*
Loglc*(d + e*x"n)"pl), x] - Dist[b*e*n*p, Int[u*x(x"(n - 1)/(d + exx"n)), x]
, x11 /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & IntegerQ[n]

Rule 2526

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_)"(m_))"(p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((E) + (g )*(x )" (s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + exx™n)"pl)~q, x"m*(f + g*x~s)"r, x], x] /; FreeQ[{a, b, c, d, e
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, f, g, m, n, p, q, r, s}, x] && IGtQ[q, O] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2636

Int[Loglv_]*Loglw_], x_Symbol] :> Simp[x*Loglv]*Logl[w], x] + (-Int[Simplify
Integrand [x*Log[w]l*(D[v, x]/v), x], x] - Int[SimplifyIntegrand [x*Log[v]*(D[
w, x]1/w), x], x]1) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,

x]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + b*ArcTan[c*x]) “p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan([c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - Ixc*x)]/e), x] + (Dist[bx(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*%x~2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*x)))]/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*xcx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))1/e), x]1) /; FreeQl{a,

b, ¢, d, e}, x] && NeQ[c™2*d"2 + e~2, 0]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5048

Int[(((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x™m/(d + exx~2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0])

Rule 6021

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcTanh[c*x"n])"p, x] - Dist[b*c*n*p, Int[x"n*((a + bxArcTanh[c*x"n])~
(p - 1)/(1 - c™2%x~(2#n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
& (EqQ[n, 11 || EqQlp, 11)
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Rule 6023

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_)1*(b_.))"(p_), x_Symbol]l :> Int[ExpandI
ntegrand[(a + b*(Log[l + c*x™n]/2) - b*(Logll - c*x"nl/2))7p, x]1, x] /; Fre
eQ[{a, b, c}, x] & IGtQlp, 1] && IGtQ[n, 0]

Rule 6039

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (@m_)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*ArcTanh[c*x]) p, x]
, X, x"n], x] /; FreeQ[{a, b, c, m, n}, x] & IGtQlp, 1] &% IntegerQ[Simpli
fy[(m + 1)/n]]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 - c™2*xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*x(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*c*((d + e*x)/((cxd + e)*(1 + c*x)))]/e), x]1) /; FreeQ[{a, b, c, d,

e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6073

Int[((a_.) + ArcTanh[(c_.)*(x_)"(m_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x"n]) p, (d + e*x)"m, x
1, x]1 /; FreeQ[{a, b, c, d, e, n}, x] && IGtQlp, 1] && IGtQ[m, 0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
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x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]
)

Rubi steps
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/(d +ez) (a+ btanh ™ (cx2))2 dr = / (az(d + ex) + 2ab(d + ex) tanh ™" (cz?) + b*(d + ez) tanh ™" (cz’

2 2

_serer) (d;—sex) + (2ab) /(d-l— ex)tanh™ (cz?) dz + b° /(d+ ex) tan
2 2

= % + (2ab)/ (dtanh™" (cz®) + extanh ™" (cz?)) dz + b
2 2 |

— w + (2abd) / tanh™' (cz?) dz + (b°d) / tanh™? (0362)2 G

2 2

= % + 2abdz tanh ™! (cq;2) + abez? tanh™! (C:L'2) + (b2d) /
2 2

_slewer)s (d;—eew) + 2abdz tanh ™" (cz?) + abex? tanh™" (cz?) +

_ az(d-l- ex)2 N 2abd tan™! (\/Ex) B 2abd tanh ™! (\/EIE) 4 2abdat
2e Ve Ve
_ a2(d+ 6.’13)2 N zabdtan_l <\/Ex) _ 2abdtanh_1 (\/8117) 1 2abdzt
2e Ve Ve
_ d’(d+es)® 2abdtan”! (Vo) 2abdtanh’ (Veo)
2e Ve Ve
a2(d + ex)? N 2abdtan~! (v/c'z)  2abdtanh™' (y/c'z)
2e N Ve
a*(d + ex)? N 2abdtan™ (\/c'z)  2abd tanh™*
2e N Ve
az(d+ ex)2 N 2abd tan™! (\/Ex) 2b%d tan™! (\/EIC> 4

2e Ve Ve

abe log (]
2

1
= §b26x2 +

1
= 4b%dx + éerxQ +

1
= §b26x2 +

a®(d + ex)? N 2abd tan™! (\/c'z) N ib*d tan™* (\/Ex)2 2abd tan
2e Ve Ve

a*(d + ex)? N 2abd tan™" (/¢ x) N ib*dtan™? (\/Ex)z 2abd tan
2e Ve Ve

a’(d+ez)” | 2ebdten” (Cz) | it*dtan! (Vez)®  2abdtar
2e Ve Ve

a?(d + ex)? N 2abd tan™! (\/c'z) N ib?dtan~! (vc'z)®  2abdtan
2e N2 N

a?(d + ex)? N 2abd tan™! (1/c'z) N ib?dtan~! (vc'z)®  2abdtan
2e N N
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Mathematica [A]
time = 2.13, size = 684, normalized size = 0.63

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x~2])"~2,x]

[Out] (2%a™2*c*d*x~2 + a"2*cxe*xx”3 + 4xaxb*c*d*x~2xArcTanh[cxx~2] + 4*a*b*d*Sqrt[
c*x”~2] % (ArcTan [Sqrt [c*x~2]] - ArcTanh[Sqrt[c*x~2]]) + b~2*e*x*xArcTanh[c*x~2
1x((-1 + c*xx"2)*ArcTanh[c*x~2] - 2%Log[l + E~(-2*%ArcTanh[c*x"2])]) + axbkex
x* (2xcxx~2*ArcTanh[c*x~2] + Logl[l - c~2*x"4]) + b~2*exx*xPolyLog[2, -E~(-2*A
rcTanh[c*x"2])] - b~2*d*Sqrt [c*x~2]* ((2*I)*ArcTan[Sqrt [c*x~2]]"2 - 4*ArcTan
[Sqrt [c*x~2]]*ArcTanh[c*x~2] - 2*Sqrt[c*x~2]*ArcTanh[c*x~2]"2 - 2*ArcTan[Sq
rt[c*x"2]]*Log[1 + E~((4*I)*ArcTan[Sqrt[c*x~2]]1)] - 2*ArcTanh[c*x~2]*Log[1
- Sqrt[c*x~2]] + Log[2]*Log[1l - Sqrt[c*x~2]] - Logl[l - Sqrt[c*x~2]]1°2/2 + L
ogll - Sqrt[c*x~2]]1*Logl[(1/2 + I/2)*(-I + Sqrtlc*x~2])] + 2xArcTanh[c*xx~2]=*
Log[1 + Sqrtlc*x~2]] - Logl[2]*Logl[1l + Sqrtlc*x~2]] - Logl((1 + I) - (1 - I)
*xSqrt [cxx~2]) /2] *Log[1 + Sqrtlc*x~2]] - Logl(-1/2 - I/2)*(I + Sqrt[c*x~2])]
*xLog[1 + Sqrt[c*x~2]] + Log[1l + Sqrt[c*x"2]]172/2 + Logl[l - Sqrt[c*x~2]]*Log
[((1 +1I)+ (1 - I)xSqrtlc*x~2])/2] + (I/2)*PolyLogl[2, -E~((4*I)*ArcTan[Sqr
t[c*x"2]]1)] - PolyLog[2, (1 - Sqrt[c*x~2])/2] + PolyLog[2, (-1/2 - I/2)*(-1
+ Sqrt[c*xx~2])] + PolyLogl[2, (-1/2 + I/2)*(-1 + Sqrt[c*x~2])] + PolyLogl[2,

(1 + Sqrtlc*x~2])/2] - PolylLogl2, (1/2 - I/2)*(1 + Sqrt[c*x~2])] - PolyLog
[2, (1/2 + 1/2)*(1 + Sqrtlc*x~2]1)]1))/(2*c*x)

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/ (ez + d) (a + barctanh (c 5112))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(at+b*arctanh(c*x~2))"2,x)
[Out] int((e*x+d)=*(a+b*arctanh(c*x~2))~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x~2))~2,x, algorithm="maxima")
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[Out] 1/2*a~2xx"2%e + (c*(2*arctan(sqrt(c)*x)/c~(3/2) + log((c*x - sqrt(c))/(c*x
+ sqrt(c)))/c~(8/2)) + 2*x*arctanh(c*x~2))*a*b*d + a~2*d*x + 1/2%(2xc*xx"2*a
rctanh(c*x"2) + log(-c™2xx~4 + 1))*axbxe/c + 1/8x(b~2*x"2%e + 2*b~2*d*x)*1lo
g(-c*x"2 + 1)72 - integrate(-1/4*((b~2*c*x"3*e + b~2%ckxd*x~2 - b~2*x*e - b~

2%d) *log(c*xx™2 + 1)72 - 2%(b~2*%c*x"3*%e + 2¥b~2kckd*x"2 + (b~2%c*xx"3%e + b2
xcxd*x”"2 - b~ 2*x*e - b~2xd)*log(c*x~2 + 1))*log(-c*x"2 + 1))/(c*x"2 - 1), x

)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a”™2*x*e + a"2xd + (b~ 2*x*e + b~2*d)*arctanh(c*x~2)~2 + 2*(axb*x*e
+ axbxd)*arctanh(c*x~2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batanh (cz?))* (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*atanh(c*x**2))**2,x)
[Out] Integral((a + b*atanh(c*x**2))**2%(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x~2))~2,x, algorithm="giac")
[Out] integrate((exx + d)*(b*arctanh(c*x~2) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a+ ba1:anh(ca:2))2 (d+ezx) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))"2*%(d + e*x),x)
[Out] int((a + b*atanh(c*x"2)) 2%(d + e*x), x)
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-1 2\ 2
3.30 f (a—l—bta;l:l_ex(cx )) dx

Optimal. Leaf size=23

- ( (a+ btanh™ (0502))2 | z)
d+ex

[Out] Unintegrable((atb*arctanh(c*x~2))~2/(e*x+d),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

dx

/ (a+ btanh™ (cacQ))2
d+ex

Verification is not applicable to the result.

[In] Int[(a + b*ArcTanh[c*x~2])"2/(d + e*xx),x]

[Out] Defer[Int] [(a + b*ArcTanh[c*x"2])"2/(d + e*x), x]

Rubi steps

btanh ™ 21) 2 2 —1(..2 2 -1 2\2
/ (a+ btanh™ (cz?)) o — / @ 2abtanh™" (cz?) N b? tanh™" (cz?) i
d+ex d+ex d+ex d+ex

21 h—l 2 h—l 22
_ a*log(d + ex) + (2ab) / tanh™ (cz?) o+ / tanh™ (cz?) i
e d+ex d+ex

Mathematica [A]
time = 30.39, size = 0, normalized size = 0.00

/ (a+ btanh™ (cacz))2
d+ex

dx

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x~2])"2/(d + e*x),x]
[Out] Integrate[(a + b*ArcTanh[c*x72])"2/(d + e*x), x]
Maple [A]

time = 0.10, size = 0, normalized size = 0.00

/ (a + barctanh (cz?))?

ex+d dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2)) "2/ (e*xx+d),x)
[Out] int((at+b*arctanh(c*x~2)) "2/ (e*x+d),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))"2/(e*x+d),x, algorithm="maxima")

[Out] a"2*e”(-1)*log(x*e + d) + integrate(1/4*b~2*(log(c*x~2 + 1) - log(-c*x~2 +
1))72/(x*e + d) + a*bx(log(c*x~2 + 1) - log(-c*x"2 + 1))/(x*e + d), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))~2/(exx+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x~2)~2 + 2xaxbxarctanh(c*x~2) + a~2)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(ckx**2))**2/(e*xx+d) ,x)

[Out] Timed out

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~2))~2/(e*x+d),x, algorithm="giac")

[Out] integrate((bxarctanh(c*x~2) + a)~2/(exx + d), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

2112
/(a+batanh(cx ) i
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))~2/(d + e*x),x)
[Out] int((a + b*atanh(c*x"2))"2/(d + e*x), x)
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-1 2
3.31 [l t?;fex)(zch)) dz

- ( (a+ btanh_l)(c:c2))2 | x)

(d+ ex)?

Optimal. Leaf size=23

[Out] Unintegrable((at+b*arctanh(c*x~2))~2/(e*x+d) ~2,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

0, number of rules — 0.000

steps used = 0, number of rules used = 0, integrand size = ,
integrand size

Rules used = {}

T

/ (a+ btanh™ (cxz))2
d
(d+ex)?
Verification is not applicable to the result.
[In] Int[(a + bxArcTanh[c*x"2])"2/(d + e*x)~2,x]
[Out] Defer[Int] [(a + b*ArcTanh[c*x"2])"2/(d + e*x)~2, x]
Rubi steps

/ (a+ btanh™ (cavz))2 e — / <( a? N 2abtanh™ (cz?) N b? tanh ™! (§x2)2> i

(d + ex)? d+ ex)? (d + ex)? (d+ex)?

2 =1 (2 =1 (nn2)2
___a + (2ab) tanh™ (cz )dx+b2/tanh (cz?) i

(4abe) [ (—m

e(d + ex) (d + ex)? (d+ex)?

_ a2 tanh™ (cz?) / tanh™! (cz?)? (2ab) [ (d—i—ez)(l c
e(d + ex) e(d + ex) (d+ ex)?

_ @ 2 tanh™" (cz?) 2 / tanh™! (cz?)? N (4abc) [ @rea) (i
e(d+ ex) e(d + ex) (d+ ex)?

__a@®  2dbtanh”'(cz®) / tanh™ (cz?) i +
e(d + ex) e(d + ex) (d+ ex)?

_a®  2dbtanh™ (cz®)  4abedelog(d + ex) 2 / tanh ™ (cz?)?
e(d + ex) e(d + ex) c2d* — et

B a®>  2abtanh™'(cz®) | 4abedelog(d + ex) 2 / tanh ™ (cz?)?
e(d+ ex) e(d + ex) c2d* — e

a® 2aby/c tan™! (V¢ ) B 2aby/c tanh™" (v/c'z) B

2abtanh™

e(d + ex) cd? + €2 cd? — e?
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Mathematica [A]
time = 25.99, size = 0, normalized size = 0.00

dx

/ (a+ btanh™ (c:zcz))2
(d + ex)?

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x~2])~2/(d + e*x)~2,x]
[Out] Integrate[(a + b*ArcTanh[c*x72])"2/(d + e*x)~2, x]

Maple [A]
time = 0.10, size = 0, normalized size = 0.00

/ (a + barctanh (cz2))? i

(ex + d)®
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~2))~2/(e*xx+d)~2,x)
[Out] int((at+b*arctanh(c*x~2)) "2/ (e*xx+d)~2,x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))~2/(e*x+d)~2,x, algorithm="maxima")

[Out] ((4*dxexlog(x*e + d)/(c"2*xd"4 - e”4) + dxlog(c*x”"2 + 1)/(c*d"2*e + e73) - d
*xlog(c*x™2 - 1)/(cxd"2*e - e73) + 2xarctan(sqrt(c)*x)/((cxd~2 + e~2)*sqrt(c

)) + log((c*x - sqrt(c))/(c*xx + sqrt(c)))/((c*d™2 - e~2)*sqrt(c)))*c - 2*ar
ctanh(c*x"2)/(x*e”2 + d*e))*axb - 1/4xb~2*(log(-c*x~2 + 1)72/(x*e”2 + dxe)

+ integrate(-((c*x"2xe - e)*log(c*x™2 + 1)72 + 2% (2*c*x"2xe + 2kcxd*x - (c*

x"2xe - e)*log(c*x~2 + 1))*log(-c*x~2 + 1))/(c*x"4*e”3 + 2kcxd*xx"3*e”2 + (c
*d"2%e - e73)*x"2 - 2xdxx*e”2 - d"2*e), x)) - a~2/(x*xe”2 + dxe)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~2))~2/(e*x+d)~2,x, algorithm="fricas")
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[Out] integral((b~2*arctanh(c*x~2)~2 + 2%a*b*arctanh(c*x~2) + a~2)/(x"2*e"2 + 2x%d
*x*e + d72), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x**2))**2/(exx+d)**2,x)
[Out] Timed out
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))~2/(exx+d)~2,x, algorithm="giac")
[Out] integrate((bxarctanh(c*x~2) + a)~2/(exx + d)~2, x)
Mupad [A]

time = 0.00, size = -1, normalized size = -0.04

/ (a + batanh(cz?))” e
(d+ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))"2/(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x"2))"2/(d + e*x)~2, x)
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3.32 [(d+ ex)* (a+btanh™" (cz?)) dz

Optimal. Leaf size=336

V3 bdeArcTan(L — 2\3/5”) V3 bdeArcTan(
) ViTvE ),

262/3

1 2\3/830 2 1-|-2c2/3’ac2
\/§+ \/g)—'_\/gbdArcTan( V3 )_bdetanl

2c2/3 23/c (

[Out] -b*d*e*arctanh(c”(1/3)*x)/c”~(2/3)+1/3*(e*xx+d) ~3*(at+b*arctanh(c*x~3))/e+1/2x%
bxd~2*1n(1-¢c~(2/3)*x~2) /c~(1/3)+1/4*b*d*e*1n(1-c~(1/3) *x+c~(2/3)*x~2) /c~(2/
3)-1/4xb*xd*e*1n(1+c~(1/3) *x+c~(2/3)*x72) /c~(2/3)+1/6*b* (c*d~3+e"3) *1n(-c*x~
3+1)/c/e-1/6xb*(cxd~3-e~3) *1n(c*x~3+1) /c/e-1/4*bxd"2x1n(1+c~ (2/3) *x~2+c~ (4/
3)*x74)/c”(1/3)+1/2*b*d*e*arctan(-1/3*%37(1/2)+2/3*c”~(1/3) *x*3~(1/2) ) *3~(1/2
)/c”(2/3)+1/2%bxd*exarctan(1/3*3~(1/2)+2/3*c~(1/3)*x*3~(1/2))*3~(1/2) /c~(2/
3)+1/2%bxd"2*xarctan(1/3* (1+2*%c~(2/3) *x~2)*3~(1/2))*3~(1/2)/c~(1/3)

Rubi [A]

time = 0.53, antiderivative size = 336, normalized size of antiderivative = 1.00, number of

steps used = 24, number of rules used = 14, integrand size = 18, number of rules _ 0.778,
integrand size

Rules used = {6071, 1845, 281, 298, 31, 648, 631, 210, 642, 302, 632, 212, 1483, 647}

a1 (20T et (22 L) . ; ; ;
b (o) | ‘EWA‘“““( 7 ) B ﬁ"““““‘“‘(ﬁ V5 ) . ﬁ““““““( ol ﬁ) L HPI0E (1= ) bPlog (V' + P+ 1) | blelog (00— YFa+1) bdelog (€ + YT +1) _ bdetanh™ (Y0) | bl + ) log (1 —er’) _ ot — )logea’ + 1)
e 2an 38 2 e a7 =g an e e

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2%(a + b*ArcTanh[c*x~3]),x]

[Out] -1/2%(Sqrt[3]*b*d*exArcTan[1/Sqrt[3] - (2*c~(1/3)*x)/Sqrt[311)/c~(2/3) + (S
qrt [3] ¥*bxdxexArcTan[1/Sqrt[3] + (2xc~(1/3)*x)/Sqrt[3]1]1)/(2*c~(2/3)) + (Sqrt
[3]1*b*d~2*ArcTan[(1 + 2*c~(2/3)*x~2)/Sqrt[3]1]1)/(2*xc~(1/3)) - (b*d*exArcTanh
[c™(1/3)*x])/c™(2/3) + ((d + exx)~3x(a + bxArcTanh[c*x~3]))/(3xe) + (b*d~2x

Logl[l - ¢~ (2/3)*x72])/(2*c~(1/3)) + (bxdxexLogl[l - c~(1/3)*x + c~(2/3)*x"2]

)/ (4%xc~(2/3)) - (bxd*exLogll + c~(1/3)*x + c~(2/3)*x72])/(4*%c~(2/3)) + (b*(

cxd™3 + e73)*Logl[l - c*x73])/(6xc*e) - (b*x(cxd™3 - e73)*Logl[l + c*x~3])/(6*

cxe) - (b*d~2xLogl[l + c~(2/3)*x72 + c~(4/3)*x74])/(4*%c~(1/3))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 210

Int[((a_) + (b_.)*(x.)"2)~(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 281

Int[(x_)~"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]1*Rt[b, 31)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x1, x] /; FreeQ[{a, b}, x]

Rule 302

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-a/b, n]l], s = Denominator[Rt[-a/b, nl], k, u}, Simp[u = Int[(r*Cos[2*xk
*m*x(Pi/n)] - s*Cos[2*k*(m + 1)*(Pi/n)]*x)/(r"2 - 2*r*s*Cos[2xk*x(Pi/n)]*x +

s72%x72), x] + Int[(r*Cos[2*k*m*(Pi/n)] + s*Cos[2xkx(m + 1)*(Pi/n)]x*x)/(xr"2
+ 2xr*sxCos [2xk*x (Pi/n)]*x + s”2*x"2), x]; 2*x(r~(m + 2)/(a*n*s™m))*Int[1/(r
~2 - 872%x"2), x] + Dist[2*x(r"(m + 1)/(a*n*s™m)), Sum[u, {k, 1, (n - 2)/4}]
, X1, x]]1 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && LtQ[m,
n - 1] && NegQ[a/bl]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
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e}, x] && EqQ[2*c*d - bxe, 0]

Rule 647

Int[((d)) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[(-
a)*c, 2]}, Dist[e/2 + cx(d/(2%q)), Int[1/(-q + c*x), x], x] + Dist[e/2 - cx
(@/(2xq)), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, 4, e}, x] && NiceSqrtQ[
(-a)*c]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1483

Int[(x_ )" (m_.)*x((a_) + (c_)*(x_)"(@2_.))"(p_.)*((d) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x"2)7p, x], x, x"n
1, x]1 /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m-n+ 1], 0]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*x(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c™2*xx~ (2%
n))), xJ], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps



/(d +ex)? (a+btanh™ (c2?)) dz = / (a(d+ ex)? + b(d + ex)? tanh ™" (cz®)) dz

a(d + ex)?

=" 4 b/(d + ex)?tanh™" (cz®) d

3e
a(d + ex)?

= — + b/ (d2 tanh™? (cz3) + 2dex tanh™* (cx3) + 222 tanh

3e
a(d + ex)?

=———"" + (bd?) /tanh_1 (cz®) dz + (2bde) /avtamh_1 (cz®) d

3e
a(d+ ex)?

1
=~ "7 4 bd’rtanh! (cz®) + bdex? tanh ™! (cz®) + §bezm3 tanl

3e

a(d+ ex)?

1
=~ "7 4 bd’xrtanh! (cz®) + bdex? tanh ! (cz®) + gbezm‘q‘ tanl

3e

a(d+ex)® bdetanh™ (¥/c z)
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+ bd?z tanh ™! (cm3) + bdex? tanh

+ bd?z tanh ™! (cm3) + bdex? tanh

) V/3 bde tan™! <

) /3 bde tan~! <—

3e c2/3

_a(d+ex)® bdetanh™' (V/c'z)
N 3e B c2/3

-1 1—2\3/333
_a(d+ex)3_ v/3 bde tan ( 3
N 3e 2c2/3

-1 1—2\3/89:
adtea)® /3 bde tan (—\/?7
N 3e 2c2/3

Mathematica [A]
time = 0.17, size = 299, normalized size = 0.89

\ V3

12acds + 120cdex® + dace’s® + VT bYT (YT d +e) Aru‘nm(%) — 6VE YT d(Y d ) ArcTan (i) + dbez(3? + ez + €27 tanh ™ (c2%) + BbY/E d(YE'd + €) log (1 — YE'z) + 6bYTd(VE d — €) log (1 + V2'z) — Y d(YEd
v
P

—)log

A

-,

B/ (Ve d +e) log (1+ ez + c32%) + 2be? log (1 — ")

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2*x(a + bxArcTanh[c*x~3]),x]

[Out] (12*%axcxd™2*x + 12%axckxd*e*xx~2 + 4xaxcxe”2xx"3 + 6xSqrt[3]*bxc”(1/3)*d*(c™(

1/3)*d + e)*ArcTan[(-1 + 2*%c~(1/3)*x)/Sqrt[3]] - 6*Sqrt[3]*b*xc~(1/3)*d*(c~(
1/3)*d - e)*ArcTan[(1 + 2*xc~(1/3)*x)/Sqrt[3]] + 4*bxc*x*(3*%d"2 + 3*d*exx +
e~ 2xx~2)*ArcTanh [c*x~3] + 6xb*c”(1/3)*d*(c~(1/3)*d + e)*Logl[l - c~(1/3)*x]
+ 6xb*c”(1/3)*d*(c~(1/3)*d - e)*Logl[l + c~(1/3)*x] - 3*b*c~(1/3)*d*(c~(1/3)
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*d - e)xLogl[l - c~(1/3)*x + c~(2/3)*x"2] - 3*b*xc~(1/3)*d*(c~(1/3)*d + e)*Lo
gll + c~(1/3)*x + c~(2/3)*x"2] + 2*b*e~2xLog[l - c~2*x76])/(12xc)

Maple [A]
time = 0.25, size = 482, normalized size = 1.43

method | result

bd?In| x
default (e”’;j Yo be arCtaI;h(c =)=’ } be arctanh (cz®) z2d + barctanh (cz3) x d* + bamtan;le(”?’)ds + <(
2c(;

bedy/3 arctan % bed\/?? arctan

ex+d)3bIn(cz3+1 bdeln(—cxz3+1)22

risch T
O ? 2¢(1)3 2¢(1)

ol

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx+d) ~2*(at+b*arctanh(c*x~3)),x,method=_RETURNVERBOSE)

[Out] 1/3*(e*x+d) "3*a/e+1/3*bxe”2*arctanh(cxx”3) *x~3+b*exarctanh (cxx”3) *x~2*d+b*a
rctanh (cxx”3) *x*d~2+1/3*b/e*arctanh (c*x~3)*d~3+1/2%b/c*xd~2/(1/¢c)~(2/3) *1n(x
+(1/c)~(1/3))-1/4%b/c*xd"2/(1/c)~(2/3)*1n(x"2-(1/c) ~(1/3) *x+(1/c)~(2/3))+1/2
*b/c*xd~2/(1/c) "~ (2/3)*3~(1/2)*xarctan(1/3*3~(1/2)*(2/(1/c)~(1/3)*x-1))-1/2xbx*
e/cxd/(1/c)~(1/3)*1n(x+(1/c)~(1/3))+1/4xb*e/c*d/(1/c)~(1/3)*1n(x~2-(1/c)~(1
/3)*x+(1/c)~(2/3))+1/2xb*xe/cxd*3~(1/2)/(1/c)~(1/3) *arctan(1/3*3~(1/2)*(2/(1
/c)”~(1/3)*x-1))-1/6%b/ex1n(cxx~3+1) *d~3+1/6*b*e~2/c*1n(c*x"3+1)+1/2xb/c*d"2
/(1/c)~(2/3)*1n(x-(1/c)~(1/3))-1/4xb/c*xd~2/(1/c)~(2/3)*1n(x"2+(1/c)~(1/3) *x
+(1/c)~(2/3))-1/2%b/c*d~2/(1/c)~(2/3)*3~(1/2) *arctan(1/3*3~(1/2)*(2/(1/c)~(
1/3)*x+1))+1/2*bxe/c*d/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/4*b*xe/c*d/(1/c)~(1/3
Y*¥1n(x"2+(1/c)~(1/3)*x+(1/c)~(2/3))+1/2*b*e/c*xd*3"(1/2)/(1/c) "~ (1/3)*arctan(
1/3x%37(1/2)*(2/(1/c)~(1/3) *x+1) ) +1/6%b/ex1n(c*xx~3-1) *d~3+1/6*b*e~2/c*1n(c*x
~3-1)

Maxima [A]

time = 0.47, size = 295, normalized size = 0.88

V3 (2edsiscd) V8 (2cdased) V3 (2dect)
z\/?m(‘ﬁ) og (et 4 et st)  210g (e z\/';».,.»m,\(“ﬁ Iﬁiv(‘,’—) o (At £ cbe s 1) tog (et chat1)  2log () 2 1og (et - . s
([ ) leteete) 2 CE) | v ) ot | 5 — ) N ) weldeden) (A dent) 2w() 2 (CE) | | orumber) gt e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 2*(a+b*arctanh(c*x~3)),x, algorithm="maxima")

[Out] 1/3*%a*xx"3%e”2 + axd*x~2*e + 1/4*(cx(2xsqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(4/3)
*x~2 + ¢7(2/3))/c~(2/3))/c”(4/3) - log(c~(4/3)*x~4 + c~(2/3)*x"2 + 1)/c~(4/
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3) + 2xlog((c~(2/3)*x"2 - 1)/c~(2/3))/c~(4/3)) + 4*xx*xarctanh(c*x~3))*b*d~2
+ axd"2*x + 1/4x(4xx"2*arctanh(c*x”3) + c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*
c™(2/3)*x + ¢~ (1/3))/c~(1/3))/c~(6/3) + 2xsqrt(3)*arctan(1/3*sqrt(3)*(2xc~(
2/3)*x - ¢~ (1/3))/c”(1/3))/c~(6/3) - log(c™(2/3)*x"2 + c~(1/3)*x + 1)/c~(5/
3) + log(c™(2/3)*x72 - ¢~ (1/3)*x + 1)/c~(5/3) - 2%log((c™(1/3)*x + 1)/c~(1/
3))/c~(5/3) + 2x1log((c~(1/3)*x - 1)/c~(1/3))/c”(5/3)))*b*xd*e + 1/6%(2xc*xx~3
xarctanh(c*x~3) + log(-c™2*%x"6 + 1))*b*e”2/c

Fricas [C] Result contains complex when optimal does not.
time = 6.56, size = 79566, normalized size = 236.80

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~2*(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/24*(8*a*c*x"3*cosh(1)~2 + 8*a*c*x"3*sinh(1)~2 + 24*a*c*d*x~2*cosh(1l) + 24
xaxckd~2*xx + 2% (2% (1/2)7(2/3) *(-I*sqrt(3) + 1)*((9*b~2*kcxd~3*cosh(1)~2 + 9%
b~ 2xc*d~3*sinh(1) "2 + b~2*sinh(1) - (18*b~2*c*d~3*sinh(1) - b~2)*cosh(1))/(
c~2xcosh(1)~3 - 3*c™2*cosh(1)~"2*sinh(1) + 3*c"2*cosh(1)*sinh(1)”"2 - ¢ 2*sin
h(1)"3) - b~2/(c*cosh(1)”"2 - 2*c*cosh(1)*sinh(1) + c*sinh(1)~2)"2)/(((27*c™
2%d"6 + 1)*b~3*cosh(1)73 - 3*(27*c”2+%d"6 - 1)*b~3*cosh(1) "2*sinh(1) + 3%(27
*c"2xd"6 + 1)*b~3*cosh(1)*sinh(1)"2 - (27*%c™2*%d"6 - 1)*b~3*sinh(1)~3)/(c~3*
cosh(1)7"3 - 3*c~3*cosh(1)~2*sinh(1) + 3*c”~3*cosh(1)*sinh(1)~2 - ¢~ 3*sinh(1)
~3) - 3*%(9*b~2*c*xd"3*cosh(1)72 + 9*%b~2*c*d"3*sinh(1)~2 + b~2*sinh(1) - (18%
b~2*c*d~3*sinh(1) - b~2)*cosh(1))*b/((c"2*cosh(1)~"3 - 3*c~2*cosh(1) "2*sinh(
1) + 3*c"2*cosh(1)*sinh(1)"2 - ¢~ 2*sinh(1)~3)*(c*cosh(1) "2 - 2*c*cosh(1l)*si
nh(1) + cxsinh(1)72)) + 2*xb~3/(c*cosh(1)~2 - 2*c*cosh(1)*sinh(1) + c*sinh(1
)72)73 - sqrt(729*%(cosh(1)~10 - 10*cosh(1)~9*sinh(1) + 45%cosh(1)~"8*sinh(1)
~2 - 120*cosh(1) " 7*sinh(1)~3 + 210*cosh(1) "6*sinh(1)~4 - 252*cosh(1) “5*sinh
(1)°5 + 210*cosh(1) "4*sinh(1)"6 - 120*cosh(1) "3*sinh(1)~7 + 45*%cosh(1) "2*si
nh(1)~8 - 10*cosh(1)*sinh(1)”"9 + sinh(1)~10)*c"4%d"12 + 1458*(cosh(1)"7 - 7
*cosh(1) "6*sinh(1) + 21*cosh(1) "5*sinh(1)~2 - 35*cosh(1) "4*sinh(1)~3 + 35%c
osh(1) "3*sinh(1)~4 - 21*cosh(1) "2*sinh(1)"5 + 7*cosh(1)*sinh(1)~6 - sinh(1)
“7)*c"3*%d"9 + cosh(1)710 - 8*cosh(1) 3*sinh(1)~7 - 3*cosh(1)~2*sinh(1)°8 +
2%cosh(1)*sinh(1)79 + sinh(1)~10 + 27*(2*cosh(1)~10 - 16*cosh(1)~3*sinh(1)~
7 - 6%cosh(1)"2*sinh(1)~8 + 8*cosh(1)*sinh(1)"9 - 2*sinh(1)~10 + 2*(14*cosh
(1)"4 - 15)*sinh(1)"6 + 30*cosh(1)"6 + 120*cosh(1)*sinh(1)"5 - (28*cosh(1)~
6 + 150*cosh(1)"2 + 5)*sinh(1)~4 - 5*cosh(1)”"4 + 4x(4*cosh(1)~7 + 5*cosh(1)
)*sinh(1)~3 + 6*%(cosh(1)~8 + 25%cosh(1)”4 - 5*xcosh(1)72)*sinh(1)72 - 4*(2x*c
osh(1)”9 + 30*cosh(1)"5 - 5*cosh(1)~3)*sinh(1))*c~2*xd"6 + 2*(cosh(1)"4 - 3)
*3inh(1) "6 - 6*cosh(1)"6 + 12*(cosh(1)~5 - cosh(1))*sinh(1)~5 - 54*(cosh(1)
~7 - cosh(1)*sinh(1)”"6 + sinh(1)~7 - (3*cosh(1)”"2 - 2)*sinh(1)~5 - 2*cosh(1
)5 + (3*cosh(1)~3 - 2xcosh(1))#*sinh(1)~4 + (3*cosh(1)~4 - 4x*cosh(1)"2 + 1)
*3inh(1) "3 + cosh(1)"3 - (3*cosh(1)"5 - 4*cosh(1)~3 + cosh(1))*sinh(1)"2 -
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(cosh(1)"6 - 2*cosh(1)~4 + cosh(1)~2)*sinh(1))*c*d"3 + 2*(cosh(1)"6 + 3*cos
h(1)"2 - 4)*sinh(1)~4 + 8%cosh(1)~4 - 8*(cosh(1)”7 - 3*cosh(1)"3 + 2*xcosh(1
))*sinh(1)~3 - 3*(cosh(1)”"8 - 2*cosh(1)"4 + 1)*sinh(1)"2 - 3*cosh(1)72 + 2%
(cosh(1)"9 - 6*cosh(1)”5 + 8*cosh(1)"3 - 3*cosh(1))*sinh(1))*b~3/(c"3*(cosh
(1) - sinh(1))75))~(1/3) - (1/2)~(1/3)*(I*sqrt(3) + 1)*(((27*c~2*d"6 + 1)*b
~3*cosh(1) "3 - 3*%(27*c"2*%d"6 - 1)*b~3*cosh(1) "2*sinh(1) + 3% (27*c~2*%d"6 + 1
)*b~3*cosh(1)*sinh(1)"2 - (27*%c”2*%d"6 - 1)*b~3*sinh(1)~3)/(c"3*cosh(1)~3 -
3*c~3*cosh(1) "2*sinh (1) + 3*c~3*cosh(1)*sinh(1)"2 - ¢~ 3*sinh(1)~3) - 3*(9*b
~2xcxd”"3*cosh(1) "2 + 9%b~2xc*d"3*sinh(1)~2 + b~2*sinh(1) - (18*b~2*c*d~3*si
nh(1) - b~2)*cosh(1))*b/((c"2*cosh(1)~3 - 3*c~2*cosh(1)~2*sinh(1) + 3*c”~2*c
osh(1)*sinh(1)"2 - c¢"2*sinh(1)~3)*(c*cosh(1)~"2 - 2*c*cosh(1)*sinh(1) + c*si
nh(1)72)) + 2%b~3/(c*cosh(1)~2 - 2*cxcosh(1)*sinh(1) + c*sinh(1)72)"3 - sqr
t(729% (cosh(1)"10 - 10*cosh(1)~9*sinh(1) + 45%cosh(1) 8*sinh(1)~2 - 120%*cos
h(1)"7*sinh(1)~3 + 210*cosh(1)“6*sinh(1)~4 - 252%cosh(1) "5*sinh(1)~5 + 210%
cosh(1) "4*sinh(1)"6 - 120*cosh(1) "3*sinh(1) "7 + 45%cosh(1) "2*sinh(1)"8 - 10
*cosh(1)*sinh(1)”9 + sinh(1)~10)*c~4*d"12 + 1458%(cosh(1)~7 - T*cosh(1l) “6%*s
inh(1) + 21*cosh(1) 5*sinh(1)"2 - 35%cosh(1) 4*sinh(1)~3 + 35%cosh(1) " 3*sin
h(1)"4 - 21*cosh(1) 2*sinh(1)~5 + 7*cosh(1)*sinh(1)"6 - sinh(1)~7)*c~3*d"9
+ cosh(1)710 - 8*cosh(1) "3*sinh(1)~7 - 3*cosh(1) 2*sinh(1)~8 + 2*cosh(1)*si
nh(1)79 + sinh(1)~10 + 27*(2*cosh(1)~10 - 16*cosh(1) "3*sinh(1)~7 - 6*cosh(1
)" 2xsinh(1)"8 + 8*cosh(1)*sinh(1)"9 - 2*sinh(1)~10 + 2*(14*cosh(1)~4 - 15)*
sinh(1) "6 + 30*cosh(1)"6 + 120*cosh(1)*sinh(1)~5 - (28%cosh(1)~6 + 150*cosh
(1)°2 + 5)*sinh(1)"4 - 5*cosh(1)~4 + 4*x(4*cosh(1)”7 + 5*cosh(1))*sinh(1)~3
+ 6*(cosh(1)"8 + 25*cosh(1)"4 - 5*%cosh(1)~2)*sinh(1)"2 - 4*(2*cosh(1)”9 + 3
O*cosh(1)”"5 - 5*cosh(1)~3)*sinh(1))*c"2*d"6 + 2*x(cosh(1)"4 - 3)*sinh(1)"6 -
6*xcosh(1)"6 + 12*(cosh(1)"5 - cosh(1))*sinh(1)~5 - 54*(cosh(1)~7 - cosh(1)
*3inh(1)7"6 + sinh(1)"7 - (3*cosh(1)"2 - 2)*sinh(1)~5 - 2*cosh(1)"5 + (3*cos
h(1)"3 - 2*cosh(1))*sinh(1)"4 + (3*cosh(1)~4 - 4*cosh(1)"2 + 1)*sinh(1)"3 +
cosh(1)"3 - (3*cosh(1)"5 - 4*cosh(1)~3 + cosh(1))*sinh(1)"2 - (cosh(1)76 -
2%cosh(1)”"4 + cosh(1)"2)*sinh(1))*c*d"3 + 2*(cosh(1)"6 + 3*cosh(1)"2 - 4)*
sinh(1)~4 + 8%cosh(1)"4 - 8*(cosh(1)~7 - 3*cosh(1)~3 + 2xcosh(1))*sinh(1)~3
- 3*(cosh(1)78 - 2*cosh(1)~4 + 1)*sinh(1)"2 - 3*cosh(1)"2 + 2x(cosh(1)"9 -
6*cosh(1)~"5 + 8*cosh(1)"3 - 3*cosh(1))*sinh(1))*b~3/(c"3*(cosh(1) - sinh(1
))7°5))~(1/3) + 2%b/(c*cosh(1)"2 - 2*c*cosh(1)*sinh(1) + c*sinh(1)~2))*c*log
(9%b~2%c™2x%d"5*x + 9*b~2xc*kd~2*x*cosh(1)~3 + 15xb~2*c*d~3*cosh(1)~2 + b~ 2x*c
osh(1)"5 + 5xb~2xcosh(1)*sinh(1)~4 + b~2*sinh(1)75 + (9*%b~2*c*d~2*x + 10*b~
2*%cosh(1)~"2)*sinh(1)~3 + 1/4x(c"2*cosh(1) + c”2*sinh(1))*(2%(1/2)~(2/3)*(-I
*sqrt(3) + 1)*((9xb~2*c*d"3*cosh(1)~2 + 9*b~2x*c. ..

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)**2*(at+b*atanh(ckx**3)),x)
[Out] Timed out

Giac [A]
time = 11.89, size = 346, normalized size = 1.03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctanh(c*x~3)),x, algorithm="giac")

[Out] 1/3*a*e”2%x"3 + akxd*exx™2 + a*d™2*x + 1/6x(b*e”2*x"3 + 3xbkdke*x~2 + 3%b*d~
2*x)*log(-(c*x”3 + 1)/(c*x73 - 1)) - 1/2xsqrt(3)*(b*xcxd~2*abs(c)~(2/3) - b*
ckxd*exabs(c)~(1/3))*arctan(1/3*sqrt(3)*(2*x + 1/abs(c)~(1/3))*abs(c)~(1/3))
/c”2 + 1/2xsqrt(3)*(b*cxd~2xabs(c) ~(2/3) + bxc*d*e*xabs(c)~(1/3))*arctan(1/3
*sqrt (3)*(2*x - 1/abs(c)~(1/3))*abs(c)~(1/3))/c”2 - 1/12x(3*bxcxd~2*abs(c)~
(2/3) + 3*b*c*d*e*abs(c)~(1/3) - 2%bkc*e~2)*log(x~2 + x/abs(c)~(1/3) + 1/ab
s(c)7(2/3))/c™2 - 1/12%(3*b*cxd~2xabs(c) ~(2/3) - 3*bxcxdxexabs(c)~(1/3) - 2
*xbxc*xe~2)*log(x~2 - x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 + 1/6%(3*b*c*d"2%a
bs(c)~(2/3) - 3%bkcxdxexabs(c)~(1/3) + b*c*e~2)*log(abs(x + 1/abs(c)~(1/3))
)/c”2 + 1/6%(3xb*xc*d~2*abs(c)~(2/3) + 3*bxc*d*e*xabs(c)”~(1/3) + b*cxe~2)*log
(abs(x - 1/abs(c)~(1/3)))/c™2

Mupad [B]
time = 1.82, size = 1081, normalized size = 3.22

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x~3))*(d + e*x)~2,x)

[Out] symsum(log(x*(6*b~5*xc~7*d"2*xe~8 + 162*b~5*xc~9*d"8*e~2) + root(216%c~3*z"3 -
108*b*xc™2%e"2%z"2 — 162*%b~2%c"2*%d"3%e*z + 18%b"2%c*e "4*xz - 27*b"3*%c"2*xd”6
- b"3*%e”6, z, k)*(x*(486*%b"4*c~10%d"8 - 90*b~4*xc~8*xd~2*e~6) + root(216%c”3x*
z"3 - 108*xb*xc™2*xe"2*%z"2 - 162*xb"2*xc"2*xd"3*e*z + 18*%b"2*c*e"4*z - 27*b"3*c”2
*d"6 - b"3%e"6, z, k)*(root(216*%c~3*%z"3 - 108*b*xc~2*e”2*z"2 - 162*b~2*c~2*d
“3xexz + 18%b"2xcke"4*z - 27*b"3*%c”2*%d"6 - b~3*e"6, z, k)*(3888*xb"2*c”10*d”
3xe - 3888*root(216*%c~3*%z"3 - 108*b*c”~2%e~2*xz"2 - 162*%b~2*c"2*d " 3*ke*xz + 18%
b~ 2xcxe~4xz - 27*%b"3*%c”2*d"6 - b~3%e"6, z, k)*b*c"11%d"2%x + 648%xb~2%xc~10*d
“2%e72%x) - 972*%b"3*c”9*d"3*e”3 + 324%b"3*c”9*kd"2*%e"4*x)) + 243*%b"5*%c”9*d"9
*e + 9x%b"5xc”T7*d"3%e”7) *root (216*%c”3*%z"3 - 108*b*c~2x%e"2*%z"2 - 162%b~2%c 2%
d~3xe*z + 18%b~2%cxe~4*z - 27*b"3*c”2x%d"6 - b~3xe”6, z, k), k, 1, 3) + syms
um(log(x* (6xb~5*c~7*d"2%e”8 + 162*b~5*c~9*d"8%e”2) + root(216*c~3%z~3 - 108
*¥bkcT2%e"2%xz"2 + 162*%b72%c”2*%d"3*kexz + 18*%b"2kxcke"4xz — 27*b"3*%c”2*%d"6 - b~
3*%e”6, z, k)*(x*x(486*%b"4*c~10*%d"8 - 90*b~4*xc~8*d"2*xe~6) + root(216*c~3*z"3
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— 108*b*c™2*%e"2*xz"2 + 162*b~2*%c"2*%d"3*e*z + 18*%b~2xcxe"4*z - 27*b"3*%c”2*xd"6
- b"3%e"6, z, k)*(root(216*%c~3%z"3 - 108*b*c~2%e~2*xz~2 + 162*%b~2*c”2*d " 3*e
*z + 18%b"2%cke”4*z — 27*b~3*%c"2*%d"6 - b"3*e”6, z, k)*(3888*xb~2xc~10*d"3*e

- 3888*root (216*c~3%z"3 - 108*b*c~2%e"2%z"2 + 162%xb~2%c~2*%d " 3*exz + 18%b~2x*
ckxe"4*z - 27*%b"3*%c"2*%d"6 - b~3*e”6, z, Kk)*bkcT11xd"2*x + 648*b"2*xc”10*d"2*e
“2xx) - 972%b"3*c”9*%d"3*e”3 + 324*b"3*c”9*d"2*e"4*x)) + 243*b"5*c”"9*d"9*e +
9%b~5*c”7*d"3*%e”7) *root (216*%c~3*%z"3 - 108*b*c”~2%e"2*xz"2 + 162*%b~2*c”2*d 3%
exz + 18%b~2%c*e”4*xz - 27xb~3*%c"2*xd"6 - b~3*e"6, z, k), k, 1, 3) + log(c*xx~
3 + 1)*x((bxe™2*x73)/6 + (bxd™2*x)/2 + (b*d*e*x~2)/2) - log(l - c*x~3)*((bxe
~2xx73)/6 + (b*d"2*x)/2 + (b*d*e*xx~2)/2) + (a*e™2*x73)/3 + a*d™2*x + axd*ex
x"2
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3.33 [(d+ex) (a+btanh™ (cz?)) da

Optimal. Leaf size=285

3
v/3 beArcTan <; — 2\/8””) v/3 beArcTan (
_ V3 V3 +

462/3

1 Q%x 1+4+2c2/322
3 + V3 >+ﬁbdArcTan( V3 ) be tanh!

123 2c 2%

[Out] -1/2*b*e*arctanh(c”(1/3)*x)/c”(2/3)-1/2*b*d"2*arctanh(c*x~3)/e+1/2* (e*xx+d)"~
2% (a+b*arctanh (c*xx~3)) /e+1/2xbxd*1n(1-c~(2/3) *x"2) /c~(1/3)+1/8*b*xex1n(1-c~(
1/3)*x+c~(2/3)*x72) /c~(2/3)-1/8*bxex1n(1+c~(1/3) *x+c~(2/3)*x~2) /c~(2/3)-1/4
*bxd*1n(1+c~(2/3) *x~2+c~(4/3) *x~4) /c~(1/3) +1/4*b*e*xarctan(-1/3*3~ (1/2)+2/3*
c(1/3)*x*3~(1/2))*3°(1/2) /c~(2/3)+1/4*b*e*arctan(1/3*x37(1/2)+2/3*c~(1/3) *x
*37(1/2))*37(1/2)/c~(2/3)+1/2*bxd*arctan(1/3* (1+2*c~(2/3) *x~2)*3~ (1/2) ) *3~(
1/2)/c~(1/3)

Rubi [A]
time = 0.31, antiderivative size = 285, normalized size of antiderivative = 1.00, number of

steps used = 22, number of rules used = 12, integrand size = 16, Zumber of rules _ ( 751
integrand size

Rules used = {6071, 1845, 281, 212, 298, 31, 648, 631, 210, 642, 302, 632}

(d+ea) (a+ btanh™ (ea®) | ‘/i”‘“‘"T“"(T) _ ﬁbﬂ"““(ﬁ V3 ) . ﬁ"”“"““( v " W) | bilog (1= 5%) _ blog (¢4 + 5 41)  belog (¢#5° = Yo +1) _belog (e + YTz +1) _betanh™ (VE's) _ b tanh* (ea”)
% e = e 2 e 2 2 2 2%

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + b*ArcTanh[c*x~3]),x]

[Out] -1/4%(Sqrt[3]*b*exArcTan[1/Sqrt[3] - (2*c~(1/3)*x)/Sqrt[3]]1)/c~(2/3) + (Sqr
t [3]*bxexArcTan[1/Sqrt [3] + (2xc~(1/3)*x)/Sqrt[3]1]1)/(4*c~(2/3)) + (Sqrt([3]=*
bxd*ArcTan[(1 + 2%c~(2/3)*x~2)/Sqrt[3]1])/(2*c~(1/3)) - (b*exArcTanh[c~(1/3)
*xx])/(2xc~(2/3)) - (b*d~2*ArcTanh[c*x~3])/(2xe) + ((d + e*x)~2*(a + bxArcTa
nh[c*xx~3]))/(2xe) + (b*d*Log[l - c~(2/3)*x72])/(2*c~(1/3)) + (bxexLogl[l - c
“(1/3)*x + ¢c~(2/3)*x72])/(8%xc~(2/3)) - (bxexLogl[l + c~(1/3)*x + c~(2/3)*x~2
1)/(8%c™(2/3)) - (b*d*Logl[l + c~(2/3)*x"2 + c~(4/3)*x74])/(4*c™(1/3))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, xI

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 281

Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symboll :> Dist[-(3*Rt[a, 3]1*Rt[b, 3]1)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rtl[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x1, x] /; FreeQ[{a, b}, xl]

Rule 302

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-a/b, n]], s = Denominator[Rt[-a/b, n]l], k, u}, Simp[u = Int[(r*Cos[2*k
*m*x(Pi/n)] - s*Cos[2*k*(m + 1)*(Pi/n)]*x)/(r"2 - 2*r*s*Cos[2xk*x(Pi/n)]*x +

s72%x72), x] + Int[(r*Cos[2*k*m*(Pi/n)] + s*Cos[2xkx(m + 1)*(Pi/n)]*x)/(xr"2
+ 2xr*sxCos [2xk*x (Pi/n)]*x + s”2*x"2), x]; 2*x(r~(m + 2)/(a*n*s™m))*Int[1/(r
"2 - 872%x72), x] + Dist[2*x(r"(m + 1)/(a*n*s™m)), Sum[u, {k, 1, (n - 2)/4}]
, x], x]]1 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && LtQ[m,
n - 1] && NegQ[a/b]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], X, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]
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Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
)/(c”iix(a + b*x"n))), {ii, 0, n/2 - 1}]1}, Intlv, x] /; SumQ[vl] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] &% Expon[Pq, x] < n

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*x(x_))"(m_.), x_
Symbol] :> Simp[(d + exx)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c™2xx~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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(d+ex)® (a+btanh™" (cz®)) B[ 301;2(‘25;6:)2 T

/(d +ex) (a+btanh™ (cz?)) dz =

2e 2e

_ (d+ex)? (a+btanh™ (cz®))  (3bo) ) [ xj(d;j% dz

N 2e 2e

. (d+ 61,')2 (Cl + btanh_l (C$3)) (3bC) f (1 c2z6 + 12dce2xac6 + 1— 02x6> d.

B 2e 2e

_ (d+ex)? (a+btanh™" (cz®)) B (3bcd)/ 3 e (3bed?) [

N 2e 1 — a5 2e

d 2 btanh™! (cx?

= (d+ ea)* (a + btanh™ (ca?)) - 1(3bcd)Subs’c /—z dx,x,x2\

2e 2 1—c2z3 y

betanh™ (/c'z) bd®tanh™ (cz®) (d+ex)? (a+btanh™" (cz?
- = +
2c%/3 2e 2e

betanh™ (¥/c'z) bd®tanh™ (cz®) (d+ex)? (a+btanh™" (cz?
- = +
2c%/3 2e 2e

_1{1-29/cz _1 (142¥/ce
V3 betan (—) V3 betan ( /3 ) ) be tanh 5

Vi),
B 4¢?/3 4¢?/3 2¢2/3
3 3
V3 betan™! (M> V3 betan! (M> V3 bd tan™
) Vi), V),
462/3 402/3 2\5
Mathematica [A]
time = 0.07, size = 333, normalized size = 1.17
(254=) () ) e 0+ (-4 % ( () 2 aren (28) V:Ji’ (14 V72) +log (1 - V% )

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTanh[c*x~3]),x]

[Out] a*xd*x + (axexx~2)/2 + (Sqrt[3]*bxexArcTan[(-1 + 2xc~(1/3)*x)/Sqrt[3]]1)/(4x*c
~(2/3)) + (8qrt[3]*b*exArcTan[(1 + 2*c~(1/3)*x)/Sqrt[3]1]1)/(4*c~(2/3)) + bxd
*xx*xArcTanh [cxx~3] + (b*exx~2*ArcTanh[c*x73])/2 + (bxexLogl[l - c~(1/3)*x])/(
4xc~(2/3)) - (bxexLogl[l + c~(1/3)#*x])/(4xc~(2/3)) + (b*exLog[l - c~(1/3)*x
+ ¢~(2/3)*x72])/(8%c~(2/3)) - (bxexLogl[l + c~(1/3)*x + c~(2/3)*x72])/(8%c~(
2/3)) - (bxd*(-2*Sqrt[3]*ArcTan[(-1 + 2%c~(1/3)*x)/Sqrt[3]] + 2*Sqrt[3]*Arc
Tan[(1 + 2%c~(1/3)*x)/Sqrt[3]] - 2*Logl[l - c~(1/3)*x] - 2xLogl[l + c~(1/3)*x
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1 + Logll - c™(1/3)*x + ¢~ (2/3)*x72] + Logl[l + c~(1/3)*x + c~(2/3)*x72]))/(
4xc~(1/3))

Maple [A]
time = 0.14, size = 363, normalized size = 1.27

method | result

bd
1 1 2
retan bdln(z+(1)3 bdln(z?—(1)32+(1)3
default | a(iez?+ dz) +M+barctanh(cx3)dx+ ((1)% ) _ ( e ) 4
2¢c(= de(L
bd/3
n(z—(1 ?lf nl z2+(L % 1 %
risch b(%ez2+dx2) In(ca®+1) + ae?:p2 +adz — bdzln(—201'3+1) bdl (:1: (;) ) _ bdl (“’ +(C) :+(C) ) _
20(%)3 40(%)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(at+b*arctanh(c*x"3)),x,method= RETURNVERBOSE)

[Out] a*(1/2*e*x”~2+d*x)+1/2*b*arctanh(c*x”3)*x"~2*e+b*arctanh(c*x~3) *d*x+1/2*b*d/c
/(1/c)~(2/3)*1n(x+(1/c)~(1/3))-1/4xbxd/c/(1/c)~(2/3)*1n(x"2-(1/c) ~(1/3) *x+(
1/c)~(2/3))+1/2xb*d/c/(1/c)~(2/3)*3~(1/2)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)
*x-1))-1/4%bxe/c/(1/c)~(1/3)*1n(x+(1/c)~(1/3))+1/8*b*xe/c/(1/c)~(1/3) *1n(x"2
-(1/c)"(1/3)*x+(1/c)~(2/3))+1/4xb*e*x3~(1/2) /c/(1/c)~(1/3) *arctan(1/3*3~(1/2
)*x(2/(1/c)~(1/3)*x-1))+1/2%b*d/c/(1/c)~(2/3)*1n(x-(1/c)~(1/3))-1/4*bxd/c/ (1
/c)”(2/3)*1n(x~2+(1/c)~(1/3)*x+(1/c)~(2/3))-1/2%b*d/c/(1/c)~(2/3)*3~(1/2) *a
rctan(1/3*3~(1/2)*(2/(1/c) "~ (1/3) *x+1) )+1/4xb*xe/c/(1/c)~(1/3)*1n(x-(1/c) "~ (1/
3))-1/8xbxe/c/(1/c)~(1/3) *1n(x"2+(1/c)~(1/3) *x+(1/c)~(2/3) ) +1/4xb*ex3~ (1/2)
/c/(1/c)~(1/3)*arctan(1/3%3~(1/2)*(2/(1/c)~(1/3) *x+1))

Maxima [A]
time = 0.47, size = 250, normalized size = 0.88

V3 (2ctarecd) V3 (2dect) 5 V3 (2cke-cd)
1 Nk V3 arctan ( Ed log (i’ + cda?+1)  21og (A1) o 28 arctan | 57— | 2VFarctan (5 ) (a4 cto+1) tog(cha?—clat1) 2log (v'* 1) 210 (52)
arter e . - . + L | dzartanh (o) |-+ odo + 5 | 42 artanh (c0?) + ¢ . + . - - + - - NP be
i ] ] & & & & & ] &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*arctanh(c*x~3)),x, algorithm="maxima")

[Out] 1/2*axx"2%e + 1/4x(cx(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)*x~2 + ¢~ (2/3)
)/c~(2/3))/c™(4/3) - log(c™(4/3)*x™4 + c~(2/3)*x”2 + 1)/c”(4/3) + 2xlog((c”
(2/3)*x72 - 1)/c~(2/3))/c”(4/3)) + 4xx*arctanh(c*x~3))*bxd + a*xd*x + 1/8%(4
*xx~2%arctanh(c*x~3) + c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(2/3)*x + c~(1/3
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))/c~(1/3))/c”(56/3) + 2*sqrt(3)*arctan(1/3*sqrt(3)*(2xc~(2/3)*x - c~(1/3))/
c~(1/3))/c~(5/3) - log(c~(2/3)*x"2 + c~(1/3)*x + 1)/c~(5/3) + log(c~(2/3)*x
"2 - ¢~ (1/3)*x + 1)/c~(5/3) - 2x1log((c~(1/3)*x + 1)/c~(1/3))/c~(5/3) + 2x*lo
g((c™(1/3)*x - 1)/c~(1/3))/c™(6/3)))*bxe

Fricas [C] Result contains complex when optimal does not.
time = 1.29, size = 14519, normalized size = 50.94

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/2*%a*xx"2%cosh(1) + 1/2*%a*x"2*sinh(1) + a*d*x + 1/16%(b"2*d*(-I*sqrt(3) + 1
)/ ((c*cosh(1l) - c*sinh(1))*(-1/128*b~3*sqrt((64*(cosh(1)~3 - 3*cosh(1) "2*si
nh(1) + 3*cosh(1)*sinh(1)"2 - sinh(1)~3)*c"2*%d"6 - 16*(cosh(1)~4 - 2*cosh(1
) 2xsinh(1)"2 + sinh(1)"4 - 2)*c*d~3 + cosh(1)~5 + 3*cosh(1) 4*xsinh(1) + 2%
cosh(1) "3*sinh(1) "2 - 2*cosh(1) "2*sinh(1)~3 - 3*cosh(1)*sinh(1)~4 - sinh(1)
~5)/(cosh(1) - sinh(1)))/(c"2*(cosh(1) - sinh(1))) - 1/128%(8*b~3*c*d~3*sin
h(1) + b~3*cosh(1)"2 + b~ 3*sinh(1)"2 - 2% (4*%b~3*c*d"3 - b~ 3*sinh(1))*cosh(1l
))/(c”2xcosh(1) - c™2xsinh(1)))~(1/3)) - 8*(I*sqrt(3) + 1)*(-1/128xb~3*sqrt
((64*(cosh(1)"3 - 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~"2 - sinh(1)~3)*c~
2%d~6 - 16%(cosh(1)”4 - 2xcosh(1)~2*sinh(1)~2 + sinh(1)"4 - 2)*c*d~3 + cosh
(1)°5 + 3*cosh(1)“4*sinh(1) + 2*cosh(1)~3*sinh(1)~2 - 2*cosh(1) 2*sinh(1)"3
- 3*cosh(1)*sinh(1)"4 - sinh(1)75)/(cosh(1) - sinh(1)))/(c"2*(cosh(1) - si
nh(1))) - 1/128%(8%b~3*c*d~3*sinh(1l) + b~3*cosh(1)"2 + b~ 3*sinh(1)~2 - 2x(4
*b~3*c*xd"3 - b~3*sinh(1))*cosh(1))/(c"2*cosh(1) - c™2xsinh(1)))~(1/3))*1log(
8*b~2kcxd"3*x + b~ 2*x*cosh(1)~3 + b™2*x*sinh(1)~3 + (b~2*d*(-I*sqrt(3) + 1)
/((c*cosh(1) - c*sinh(1))*(-1/128%b~3*sqrt((64*(cosh(1)~3 - 3*cosh(1) 2+*sin
h(1) + 3*cosh(1)*sinh(1)”"2 - sinh(1)~3)*c"2%d"6 - 16*(cosh(1)”"4 - 2x*cosh(1)
~2xsinh(1)"2 + sinh(1)74 - 2)*c*d"3 + cosh(1)"5 + 3*cosh(1) “4*sinh(1) + 2*c
osh(1)"3*sinh(1)"2 - 2*cosh(1) "2*sinh(1)~3 - 3*cosh(1)*sinh(1)"4 - sinh(1)~
5)/(cosh(1) - sinh(1)))/(c"2%(cosh(1) - sinh(1))) - 1/128*(8%b~3*c*d~3*sinh
(1) + b™3*cosh(1)72 + b~ 3*sinh(1)72 - 2*(4%b~3*c*d"3 - b~3*sinh(1))*cosh(1)
)/ (c"2%cosh(1) - c”2*sinh(1)))~(1/3)) - 8x(I*sqrt(3) + 1)*(-1/128%b~3*sqrt(
(64*(cosh(1)~3 - 3*cosh(1)~"2*sinh(1) + 3*cosh(1)*sinh(1)~2 - sinh(1)~3)*c"2
*d"6 - 16%(cosh(1)"4 - 2*cosh(1)~2*sinh(1)"2 + sinh(1)~4 - 2)*c*d~3 + cosh(
1)°5 + 3*cosh(1) 4*sinh(1) + 2*cosh(1)~3*sinh(1)~2 - 2*cosh(1) " 2*sinh(1)~3
- 3*cosh(1)*sinh(1)~4 - sinh(1)~5)/(cosh(1) - sinh(1)))/(c"2*(cosh(1l) - sin
h(1))) - 1/128%(8*%b~3*c*d"3*sinh(1) + b~3*cosh(1)"2 + b~3*sinh(1)~2 - 2x (4%
b~3*c*d™3 - b~3*sinh(1))*cosh(1))/(c"2*cosh(1) - c"2*sinh(1)))~(1/3))*b*c*d
~2 + 4xb~2xd*cosh(1)72 + 1/16*(b~2*d*(-I*sqrt(3) + 1)/((c*cosh(l) - c*sinh(
1)) *(-1/128*b~3*sqrt ((64*(cosh(1)~3 - 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(
1)72 - sinh(1)~3)*c~2*%d"6 - 16*(cosh(1)~4 - 2*cosh(1)~2*sinh(1)~2 + sinh(1)
~4 - 2)*c*d~3 + cosh(1)75 + 3*cosh(1) 4*sinh(1) + 2*cosh(1) 3*sinh(1)"2 - 2
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*cosh(1) "2*sinh(1) "3 - 3*cosh(1)*sinh(1)”"4 - sinh(1)~5)/(cosh(1) - sinh(1))
)/ (c"2%(cosh(1) - sinh(1))) - 1/128*(8*b~3*c*d~3*sinh(1) + b~ 3*cosh(1)~2 +
b"3*sinh(1)~2 - 2% (4*b~3*c*d"3 - b~3*sinh(1))*cosh(1))/(c"2*cosh(1) - c”~2*s
inh(1)))~(1/3)) - 8*(I*sqrt(3) + 1)*(-1/128*%b~3*sqrt((64*(cosh(1)~3 - 3*cos
h(1)~2*sinh(1) + 3*cosh(1)*sinh(1)~2 - sinh(1)~3)*c~2*%d"6 - 16*(cosh(1)"4 -
2*xcosh(1) "2*sinh(1)"2 + sinh(1)"4 - 2)*c*d"3 + cosh(1)”5 + 3*cosh(1) “4#*sin
h(1) + 2*cosh(1) 3*sinh(1)"2 - 2*cosh(1) "2*sinh(1)~3 - 3*cosh(1)*sinh(1)"4
- sinh(1)"5)/(cosh(1) - sinh(1)))/(c"2*(cosh(1) - sinh(1))) - 1/128%(8xb~3x%
c*d"3*sinh(1) + b~ 3*cosh(1)"2 + b~3*sinh(1) "2 - 2*(4*xb~3*c*d~3 - b~ 3*sinh(1
))*cosh(1))/(c™2*cosh(1) - c~2%sinh(1)))~(1/3))"2x(c*cosh(1) + c*sinh(1)) +

(3*b~2*x*cosh(1) + 4%b~2*d)*sinh(1)~2 + (3*%b~2*x*cosh(1)~2 + 8*b~2*d*cosh(
1))*sinh(1)) - 1/32%(b~2*d*(-I*sqrt(3) + 1)/((c*cosh(1) - c*sinh(1))*(-1/12
8*b~3*sqrt ((64*(cosh(1)~3 - 3*cosh(1)~2*sinh(1) + 3*cosh(1)*sinh(1)”"2 - sin
h(1)"3)*c"2%d"6 - 16%(cosh(1)”"4 - 2*cosh(1) 2*sinh(1)~2 + sinh(1)7"4 - 2)*cx*
d~3 + cosh(1)"5 + 3*cosh(1) “4*sinh(1) + 2*cosh(1)~3*sinh(1)"2 - 2*cosh(1)"2
*sinh(1) "3 - 3*cosh(1)*sinh(1)~4 - sinh(1)75)/(cosh(1) - sinh(1)))/(c"2*(co
sh(1) - sinh(1))) - 1/128%(8*b~3*c*d~3*sinh(1) + b~ 3*cosh(1)"2 + b~3*sinh(1
)72 - 2%(4xb~3*c*d"3 - b~ 3*sinh(1))*cosh(1))/(c"2*cosh(1) - c~2*sinh(1)))~(
1/3)) - 2*xsqrt(3/2)*sqrt(1/2)*sqrt(-(128*b~2*d*cosh(1l) + 128*b~2*d*sinh(1)
+ (b™2*d*(-I*sqrt(3) + 1)/((c*cosh(1l) - c*sinh(1))*(-1/128%b~3*sqrt ((64*(co
sh(1)~3 - 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~"2 - sinh(1)~3)*c~2*%d"6 -

16*(cosh(1)”"4 - 2*cosh(1) 2*sinh(1)"2 + sinh(1)"4 - 2)*c*d”3 + cosh(1)75 +
3*cosh(1) "4*sinh(1) + 2*cosh(1)~3*sinh(1)~2 - 2*cosh(1) "2*sinh(1)~3 - 3*cos
h(1)*sinh(1)~4 - sinh(1)~5)/(cosh(1) - sinh(1)))/(c"2*(cosh(1) - sinh(1)))
- 1/128*%(8*%b~3*c*d"3*sinh(1) + b~3*cosh(1)~2 + b~3*sinh(1)~2 - 2x(4*xb~3*c*d
~3 - b"3*sinh(1))*cosh(1))/(c"2*cosh(1) - c"2*sinh(1)))~(1/3)) - 8x(I*sqrt(
3) + 1)*(-1/128xb~3*sqrt ((64*(cosh(1)~3 - 3*cosh(1) "2*sinh(1) + 3*cosh(1)*s
inh(1)"2 - sinh(1)"3)*c"2*d"6 - 16*(cosh(1)~4 - 2*cosh(1)~2*sinh(1)"2 + sin
h(1)"4 - 2)*c*d"3 + cosh(1)"5 + 3*cosh(1) “4*sinh(1) + 2*cosh(1) "3*sinh(1)~2
- 2%cosh(1)~2*sinh(1)~3 - 3*cosh(1)*sinh(1)~4 - sinh(1)~5)/(cosh(1) - sinh
(1)))/(c™2x(cosh(1) - sinh(1))) - 1/128*(8*b~3*c*d~3*sinh(1) + b~3*cosh(1)~
2 + b73*sinh(1)72 - 2*%(4%b~3*c*d"3 - b~3*sinh(1))*cosh(1))/(c"2*cosh(1) - ¢
~2xsinh(1)))~(1/3))"2%c)/c) - 8*(Ixsqrt(3) + 1)*(-1/128%b~3*sqrt ((64*(cosh(
1)"3 - 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~2 - sinh(1)~3)*c"2%d"6 - 16%
(cosh(1)~4 - 2%cosh(1)~"2*sinh(1)"2 + sinh(1)"4 ...

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*atanh(ckx**3)),x)

[Out] Timed out
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Giac [A]
time = 1.09, size = 279, normalized size = 0.98

VB (2bedlef — beelel? ) arctan (l N (u + #)W) VA (2bediff + boele) aetan (‘1 V3 (257 *)Mi«j (2bodle + beelel?) log (:’ e %) (2bedle ~ beel?) log (r’ - Tv'*#) (2bediclf — beclel?) tog (‘z + 2 ) (2bedlc + beelel) log ( 2— T'YrD
; 2 & - ' i@ f i@

1. 1o e+l : e " i
aea? + adz +  (bea? + 2bdr) log -5
5 06x” o adz 4 7 (bea? + 20 og( “_‘) i v E 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctanh(c*x~3)),x, algorithm="giac")
g g g

[Out] 1/2*axexx”2 + axd*x + 1/4*%(bxe*xx~2 + 2xbxd*x)*log(-(c*x~3 + 1)/(c*x~3
- 1/4*sqrt (3)*(2*¥bxcxd*abs(c) ~(2/3) - bxcke*xabs(c)~(1/3))*arctan(1/3*sqrt(
3)*x(2*x + 1/abs(c)~(1/3))*abs(c)~(1/3))/c”2 + 1/4*sqrt(3)*(2xb*c*xd*abs(c)~(
2/3) + bxcxexabs(c)~(1/3))*arctan(1/3*sqrt(3)*(2*x - 1/abs(c)~(1/3))*abs(c)
~(1/3))/c”2 - 1/8x(2xbxcxd*abs(c)~(2/3) + b*c*exabs(c)~(1/3))*log(x"2 + x/a
bs(c)~(1/3) + 1/abs(c)~(2/3))/c™2 - 1/8%(2*bxc*dxabs(c)~(2/3) - bxcxexabs(c
)~ (1/3))*log(x~2 - x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c™2 + 1/4%(2xb*xc*d*abs (
c)~(2/3) - bxcxexabs(c)~(1/3))*log(abs(x + 1/abs(c)~(1/3)))/c™2 + 1/4%(2*b*
cxd*abs(c)~(2/3) + bxcxexabs(c)~(1/3))*log(abs(x - 1/abs(c)~(1/3)))/c"2

Mupad [B]
time = 1.03, size = 621, normalized size = 2.18

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"3))*(d + e*x),x)

[Out] symsum(log((243*b~5*c~9*d~4*e)/2 - root(64*c™2xz"3 + 24*b~2*c*d*e*z -
*c*d"3 + b"3*%e”3, z, k)*(root(64*c”2%z"3 + 24*b~2xckd*exz - 8*%b~3*c*d"3 + b
~3%e~3, z, k)*(root(64*xc™2%z"3 + 24*b~2*ckd*exz - 8*xb~3*kcxd”~3 + b~3*e”3, z,
k) *(486xb~2*%c~10*%e~2*%x - 1944*b~2xc~10*d*e + 3888*root(64*c”~2*xz~3 + 24xb~2
xckd*e*z - 8%b~3*kcxd"3 + b~3*%e”3, z, k)*bkc"11lkxd*x) - (243*%b~3*%c"9*e"3)/2)
- 486*b~4*c”10*%d"4*x) + (243*b~5*%c”9*d"3*e”2*x)/4)*root (64*c”2*xz"3 + 24%b~2
xc*d*exz - 8%b~3xc*d”3 + b~3*e”3, z, k), k, 1, 3) + symsum(log((243*%b~5%c~9
*d~4*e) /2 - root(64*c”2%z"3 - 24%b~2xckxd*e*xz - 8*b~3*c*d"3 - b~ 3*e”3, z, k)
*(root (64*%c™2%z"3 - 24%xb~2xckd*exz - 8*%b~3%cxd~3 - b~3*e”3, z, k)*(root(64*
Cc"2%z"3 - 24xb"2*cxdxexz - 8*%b~3*c*d"3 - b"3*%e”3, z, k)*(486*%b"2%c"10*e"2*x
- 1944%b~2*c"10*d*e + 3888*root (64*c”2%z"3 - 24*xb~2xckd*e*xz - 8*b~3*c*xd”3
- b"3*%e”3, z, k)*bxc~11xd*x) - (243*%b"3*%c”"9*%e”~3)/2) - 486*b~4*c”10*d"4*x) +
(243%b~5*c~9*d"3*e"2%*x) /4) *root (64*xc~2*z"3 - 24xb~2*c*d*exz — 8*b~3*c*xd”3
- b"3%e73, z, k), k, 1, 3) + log(c*x™3 + 1)*((b*d*x)/2 + (bxexx~2)/4) - log
(1 - c*x73)*((b*d*x)/2 + (b*e*x"2)/4) + a*d*x + (a*xe*x~2)/2

- 1)

8*b~3
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-1 3
3.34 f a+bta;_{1_1€x (ca: ) dz

Optimal. Leaf size=523

e 1—\3/813 e 1+\3/E:c
blog <3—> log(d + ex) blog —Q log(d +ex) blo
(a+ btanh™" (cz®)) log(d + ex) N V/C dte Ve d—e N

e 2e - 2e

[Out] (at+b*arctanh(c*x~3))*1n(e*xx+d)/e+1/2*b*1ln(e*x(1-c~(1/3)*x)/(c”(1/3)*d+e))*1n
(e*xx+d) /e-1/2xb*1ln(-ex(1+c~(1/3)*x) /(c~(1/3) *d-e) ) *1n(e*x+d) /e+1/2xb*1n(-e*
((-1)~(1/3)+c™(1/3)*x) / (¢~ (1/3) *d- (-1) ~(1/3) *e) ) ¥1n (e*x+d) /e-1/2¥b*1n (-e* ((
-1)7(2/3)+c”(1/3)*x) / (¢~ (1/3) *d-(-1) " (2/3) *e) ) *1n (e*x+d) /e+1/2xb*1n((-1) ~ (2
/3)xex(1+(-1)~(1/3)*c~(1/3)*x) / (c™ (1/3) *d+(-1) " (2/3) *e) ) *1n(e*x+d) /e-1/2%b*
In((-1)~(1/3)*ex(1+(-1)~(2/3) *c~(1/3) *x) / (¢~ (1/3) *d+(-1) " (1/3) *e) ) *1n (exx+d
) /e-1/2%b*polylog(2,c”(1/3)*(e*xx+d)/(c~(1/3)*d-e)) /e+1/2%b*polylog(2,c~(1/3
) *(exx+d) /(c~(1/3) *d+e)) /e+1/2%b*polylog(2,c~(1/3) *(exx+d) /(c~(1/3)*d-(-1)~
(1/3)*e)) /e-1/2*xbxpolylog(2,c~(1/3)*(e*x+d) /(c~(1/3)*d+(-1)~(1/3)*e))/e-1/2
*bxpolylog(2,c”(1/3)*(exx+d)/(c~(1/3)*d-(-1)"(2/3)*e))/e+1/2*¥b*polylog(2,c”
(1/3)*(exx+d) /(c~(1/3)*d+(-1)"(2/3)*e)) /e

Rubi [A]

time = (.71, antiderivative size = 523, normalized size of antiderivative = 1.00, number of

number of rules _ 444
' integrand size ’

steps used = 25, number of rules used = 8, integrand size = 18
Rules used = {6067, 281, 212, 2463, 266, 2441, 2440, 2438}

oo P(52) () () (i) ma(fem) (i) v () v o () ot o (AT ot s (EECD) ot s (L) vt s (AT

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x~3])/(d + e*x),x]

[Out] ((a + b*ArcTanh[c*x~3])*Logl[d + e*x])/e + (bxLog[(ex(1 - c~(1/3)*x))/(c~(1/
3)*d + e)]*Logld + exx])/(2%e) - (bxLogl[-((ex(1 + c~(1/3)*x))/(c”(1/3)*d -
e))]*Logld + e*x])/(2*e) + (b*Log[-((ex((-1)~(1/3) + c~(1/3)*x))/(c~(1/3)*d
- (-1)7(1/3)*e))]*Logld + e*x])/(2xe) - (b*Logl[-((ex((-1)7(2/3) + c~(1/3)*
x))/(c™(1/3)*d - (-1)7(2/3)*e))]*Logld + exx])/(2%e) + (b*Logl[((-1)~(2/3)*e
*(1 + (-1)7(1/3)*c™(1/3)*x)) /(c™(1/3)*d + (-1)7(2/3)*e)]*Logld + exx])/(2*e
) - (b*xLog[((-1)~(1/3)*ex(1 + (-1)7(2/3)*c~(1/3)*x))/(c~(1/3)*d + (-1)~(1/3
)*xe)]*Logld + e*xx])/(2*e) - (b*PolyLogl[2, (c~(1/3)*(d + e*x))/(c™(1/3)*d -
e)])/(2xe) + (bxPolyLogl[2, (c~(1/3)*(d + exx))/(c~(1/3)*d + e)]1)/(2xe) + (b
*PolyLog[2, (c~(1/3)*(d + exx))/(c~(1/3)*d - (-1)~(1/3)*e)]1)/(2%e) - (bxPol
yLogl[2, (c~(1/3)*(d + exx))/(c™(1/3)*d + (-1)~(1/3)*e)])/(2%e) - (b*PolyLog
[2, (c7(1/3)*(d + e*x))/(c™(1/3)*d - (-1)7(2/3)*e)]1)/(2xe) + (b*PolyLogl[2,
(c™(1/3)*(d + exx))/(c™(1/3)*d + (-1)7(2/3)*e)])/(2%e)

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281
Int[(x_ )" (m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m

+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, x
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_)1*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]l*((a + bxLoglcx(d + exx
)"nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gxx))/(exf - d*xg)]/(d + ex*x)
, x]1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)]1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£f) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLogl[cx(d + exx)"n])"p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQ[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[ql

Rule 6067

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)1*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol
1 :> Simp[Logl[d + e*x]*((a + bxArcTanh[c*x"n])/e), x] - Dist[b*c*(n/e), Int
[x"(n - D*(Logld + exx]/(1 - c™2*%x"(2*n))), x], x] /; FreeQ[{a, b, c, d, e
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, n}, x] &% IntegerQ[nl]

Rubi steps

1.3 1.3
/a—l—btanh (cz)dx:/( a +btanh (cx )) s

d+ex d+ex d+ex
_ alog(d + ex) +b/tanh (cx )dac
e d+ex

Mathematica [C] Result contains complex when optimal does not.
time = 69.94, size = 515, normalized size = 0.98

v (T o 1 o (D ot o 4 -t ) o3 ) a3 ) oo )« vt ) - a3

R G

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~3])/(d + e*x),x]

[Out] (a*Logld + e*x])/e + (b*(2xArcTanh[c*x~3]*Logl[d + exx] - Logl[(ex(1 - I*Sqrt
[3] - 2%c~(1/3)*x))/(2%c~(1/3)*d + e - IxSqrt[3]*e)]*Logld + exx] + Logl(ex
(-I + Sqrt[3] - (2*I)*c~(1/3)*x))/((2*I)*c~(1/3)*d + (-I + Sqrt[3])*e)]l*Log
[d + exx] + Logl[(ex(I + Sqrt[3] + (2*I)*c~(1/3)#*x))/((-2*I)*c~(1/3)*d + (I
+ Sqrt[3])*e)]*Logl[d + e*x] - Log[-((ex(1 + c~(1/3)*x))/(c"(1/3)*d - e))]*L
ogld + e*x] - Log[-((ex(-1 - IxSqrt[3] + 2%c~(1/3)*x))/(2%c~(1/3)*d + e + I
*xSqrt [3]*e))]*Logld + exx] + Logld + exx]xLog[(e - c~(1/3)*e*x)/(c”(1/3)*d
+ e)] - PolyLogl[2, (c~(1/3)*(d + e*x))/(c"(1/3)*d - e)] + PolyLogl[2, (c~(1/
3)*%(d + e*x))/(c”(1/3)*d + e)] + PolyLogl[2, (2%c~(1/3)*(d + ex*x))/(2*%c~(1/3
)*d - e - IxSqrt[3]xe)] - PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*c~(1/3)*d + e
- IxSqrt[3]*e)] + PolyLogl[2, (2*%c~(1/3)*(d + e*x))/(2*c~(1/3)*d - e + Ix*Sq
rt[3]*e)] - PolyLogl[2, (2xc~(1/3)*(d + exx))/(2%c~(1/3)*d + e + I*Sqrt[3]*e
)1))/(2xe)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.18, size = 182, normalized size = 0.35

method | result

b (ln(ez+d) In (LR}EI_(Z) +d
- 3 _ 72 2 7 _cd34ed —
aln(ex—i—d) bln(em_;’_d) arctanh(c [E'?’) . _R1 RootOf(c_Z 3dc_ £°+3cd4__ZL—cd7+e )
default . T+ . 2e

b (ln(ex+d) In (kRR]Ld) +dil
. aln(ez+d) _ bln(ez+d)In(—ca?+1) —RI=Root0t(c_Z°-3dc_Z+3ca?_Z-cdd—e?) —
risch e - 2e + 2e
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~3))/(e*xx+d) ,x,method=_RETURNVERBOSE)

[Out] a*1ln(e*x+d)/e+bx1n(e*x+d)/e*arctanh(c*x~3)-1/2*b/e*sum(1ln(e*x+d)*1n((-exx+_
R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1),_R1=Root0f (_Z~3*c-3%_Z 2%c*d+3*_Z*c*d 2-
c*d~3+e~3))+1/2*xb/e*sum(1ln(e*x+d) *1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_

R1), R1=RootQf (_Z~3%c-3% Z~2%c*d+3% Zxc*d~2-c*d~3-e"3))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~3))/(exx+d),x, algorithm="maxima")
[Out] a*e”(-1)*log(x*e + d) + 1/2*b*xintegrate((log(c*x~3 + 1) - log(-c*x~3 + 1))/
(xxe + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x~3))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*x~3) + a)/(xxe + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**3))/(e*x+d),x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x~3))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~3) + a)/(e*xx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

3
/a+batanh(cm )da:
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~3))/(d + e*x),x)
[Out] int((a + b*atanh(c*x~3))/(d + e*x), x)
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a+btanh~1 (cx3) d
(d+ex)?

3.35 |

Optimal. Leaf size=414

i \/?Tbe/EArcTan(%) i V3 b/ (Ve d+e) ArcTan(%> ot btonh™ (ct) B (45

2 (c2/3d2 + </c de + €?) 2 (cd® + €3) e(d + ex) + 2|

[Out] (-a-b*arctanh(c*x~3))/e/(e*x+d)+1/2xbxc~(1/3)*(c~(1/3)*d-e)*1n(1-c~(1/3)*x)
/(c*d~3+e~3)+1/2*b*xc”~(1/3) *(c~(1/3) *d+e) *1n(1+c~(1/3) *x) / (c*d~3-e~3) -3*b*c*
d"2*e"2x1n(e*x+d)/(c"2*xd"6-e76)-1/4*b*c~ (1/3)*(c~(1/3) *d+e) *1n(1-c~(1/3) *x+
c~(2/3)*x72)/(c*xd~3-e~3)-1/4*bxc” (1/3) *(c~(1/3) *d-e) *1n(1+c~(1/3) *x+c~(2/3)

*x72) /(c*d~3+e"3)-1/2xb*c*xd"2*1n(-c*x"3+1) /e/ (c*xd"3+e"3) +1/2*b*c*d~2*1n(c*x
~3+1)/e/(c*d"3-e~3)-1/2*b*c” (1/3) *arctan(1/3* (1-2*c~(1/3)*x) *3~(1/2))*3~(1/
2)/(c~(2/3)*d~2+c~ (1/3) *d*e+e~2)-1/2%bxc”~ (1/3) *(c~(1/3) *d+e) *arctan (1/3* (1+
2xc”(1/3) *x)*37(1/2))*37(1/2) / (c*xd~3+e~3)

Rubi [A]

time = 0.52, antiderivative size = 414, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 19, number of rules used = 11, integrand size = 18, integrand size — 0.611,

Rules used = {6071, 6857, 1885, 1875, 31, 648, 631, 210, 642, 266, 1874}

y 129 y e (g
a+btanh™ (er) ‘/‘?b‘/g"’ﬁm( V3 )7 ‘/5"‘/“”““( V3 )“/Ed”] bR (YEd o) log (¢~ YEa 1) b (VEd—c)log (0" + Ve +1)  Shoetlog(d +ea) | bYE (VEd —c)log (1 - Y'x) | bYE (VEd +e)log (VE'a 1) _bodlog (1= cr') | belog(ea® +1)
e(d+ex) 2 (PPE + Y de+ %) 2(ed + ) Al — o) Aol + o) E—e 2(ed + ) 2(ed — ) 2e(ed + %) 2e(ed — )

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x~3])/(d + e*x)~2,x]

[Out] -1/2*(Sqrt[3]1*bxc~(1/3)*ArcTan[(1 - 2*c~(1/3)*x)/Sqrt[31]1)/(c~(2/3)*d"2 + ¢
~(1/3)*d*e + e72) - (Sqrt[3]*bxc~(1/3)*(c”(1/3)*d + e)*ArcTan[(1 + 2%c~(1/3

)*x) /Sqrt[3]1]1) /(2% (c*d™3 + e73)) - (a + bxArcTanh[c*x"3])/(e*x(d + e*x)) + (
bxc~(1/3)*(c”(1/3)*d - e)*Logll - c~(1/3)*x])/(2*x(cxd"3 + e73)) + (bxc~(1/3
)*(c~(1/3)*d + e)*Logl[l + c~(1/3)*x])/(2%(c*d"3 - e€73)) - (3*b*c*d~2xe~2xLo

gld + e*xx])/(c™2%xd"6 - e76) - (b*c™(1/3)*(c”(1/3)*d + e)*Logl[l - c~(1/3)*x

+ ¢c7(2/3)*x72]) /(4% (c*d™3 - €73)) - (bxc™(1/3)*(c"(1/3)*d - e)*Logl[l + c~(1
/3)*x + ¢~ (2/3)*x72]) /(4% (c*d"3 + e73)) - (b*cxd"2*Logl[l - c*x~3])/(2xex(c*

d~3 + e73)) + (bxcxd"2*Logl[l + c*x73])/(2*ex(c*d"3 - e73))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]]1/b, x] /; FreeQ[{a, b}, x]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
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& (LtQla, 0] Il LtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*xx + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%c*d - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1874

Int[((AD) + (B_.)*(x_))/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{r = Numer
ator[Rt[a/b, 3]], s = Denominator[Rt[a/b, 311}, Dist[(-r)*((B*r - A*xs)/(3*a
*s)), Int[1/(r + s*x), x], x] + Dist[r/(3*a*xs), Int[(r*(Bxr + 2*A*s) + s*x(B
xr — Axs)*x)/(r~2 - r*s*x + s~2%x~2), x], x]] /; FreeQ[{a, b, A, B}, x] &&
NeQ[a*B~3 - b*A~3, 0] && PosQ[a/b]

Rule 1875

Int[((AD) + (B_.)*(x_))/((a)) + (b_.)*(x_)"3), x_Symbol] :> With[{r = Numer
ator[Rt[-a/b, 3]], s = Denominator[Rt[-a/b, 3]]1}, Dist[r*((B*r + Axs)/(3*ax
8)), Int[1/(r - s*x), x], x] - Dist[r/(3*ax*xs), Int[(r*(Bxr - 2%Axs) - s*x(Bx
r + A*s)*x)/(r"2 + r*s*x + s”2%x"2), x], x]] /; FreeQ[{a, b, A, B}, x] && N
eQ[a*B~3 - b*A~3, 0] && NegQ[a/bl

Rule 1885

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B
= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + B*x)/(a + b*x"3), x] + Di
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st[C, Int[x"2/(a + b*x~3), x], x] /; EqQ[a*B~3 - b*A~3, 0] || !RationalQ[a
/v1] /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 6071

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*x(x_))"(m_.), x_
Symbol] :> Simp[(d + exx)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Dist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 - c™2xx~ (2%
n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
/ a + btanh™ (cz?) oot btanh™* (cz?) N b[ % dz
(d + ex)? e(d + ex) e
_ _a+ btanh~! (cz3)  (3bc) J m dx
e(d + ex) e
d?et de—e?z—cd?z?
_ _(L + bta,nh_l (C.’L'3) (3bC) f ((—cd3+e3)(cd3+e3)(d+ez) + 2(cd3+e3)(—1+cz3) + 2(cd3—e?
B e(d + ex) e
__a+t btanh™! (cz?) _ 3bcd?e? log(d + ex) (3be) % dzr
e(d + ex) c2db — eb 2e (cd® — €3)
__a+ btanh™* (cz?) B 3bcd?e®log(d + ex)  (3bc) [ df;%zf dz  (3b*d?) [ lf—;
e(d + ex) c2db — e 2e (cd3 — e3) 2e (cd3 — €3

_a+btanh™ (cz®)  3bed’e’log(d +ex)  bed®log (1 — ca®)

bed? log (1 + ¢

e(d+ ex) c2ds — eb 2e (cd® + €?)

2e (cd® — €3

e(d + ex) 2 (cd® +e3)

_a+btanh™! (ca®) N by/c (V/c'd—e)log (1 — ¥/c z) N b/c (¥/c'd+e) log (1
2 (cd® — €3)

_a+ btanh™ (cz®) bv/c (Vc'd—e)log (1 — ¥/c z) N b/ (¥/c'd+e) log (1

e(d + ex) 2 (cd® +e3)

_\/3713\3/3 tan—1 (1_5\%83”) ) V3 b/c (Ve d+e) tan™! (Higfx

2 (cd® — e3)

) _a+tb

2 (c?3d? 4 V/c'de + €?) 2 (cd? + €3)
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Mathematica [A]
time = 0.38, size = 534, normalized size = 1.29

. 0 AT L2952 2vE by (s ) AT 24
1 _aa BIWEACTM(OE ) WEWE (VL AT MU ) i o) | BV (P = e o 4 YTt~ ) g (1= YFx) DB (S 4 e o4 YT+ ) g (14 Y x) _ 1o+ en) | BT (28 - i = - Y ) log (1= Y3 + ) WP + P o — e+ )l (1 4+ Y 4 )t log(1 — )
i| @ T EE e EEr e et —Fere G e —Fere 'r

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~3])/(d + e*x)~2,x]

[Out] ((-4%a)/(ex(d + exx)) + (2*Sqrt[3]*b*c~(1/3)*ArcTan[(-1 + 2xc~(1/3)*x)/Sqrt
[311)/(c™(2/3)*%d"2 + c~(1/3)*d*e + e72) - (2%Sqrt[3]*bxc~(1/3)*(c~(1/3)*d +
e)*ArcTan[(1 + 2*c~(1/3)*x)/Sqrt[3]1]1)/(c*d"3 + e73) - (4*b*ArcTanh[c*x~3])
/(ex(d + exx)) + (2%b*c™(1/3)*(c~(5/3)*d"5 - c~(4/3)*d"4*e + cxd"3%e”2 + c~
(1/3)*d*xe~4 - e~5)*Logl[l - c~(1/3)*x])/(-(c”2*%d"6%e) + e~7) - (2*bxc~(1/3)*
(c”(5/3)*d"5 + c~(4/3)*d"4*e + c*d"3*e”2 + c~(1/3)*d*e”4 + e~5)*Logl[1l + c~(
1/3)*x])/(-(c™2xd"6%e) + e77) - (12*%bkc*kd~2*e~2*Logl[d + e*x])/(c™2*xd"6 - e~
6) + (bxc™(1/3)*(2%c~(5/3)*d"5 - c~(4/3)*d"4*e - c*d"3*e"2 - c~(1/3)*d*e"4
- e75)*xLog[l - c~(1/3)*x + ¢~ (2/3)*x72])/(c"2*xd"6%xe - e77) + (b*c~(1/3)*(2*
c~(5/3)*d"5 + c~(4/3)*d"4*e - c*d"3*e"2 - c~(1/3)*dxe”4 + e~5)*Log[l + c~(1
/3)xx + ¢~ (2/3)*x72])/(-(c"2*d"6%e) + e77) + (2xb*c*d"2*xe"2xLogl[l - c~2*x"6
1)/(c™2xd"6 - €76))/4

Maple [A]
time = 0.30, size = 591, normalized size = 1.43

method | result

ars
(2)°

bd \/3? arctan
bdm(x+( %) bdm( C(1)dar ()%)

default N a o barctanh (c T

(ez+d)e (ex+d)e

(2¢d3— e3)( )3 2(2cd3—2e3)(z)% (2cd3—2e3)(%)%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~3))/(e*x+d)~2,x,method=_RETURNVERBOSE)

[Out] -a/(exx+d)/e-b/(e*x+d)/e*arctanh(c*x~3)+b/(2*c*d~3-2%e~3)*d/(1/c)~(2/3)*1n(
x+(1/c)~(1/3))-1/2xb/ (2%c*xd~3-2*xe~3) *d/(1/c) ~(2/3) *1n(x~2-(1/c) ~(1/3) *x+(1/
c)~(2/3))+b/ (2%c*d~3-2xe~3)*d/(1/c) ~(2/3)*3~(1/2) *arctan(1/3*3~ (1/2)*(2/(1/
c)~(1/3)*x-1) ) +bxe/ (2xc*xd~3-2%e~3) /(1/c)~(1/3)*1n(x+(1/c)~(1/3))-1/2%bxe/ (2
xc*d~3-2%e”~3)/(1/c)~(1/3) *1n(x"2-(1/c) ~(1/3) *x+(1/c) ~(2/3) ) -b*xe/ (2xc*d~3-2%
e~3)*37(1/2)/(1/c)~(1/3)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)*x-1) ) +b/e*xc/ (2*c
*xd~3-2%e~3) *d~2*1n(c*x~3+1) +b/ (2xc*xd~3+2*e~3)*d/(1/c) ~(2/3) *1n(x-(1/c)~(1/3
))-1/2%b/ (2*c*d~3+2*xe~3)*d/(1/c)~(2/3) *1n(x~2+(1/c)~(1/3) *x+(1/c)~(2/3))-b/
(2%c*d~3+2xe~3)*d/ (1/c)~(2/3)*3~(1/2) *arctan(1/3*3~(1/2)*(2/(1/c) ~(1/3) *x+1
))-b*xe/ (2*xcxd~3+2%e~3)/(1/c) " (1/3)*1n(x-(1/c)~(1/3))+1/2*bxe/ (2*c*d~3+2*e~3
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)/ (1/c)”(1/3)*1n(x"2+(1/c) " (1/3)*x+(1/c) ~(2/3) ) -b*xe/ (2*%c*d~3+2*e~3) *3~(1/2)
/(1/c)"(1/3)*arctan(1/3*%3"(1/2)%(2/(1/c)~(1/3)*x+1))-b/e*c/ (2%c*d"3+2*e”3) *
d"2*1n(c*xx”~3-1)-3*bxe”~2*c*d~2/(c*xd"3+e~3) /(c*d"3-e"3) *1n(e*x+d)

Maxima [A]

time = 0.47, size = 393, normalized size = 0.95

Pt ot - (@de —ceh)ch et oot e — oot e~ oct

25 (et b AR VEarhe-) . R
,1[[u«*r*loamafﬁ(‘“'*‘”)““"“‘(V ?*) M(“"’“*)"’“’“"(ﬁf )+(wm«7@;)‘0“(5%#.“1)7(z«f7&.1“(%(@.@(&,27@”\)jwzwwmea)m(%) ;(muredﬁ.,«pz)yng(%)]H“mh(m)“ .
1 F - (@ 7 Pe + cct Iz E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~3))/(exx+d)~2,x, algorithm="maxima")

[Out] -1/4%((12%d"2*e"2*log(x*e + d)/(c™2*d"6 - e76) + 2xsqrt(3)*(c*d*e + c~(2/3)
*xe~2) *arctan(1/3*sqrt (3) *(2xc~(2/3)*x + ¢~ (1/3))/c~(1/3))/((c™2*d"3*e + c*e
~4)*c~(1/3)) - 2*xsqrt(3)*(cxdxe - c~(2/3)*e~2)*arctan(1/3*sqrt(3)*(2*xc~(2/3

)*x - ¢~(1/3))/c~(1/3))/((c"2*d"3%e - c*xe"4)*c~(1/3)) + (2xcxd"2 + c~(2/3)*

dxe - c~(1/3)*e~2)*x1log(c”(2/3)*x"2 + c~(1/3)*x + 1)/(c™2*d"3*e + c*e"4) - (
2xc*d™2 - ¢~ (2/3)*d*e - c~(1/3)*e"2)*log(c”(2/3)*x"2 - c~(1/3)*x + 1)/(c™2%
d"3*%e - c*xe”4) - 2%(c*d™2 + c7(2/3)*d*e + c~(1/3)*e”2)*1log((c~(1/3)*x + 1)/
c~(1/3))/(c™2%d"3%e - cxe”4) + 2x(c*xd"2 - c~(2/3)*dxe + c~(1/3)*e~2)*log((c
~(1/3)*x - 1)/c~(1/3))/(c"2*d"3%e + c*e"4))*c + 4xarctanh(c*x~3)/(x*e"2 + d
xe))*b - a/(x*e”2 + dx*e)

Fricas [C] Result contains complex when optimal does not.
time = 84.38, size = 36636, normalized size = 88.49

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="fricas")

[Out] -1/16*(16*a*xc~2*d"6 - 16*a*cosh(1)”"6 - 96*axcosh(1) 5*sinh(1) - 240*ax*cosh(
1)~4xsinh(1) "2 - 320*a*cosh(1) " 3*sinh(1)~3 - 240*a*cosh(1) "2xsinh(1)~4 - 96
*axcosh(1)*sinh(1)75 - 16*a*sinh(1)76 + 2*(c~2*d"6*x*cosh(1)~2 + c~2*d"7*co
sh(1) - x*cosh(1)”"8 - x*sinh(1)"8 - d*cosh(1)"7 - (8*x*cosh(1l) + d)*sinh(1)
~7 - 7*(4*x*cosh(1)"2 + d*cosh(1))*sinh(1)"6 - 7*(8*x*cosh(1)~3 + 3*d*cosh(
1)"2)*sinh(1)~5 - 35%(2*x*cosh(1)”~4 + d*cosh(1)~3)*sinh(1)~4 - 7*x(8*x*cosh(
1)°5 + 5xd*cosh(1)~4)*sinh(1)"3 + (c"2*d"6*x - 28*x*cosh(1)”6 - 21*d*cosh(1l
)"5)*sinh(1)~2 + (2*c~2*d"6*x*cosh(1) + c™2%d~7 - 8*x*cosh(1)”7 - 7*d*cosh(
1)76)*sinh (1)) *((-I*sqrt(3) + 1)*((b*cxd~2*cosh(1l) - b*c*d"2xsinh(1))~2/(c*
d"3 + cosh(1)"3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)~3)"2
- (b~ 2*c*kd*cosh(1) "2 - 2*b~2*c*d*cosh(1)*sinh(1) + b~2*c*d*sinh(1)~2)/(c*xd”
3 + cosh(1)”"3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)"3))/(-1
/16*%(cosh(1)"2 - sinh(1)"2)"3*%b~3*c/(c*d"3 + cosh(1)~3 + 3*cosh(1) "2*sinh(1
) + 3*cosh(1)*sinh(1)"2 + sinh(1)~3)"2 - 1/8*(b*c*d"2*cosh(1) - b*c*d~2*sin
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h(1))~3/(c*d"3 + cosh(1)~"3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)"2 + si
nh(1)~3)"3 + 3/16%(b"2*cxd*cosh(1) "2 - 2*xb~2xc*kd*cosh(1)*sinh(1) + b~2xc*d*
sinh (1) ~2) *(b*xc*xd~2*cosh(1) - b*c*d~2*xsinh(1))/(c*d”3 + cosh(1)~3 + 3*cosh(
1)"2*sinh(1) + 3*cosh(1)*sinh(1)~"2 + sinh(1)~3)"2 - 1/16%(b~3*c*cosh(1)"3 -
3*%b~3*c*xcosh(1) "2*sinh (1) + 3*b~3*c*cosh(1)*sinh(1)~2 - b~3*c*sinh(1)~3)/(
cxd”3 + cosh(1)~3 + 3*cosh(1)~2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)73))
~(1/3) + 4%(-1/16*(cosh(1)"2 - sinh(1)~2) " 3*b~3*c/(c*d"3 + cosh(1)"3 + 3*co
sh(1)~"2*sinh(1) + 3*cosh(1)*sinh(1)"2 + sinh(1)73)"2 - 1/8%(b*c*xd~2*cosh(1)
- b*c*d"2*sinh(1))~3/(c*d"3 + cosh(1)~3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*
sinh(1)"2 + sinh(1)"3)"3 + 3/16*(b"2*c*d*cosh(1)~2 - 2*b~2*c*d*cosh(1)*sinh
(1) + b™2*cxd*sinh(1)~2)*(b*c*d"2*cosh(1) - b*c*d~2*sinh(1))/(c*d”3 + cosh(
1)"3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)"3)"2 - 1/16*x(b"3
*cxcosh(1) "3 - 3*b~3*c*cosh(1) "2*sinh(1) + 3*b~3*c*cosh(1)*sinh(1)"2 - b~ 3%
cxsinh(1)~3)/(c*d"3 + cosh(1)~3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)~2
+ sinh(1)73))~(1/3)*(I*sqrt(3) + 1) + 4*(bxc*d"2*cosh(1l) - bxcxd"2*sinh(1)
)/ (c*d~3 + cosh(1)~3 + 3*cosh(1)"2xsinh(1) + 3*cosh(1)*sinh(1)"2 + sinh(1)~
3))*log(b~2*kc*xx*xcosh(1) + b~ 2*c*x*sinh(1) - 2*b~2%c*d - 1/16%(c*d~3*cosh(1)
2 + cosh(1)"5 + 10*cosh(1) " 2*sinh(1)~3 + 5*cosh(1)*sinh(1)~4 + sinh(1)75 +
(c*d~3 + 10*cosh(1)~3)*sinh(1)"2 + (2*c*d~3*cosh(1l) + 5*cosh(1)~4)*sinh(1)
)*((-Ixsqrt(3) + 1)*((b*c*d"2*xcosh(l) - b*c*d~2*sinh(1))~2/(c*d~3 + cosh(1)
=3 + 3*cosh(1) 2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)~3)"2 - (b~2*c*d*co
sh(1)72 - 2*b~2*xc*d*cosh(1)*sinh(1) + b~2*c*d*sinh(1)~2)/(c*d"3 + cosh(1)~3
+ 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)~3))/(-1/16*(cosh(1)~
2 - 8inh(1)72)~3*b~3*c/(c*d~3 + cosh(1)~3 + 3*cosh(1)~2*sinh(1) + 3*cosh(1)
*sinh(1) "2 + sinh(1)73)"2 - 1/8*(b*c*d"2*cosh(1) - b*c*d~2*sinh(1))~3/(c*d™
3 + cosh(1)"3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)"2 + sinh(1)~3)"3 +
3/16% (b~ 2*cxd*cosh(1) "2 - 2xb~2*c*d*cosh(1)*sinh(1) + b~2xc*kd*sinh(1)~2)*(b
*cxd"2*cosh(1) - b*c*d"2*sinh(1))/(c*d”3 + cosh(1)~3 + 3*cosh(1) " 2*sinh(1)
+ 3*cosh(1)*sinh(1)~"2 + sinh(1)~3)"2 - 1/16*(b~3*c*cosh(1)~"3 - 3*b~3*c*cosh
(1)"2%sinh(1) + 3*b~3*c*cosh(1)*sinh(1)~2 - b~3*c*sinh(1)~3)/(c*d"3 + cosh(
1)"3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)"2 + sinh(1)73))~(1/3) + 4x(-
1/16%(cosh(1)"2 - sinh(1)~2)"3*b~3*c/(c*d~3 + cosh(1)~3 + 3*cosh(1) 2*sinh(
1) + 3*cosh(1)*sinh(1)”"2 + sinh(1)73)"2 - 1/8*(b*c*d"2*cosh(1) - b*cxd~2*si
nh(1))~3/(c*xd"3 + cosh(1)~3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)"2 + s
inh(1)73)"3 + 3/16*(b~2*c*d*cosh(1) "2 - 2#b~2xc*d*cosh(1)*sinh(1) + b~ 2*c*d
*sinh (1) ~2)*(b*c*d~2*cosh(1) - b*c*d~2*sinh(1))/(c*d~3 + cosh(1)"3 + 3*cosh
(1)~"2%sinh(1) + 3*cosh(1)*sinh(1)"2 + sinh(1)~3)"2 - 1/16*(b~3*c*cosh(1)~3
- 3*b~3*c*cosh(1)“2*sinh(1) + 3*b~3*c*cosh(1)*sinh(1)”"2 - b~3*c*sinh(1)7°3)/
(c*d"3 + cosh(1)"3 + 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)~3)
)~ (1/3)*(I*sqrt(3) + 1) + 4*x(b*c*d™2*cosh(1l) - bxc*d~2*sinh(1))/(c*d”3 + co
sh(1)~3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)~3))"2 + 3/4x(
b*xc*d~2*cosh(1) + bxcxd~2*sinh(1))*((-I*sqrt(3) + 1)*((b*cxd~2*cosh(1l) - b*
cxd~2*sinh(1))~2/(c*d"3 + cosh(1)"3 + 3*cosh(1) 2*sinh(1) + 3*cosh(1)*sinh(
1)72 + 8inh(1)"3)"2 - (b"2*c*d*cosh(1)"2 - 2xb~2*c*d*cosh(1)*sinh(1) + b~2%
cxd*sinh(1)~2)/(c*d"3 + cosh(1)"3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)
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~2 + s8inh(1)"3))/(-1/16*(cosh(1)"2 - sinh(1)~2) "3*b~3*c/(c*d~3 + cosh(1)~3
+ 3*cosh(1)"2*sinh(1) + 3*cosh(1)*sinh(1)~2 + sinh(1)73)"2 - 1/8*(b*c*d 2*c
osh(1) - b*c*d"2*sinh(1))~3/(c*d"3 + cosh(1)~3 + 3*cosh(1) "2*sinh(1) + 3*co
sh(1)*sinh(1)~"2 + sinh(1)~3)"3 + 3/16*(b"2*c*d*cosh(1)~2 - 2*xb~2*c*d*cosh(1
)*sinh(1) + b~2*c*d*sinh(1)~2)*(b*c*d"2*cosh(1) - b*c*d~2*sinh(1))/(c*d~3 +

cosh(1)~3 + 3*cosh(1) "2*sinh(1) + 3*cosh(1)*sinh(1)~"2 + sinh(1)"3)"2 - 1/1
6% (b~3*c*cosh(1)~3 - 3*b~3*c*xcosh(1) "2*sinh(1) + 3*b~3*c*cosh(1)*sinh(1)"2
- b™3*c*sinh(1)~3)/(c*d~3 + cosh(1)~3 + 3*cosh(...

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxatanh(c*x**3))/(e*x+d)**2,x)
[Out] Timed out

Giac [A]
time = 14.89, size = 554, normalized size = 1.34

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="giac")

[Out] -3*b*cxd~2xe~2*log(exx + d)/(c”2*d"6 - e76) - 1/2xb*cxd"2+log(abs(c*x~3 - 1
))/(c*d"3xe + e74) + 1/2xbxc*d”~2*log(abs(-c*x~3 - 1))/(cxd"3xe - e74) - 1/2
*sqrt (3) *bxc*abs(c) ~(2/3) *arctan(1/3*sqrt (3) *c~(1/3)*(2*x + 1/c~(1/3)))/(c”
2%d"2 - c*d*exabs(c)~(2/3) + e"2xabs(c)~(4/3)) - 1/2*xsqrt(3)*b*c*arctan(1/3
*sqrt (3)*(2xx + (-1/¢)7(1/3))/(-1/c)~(1/3))/(c*d*e + (-c72)7(2/3)*d"2 - (-c
~2)7(1/3)*e"2) + 1/2x(bxc~3*d"3*%e"3*(-1/c)~(1/3) - bxc~3*d"4*e"2 - b*xc " 2xe”
6% (-1/c)~(1/3) + bxc~2xd*e”5)*(-1/c)~(1/3)*1log(abs(x - (-1/c)~(1/3)))/(c"3*
d"6*e”2 - 2%c"2%d"3*e”5 + cxe”8) + 1/4%((-c”2)"(1/3)*b*ckd - (-c~2)~(2/3)*b
xe)*log(x~2 + x*x(-1/c)~(1/3) + (-1/c)~(2/3))/(c”2%d"3 - c*xe"3) - 1/4*(bxcxd
*abs (c)~(2/3) - b*exabs(c)~(4/3))*log(x~2 + x/c”~(1/3) + 1/c~(2/3))/(c”2*d"3
+ cxe”3) - 1/2%bxlog(-(c*x~3 + 1)/(c*x~3 - 1))/(e"2*x + d*e) + 1/2%(bxc~3*
d~4xe”2 - bxc~(8/3)*d"3*e"3 + b*c~2xd*e”5 - bxc~(5/3)*e”~6)*log(abs(x - 1/c~
(1/3)))/((c™3xd"6%e~2 + 2%c~2%d"3*e"5 + cxe”8)*c~(1/3)) - a/(e”2*x + d*e)

Mupad [B]
time = 1.41, size = 2638, normalized size = 6.37

Too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a + bxatanh(c*x~3))/(d + e*x)~2,x)

[Out] symsum(log(-(729%b~6*c~14*d*e~2 + 54432xroot (8*c*d~3*e"3*xz"3 - 8*e~6xz"3 -
12%b*c*xd~2*e”2%z"2 + 6*b~2*ckxd*xexz — b~3*c, z, k) 6*c”12*xe”15%x + 729%b"6%*c
“14%e"3*x + 31104*root (8*c*d~3*e~3%z"3 - 8%e”6*%z"3 - 12xbxcxd"2*e"2%z"2 + 6
*b~2%cxd*exz - b~3*c, z, k)“6%c"14*%d"7*e"8 + 243*root(8*cxd"3*xe"3*%z"3 - 8xe
“6%z"3 - 12%b*xckxd"2%e"2%z"2 + 6xb"2%cxd*e*xz - b~ 3*c, z, k)*b"5xc~15%d"5 + 6
2208*root (8*%c*d~3*e”"3*z"3 - 8*e”"6*z"3 - 12xbkc*d"2*xe"2*z"2 + 6xb"2kckd*exz
- b~3*%c, z, k)“6xc"12*%d*e”14 - 5832*root(8*c*d”"3*e"3*z"3 - 8*e"6*xz"3 - 12%b
*c*d"2%e"2%z"2 + 6*b"2xckd*xexz - b"3*c, z, k) “2*b"4*xc~14*d"3*xe"4 - 1944%*roo
t(8*c*d"3%e"3*%z"3 - 8%~ 6*z"3 - 12xbxckd"2*%e"2%z"2 + 6xb"2%cxd*e*z - b~ 3*c,
z, k)“3xb”"3*c"15%d"7*e"2 + 15552*root (8*c*d"3*e~3*z"3 - 8xe~6%z"3 - 12*b*c
*d"2%e”2%z72 + 6*b”2%c*d*xexz — b~3*c, z, k) 4*b"2*xc"14*d"5%e"6 + 10692*root
(8*c*d"3*e"3*z"3 - 8%e"6*xz"3 - 12xbxcxd"2%e”2*xz"2 + 6*b 2xckxd*e*xz - b~ 3*c,
Z, k) “3*b"3*xc~13*%d*e”8 + 101088*root (8*xc*xd"3*e~3*%z"3 - 8%e~6*z"3 - 12xbxcxd
“2%e"2%z72 + 6*b"2%cxd*exz - b~3*c, z, k) “5xb*c"13*d"3*e~10 + 3888*root (8*c
*¥d"3%e"3*%z"3 - 8%e"6%xz"3 - 12¥bxckd"2%e"2%z"2 + 6xb~2*ckd*e*xz - b~3xc, z, k
) "5*b*c”15%d"9%e"4 + 12636*root (8*xcxd"3*e”3*%z"3 - 8%e” 6%z~ 3 — 12%b*xcxd"2*e”
2%z"2 + 6*b~2xckxdxexz - b~3*c, z, k) “3*b"3*c"13%xe"9*x + 38880*root (8*kckd 3%
e"3%z"3 - 8%e"6xz"3 - 12%bxcxd"2%e”2%z"2 + 6*b 2*ckxd*exz - b~ 3*c, z, k) 6*c
~14%d"6*%e”9*x + 116640*root (8*c*d"3*e"3*z"3 - 8*e”~6%z"3 - 12xbxckxd"2*e”2%z"
2 + 6xb~2*c*d*exz - b~3*c, z, k) 5*b*c”13*d"2*e"11xx + 11664*root (8*c*d~3*e
“3%z"3 - 8%e"6*xz"3 - 12xbxcxd"2%e”2%z"2 + 6*b 2xckxd*e*xz - b~ 3*c, z, k) 5xbx
c"15%d"8*e"5*x — 11664*root(8*c*d"3*e~3*z"3 - 8*e~6*xz"3 — 12xbxcxd”"2%e”2xz~
2 + 6*%b~2*%ckxd*xexz — b~3*c, z, k) 2%b"4*xc~14xd"2xe"5*x - 3888*root (8*cxd"3*e
“3%273 - 8xe"6%xz"3 - 12xbxckd"2*%e"2%z"2 + 6*xb"2xc*d*e*z - b~ 3*c, z, k) ~3%b~
3*%c~15*d"6*e~3*x + 38880*root (8*c*d"3*e"3*z"3 - 8*e"6*xz"3 - 12xbxcxd”"2*e”2%
z"2 + 6xb”2*cxd*exz - b"3*c, z, k) “4*b"2*kc"14*d"4*xe"Txx + 243*root (8xckd"3x*
e"3%z"3 - 8%e"6xz"3 - 12%bxcxd"2%e”2%z"2 + 6*b 2*ckxd*e*xz - b~ 3*c, z, k)*b~5
*C"15x%d"4*exx) /e"4) *root (8*xc*d~3*e"3*xz"3 - 8%e~6*z"3 - 12xb*cxd"2%e”"2%z"2 +
6*b~2*%cxd*exz - b~3*c, z, k), k, 1, 3) + symsum(log(-(729%b~6*c~14*d*e”2 +
54432*xroot (8*c*xd"3*e~3*%z"3 + 8*%e”6%z"3 + 12%b*c*d"2xe"2*z"2 + 6xb~2kckd*ex
z + b™3xc, z, k)7T6xc"12xe”15xx + 729%b"6*c~14*e"3*x + 31104*root (8*c*xd~3*e”
3%z"3 + 8%e”6%z"3 + 12*b*c*xd"2*e”2*z"2 + 6xb”~2%c*d*exz + b~3*c, z, k) 6%c”1
4%d"T*e"8 + 243*root(8*c*d"3*e”3*z"3 + 8*e"6*xz"3 + 12xbxcxd"2%e”2*xz"2 + 6%*b
~2xckxd*xe*z + b~3*c, z, k)*b"5*c”15%d"5 + 62208*root (8*c*d"3*e~3*xz"3 + 8*e”6
*Z"3 + 12%bxc*d~2%e 2*xz"2 + 6%b~2%ckd*e*z + b~3%c, z, k) “6xc”12xd*e~14 - 58
32*xroot (8*xc*d"3*xe~3*%z"3 + 8*%e~6%z"3 + 12%bxc*d"2%xe"2%z"2 + 6*b 2*ckdxexz +
b~3%c, z, k)" 2xb"4*xc~14%d"3%e"4 - 1944*root (8*cxd"3*e"3%z"3 + 8%e"6%xz"3 + 1
2%bxcxd"2%e"2%z"2 + 6*%b 2*ckxd*e*xz + b~ 3*c, z, k) 3*b"3*kc"15%d"7*xe”"2 + 15552
*root (8*c*d~3*e~3*%z"3 + 8*xe~6*z"3 + 12xbkckd"2%e"2*xz"2 + 6*b~2xckd*e*z + b~
3*%c, z, k)“4xb"2*xc"14*%d"5*e”6 + 10692*root (8*cxd~3*e"3*%z"3 + 8*e”"6*z"3 + 12
*bxcxd"2%e”2xz"2 + 6*b~2xcxd*e*z + b~ 3*c, z, k) “3*xb"3*c”13xd*xe"8 + 101088*r
oot (8*xcxd"3*e~3%z"3 + 8%e”6xz"3 + 12%bxcxd"2*%e”2%z"2 + 6*b”2*ckxdxexz + b~ 3%
Cc, Z, k)“5*bxc~13*d"3*%e”10 + 3888*root(8*c*d"3*e~3*z"3 + 8*e"6*xz"3 + 12*b*c
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*d"2%e"2%z"2 + 6*b"2xckdxexz + b~3*c, z, k) “5xbxc~15%d"9*e~4 + 12636*root(8
*¥c*kd"3*%e"3*xz"3 + 8%e"6*%z"3 + 12%bkckd"2%e"2*xz"2 + 6%b"2*ckd*e*xz + b~ 3*xc, z,
k) “3*b"3*%c"13*%e"9*x + 38880*root (8*cxd"3*xe~3*%z"3 + 8%e”6*z"3 + 12xbxcxd 2%
e”2*%z"2 + 6*xb"2xckd*exz + b~3*c, z, k) “6kc"14*xd"6xe"9*x + 116640*root (8*c*d
“3xe"3%z"3 + 8*e"6*z"3 + 12xbkckd"2*e"2*xz"2 + 6*b"2xckd*e*z + b~ 3*c, z, k)~
5xbxc~13%d"2xe~11*x + 11664*root (8*c*d~3*e~3*z"3 + 8*e~6*z"3 + 12*b*c*xd™2*e
~2%z72 + 6%b"2%ckd*exz + b~3xc, z, k) 5*b*c"15%d"8*%e"5xx - 11664*root (8*c*d
“3%e"3%z"3 + 8*e"6*z"3 + 12xbkckd"2*e"2*xz"2 + 6%b~2xckd*e*z + b~ 3*c, z, k)~
2%b~4*c~14*xd"2*%e"5*x - 3888*root (8*cxd"3*e~3*%z"3 + 8*e~6%z"3 + 12%bxcxd”2*e
“2%z72 + 6*%b”2kckd*exz + b~3*c, z, k) 3*b"3*c"15%d"6*e"3*x + 38880*root (8*c
*¥d"3*%e"3%xz"3 + 8%e"6*%z"3 + 12%bkckd"2%e"2%z"2 + 6%b"2*ckd*e*xz + b~ 3xc, z, k
) "4xb"2xc"14%d"4*e”T*xx + 243*root (8*c*d"3*e”3*%z"3 + 8*%e"6%z"3 + 12xbxckxd"2*
e"2%z"2 + 6xb~2xcxd*exz + b"3*c, z, k)*b~5xc~15xd~4*exx)/e"4)*xroot (8*cxd~3x*
e"3%z"3 + 8%e"6xz"3 + 12%bxcxd"2%e"2%z"2 + 6*b~2*cxd*exz + b~3*c, z, k), k,
1, 3) - a/(d*e + e"2*x) - (b*log(c*x~3 + 1))/(2+(d*e + e"2*x)) + (bxlog(l
- ¢c*x73))/(2xd*e + 2xe"2*x) + (3*b*c*d"2xe"2*log(d + e*x))/(e”6 - c~2%d"6)
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a+btanh_1(0\/5?>>

1—c2z

dx

3.36 | al

Optimal. Leaf size=195

116/ 5bz¥? bz%/? 1lbtanh™' (cv/z') z(a+btanh™ (cv/z')) 2z2(a+btanh™ (cv/z)) 2°(a
6 185 1A 6c8 B 8 B 2ct B

[Out] -5/18*b*x~(3/2)/c”5-1/15%b*x~(5/2) /c~3+11/6*b*arctanh(cxx~(1/2))/c”8-x*(a+b
xarctanh(c*x~(1/2)))/c”6-1/2xx"2* (a+b*arctanh(c*x~(1/2)))/c~4-1/3*x"3* (a+b*
arctanh(c*x~(1/2)))/c"2-(a+b*arctanh(c*x~(1/2)))~2/b/c~8+2* (a+b*arctanh (c*x
~(1/2)))*1n(2/(1-c*x~(1/2)))/c”~8+bxpolylog(2,1-2/(1-c*x~(1/2))) /c~8-11/6%b*
x~(1/2)/c77

Rubi [A]

time = 0.42, antiderivative size = 195, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 19, number of rules used = 10, integrand size = 26, integrand size 0.385,

Rules used = {45, 6127, 6037, 308, 212, 327, 6131, 6055, 2449, 2352}

2 Y i 2
(a+btanh™ (ev))* 2log (lfc\/;) (a+btanh™ (cv) z(a+btanh™ (cya')) a*(a+btanh™ (cyvz')) 2°(a+btanh™" (cva)) bLiz (1 B kc\/g?) 1lbtanh™ (cv/z') 11bya  5ba%?  bo/?
W * & - & - 2 - 3@ * & * 6 TTer 186 B0

Antiderivative was successfully verified.
[In] Int[(x"3*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c"2*x),x]

[Out] (-11%b*Sqrt[x])/(6*%c~7) - (5*%b*x~(3/2))/(18%c”5) - (b*x~(5/2))/(16%c~3) + (
11xbxArcTanh [cxSqrt[x]])/(6%c™8) - (x*(a + bxArcTanh[c*Sqrt[x]]))/c”6 - (x~

2x(a + bxArcTanh[c*Sqrt[x]]))/(2xc”4) - (x"3x(a + b*ArcTanh[c*Sqrt([x]]))/(3

*c~2) - (a + b*ArcTanh[c*Sqrt([x]])~2/(bxc~8) + (2x(a + bxArcTanh[c*Sqrt[x]]
)*Log[2/(1 - cxSqrt[x])])/c"8 + (b*PolyLogl[2, 1 - 2/(1 - cxSqrt[x])])/c"8

Rule 45

Int[((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 308
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Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, O] && Gt
Q[m, 2*n - 1]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D*(c*xx)"(m - n + 1)*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Distl[
axc’nx((m - n + 1)/(b*(m + n*xp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)”p, x],
x] /; FreeQl[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQle~2%f + d~2%g, 0]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x]
, x] /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x )1*(b_.))~(p_.)/((d) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Logl[2/(1 + e*x(x/d))]/e), x] + Dist[b*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c~2%x"2
)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))~(p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f"2/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ e*x”2)), x], x] /; FreeQl{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]
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Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, 0]

Rubi steps

/ z*(a+ btanh™! (cvz)) i = 9Subst (/ 27 (a+ btanh_l(cx)) dz, z, \/;)

1-—c%x 1 —c?g?
2% (a+btanh ! (cs

__ 2Subst (f2°(a+btanh™'(cz)) dz,z, VT') N 2Subst (f T i

c? c?
oz (a+btanh™ (cv/z'))  2Subst([ z°(a + btanh ' (cz)) dz, 7, VT
T 3c? B ct
a2 (a+btanh™ (cv/z')) 23(a+btanh™ (cv/z'))  2Subst([ z(a
T 2ct B 3c? B
_ bvz ba¥? b2 z(a+btanh™ (cy/z')) z?(a+btanh™" (
T 37 98 1563 b B 2¢t

11by/z 5bz®?  bz%?  btanh™' (cy/z') z(a+btanh' (cv/z

6c7 185  15c3 3¢c8 b

_11by/z 5b2¥?  br%?  1lbtanh™' (cv/z') z(a+btanh™ (cy

6¢c7 18c5  15¢3 6c8 b

1Yz 5 ba 11btanh ™" (cv/z') z(a+btanh™' (cy

6c7 185 15¢3 6c8 b

Mathematica [A]
time = 0.48, size = 160, normalized size = 0.82

165bcy/a + 90ac?z + 25bc*z/? + 45acta? + 6bc%2%/2 + 30ac’c® — 90btanh™! (cv/z')’ + 15btanh ™ (cv/z') (—11 +6c%z + 3cta? + 2523 — 121og (1 4 g 2tank ‘WF))) +90alog (1 — c*z) + 90bPolyLog(2, —e~2tenht ‘Wﬂ)
908

Antiderivative was successfully verified.

[In] Integrate[(x"3*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -1/90%(165*bxc*Sqrt[x] + 90*axc™2*x + 25%bxc~3*x~(3/2) + 45*%axc™4*x"2 + 6%b
*xc~5*x”(5/2) + 30*axc”6*x"3 - 90*bxArcTanh[c*Sqrt[x]]~2 + 15%b*ArcTanh[c*Sq
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rt[x]]1*(-11 + 6%c™2%x + 3*xc™4*x"2 + 2%c”6*x"3 - 12xLog[l + E~(-2xArcTanh[c*
Sqrt[x]1)]) + 90*axLog[l - c~2*x] + 90*b*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x
1)1 /c”8

Maple [A]

time = 0.46, size = 277, normalized size = 1.42

method result
6 3 4 2 2 aln(c\/x —1) aln<1+c\/x ) barctanh(c\/x >06w3 barctanh(c\/ T )c4w2 b arcte
2 ac6z +ac4x +ac2:v_|_ 5 + 5 + = + < +
derivativedivides | —
6 3 42 2 aln(c\/ xr —1) aln<1+c\/ xr ) barctanh(c\/ xr >c61:3 barctanh(c\/ xr >C41;2 b arcte
default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x,method=_RETURNVERBOSE)

[Out] -2/c”8%(1/6*axc”6*x"3+1/4*axc”4*x~2+1/2*%a*xc™2*x+1/2*a*In(c*xx~(1/2)-1)+1/2*a
*1n(1+c*x~(1/2))+1/6%b*arctanh(c*x~(1/2))*c”6*x~3+1/4*b*arctanh(c*x~(1/2))*
c~4xx"2+1/2*bxarctanh (c*x~(1/2)) *c~2*x+1/2*b*arctanh (c*x~ (1/2) ) *1n(c*x~(1/2
)-1)+1/2%b*arctanh (c*x~(1/2))*1n(1+c*xx~(1/2))-1/2*b*xdilog(1/2*c*xx~(1/2)+1/2
)-1/4%b*1n(cxx~(1/2)-1)*1n(1/2%c*x~(1/2)+1/2)+1/8*b*1n(c*x~(1/2)-1) "2+1/4%b
*1n(-1/2%c*x~(1/2)+1/2)*1n(1+c*x~(1/2))-1/4*xb*1n(-1/2*cxx~(1/2)+1/2)*1n(1/2
*ckx~(1/2)+1/2)-1/8%bx1n(1+c*x~(1/2)) ~2+1/30*%b*xc”5%x~(5/2) +5/36*b*c~3*x~ (3/
2)+11/12*%b*cxx” (1/2)+11/24*b*1n(c*x~(1/2)-1)-11/24%b*x1n(1+c*x~(1/2)))

Maxima [A]
time = 0.41, size = 246, normalized size = 1.26

1 (z.‘z«+s.-f7,—'+m oisa-1) (log (cv/7 +1) g (~3ey7 +1) + Lia(LevZ +4)b _ T1blog (cyT +1) _11blog(cy/T =1) _ 120w + 500z} + 45blog (cv/T +1)* = 45blog (~cy/T +1)* + 330bey/Z +15(2b%5 + 3be'a? + 6bc%2)log (eyT + 1) — 15 (2035 + 3be'a? + 6%z + 6blog (cy/Z +1)) log (~e/F +1)
« - 5 - e - = - 2 - T80¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c~2*x+1),x, algorithm="maxima")

[Out] -1/6%a*((2*xc~4*x~3 + 3*xc™2*%x"2 + 6%*x)/c”6 + 6*log(c”2*x - 1)/c”8) - (log(cx*
sqrt(x) + 1)xlog(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2))*b/c”8

+ 11/12%b*log(c*sqrt(x) + 1)/c”8 - 11/12xb*log(c*sqrt(x) - 1)/c”8 - 1/180%(
12%bxc~5%x~(5/2) + 50*bxc~3*x~(3/2) + 45xb*xlog(cxsqrt(x) + 1)72 - 45xbxlog(
—cksqrt(x) + 1)72 + 330*bxc*sqrt(x) + 15%x(2%b*xc~6%x~3 + 3xb*xc~4*x~2 + 6%b*c
~2xx)*log(cksqrt(x) + 1) - 15%(2¥bkc”™6%x"3 + 3*%b*c™4*x"2 + 6%b*c™2%x + 6*b*
log(cxsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”8
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x*(atbxarctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(b*x~3*arctanh(c*sqrt(x)) + a*xx~3)/(c™2*x - 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ax® J / bz3 atanh (cv/z')
_ r—

cir —1 cir —1

i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*atanh(c*x**(1/2)))/(—c**2xx+1) ,x)

[Out] -Integral(a*x**3/(c**2xx - 1), x) - Integral (b*x*x3*atanh(c*sqrt(x))/(c*x*2x
x - 1), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(at+b*arctanh(c*x~(1/2)))/(-c™2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~3/(c”2*x - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dx

/_x3 (a+batanh(cv/z"))
ctr—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"3*%(a + b*atanh(c*x~(1/2))))/(c™2*x - 1),x)
[Out] int(-(x"3%(a + b*atanh(c*x~(1/2))))/(c™2*%x - 1), x)
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a+btanh~! (c \/5 ) >

1—c2z

dx

3.37 | al

Optimal. Leaf size=160

_3b\/5 _bx3/2+3b tanh™" (cv/z") _:L'(a +btanh ™' (cv/z')) _xz (a+btanh™ (cv/z')) B (a+btanh™" (c

2cP 6c3 2c8 A 2c2 bcb

[Out] -1/6%bxx~(3/2)/c~3+3/2*b*arctanh(c*x~(1/2))/c~6-x*(a+b*arctanh(c*x~(1/2)))/
c~4-1/2%x" 2% (a+b*arctanh (cxx~(1/2)))/c~2-(a+b*arctanh(c*xx~(1/2)))"2/b/c~6+2

* (atb*arctanh(c*x~(1/2)))*1n(2/(1-c*x~(1/2)))/c"6+b*xpolylog(2,1-2/(1-c*x~ (1
/2)))/c~6-3/2xb*xx~(1/2)/c"5

Rubi [A]

time = 0.30, antiderivative size = 160, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 14, number of rules used = 10, integrand size = 26, integrand size 0.385,

Rules used = {45, 6127, 6037, 308, 212, 327, 6131, 6055, 2449, 2352}

2 -1 : 2
(ot bianh™ (o))" 218 (1\/?) (Db (VE))  afat pranht ovE)) _at(a+ btanh™ ovE)) ”Ll2(1 - H\/T) | Bt (VT vE b
beb el ct 2c? e 2c8 25 6c3

Antiderivative was successfully verified.
[In] Int[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2%x),x]

[Out] (-3*%bxSqrt([x])/(2xc~5) - (b*x~(3/2))/(6%c~3) + (3*b*ArcTanh[c*Sqrt([x]])/(2*
c™6) - (xx(a + b*ArcTanh[c*Sqrt[x]]))/c”4 - (x"2*(a + b*ArcTanh[c*Sqrt[x]])

)/ (2%xc”2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”6) + (2x(a + b*ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - cxSqrt[x])])/c"6 + (b*PolyLogl[2, 1 - 2/(1 - cxSqrt[x])])/c

~6

Rule 45

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh [Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 308

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, O] && Gt
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Q[m, 2%n - 1]

Rule 327

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2xx~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc~2%d~2 - e~2,
0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f"2/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ exx”2)), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6131
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Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && IGtQ[p, O]

Rubi steps

[ et VD) g [ N g

1-—c%x 1 — c?g?

z3(a anh~1(cz)
_ 2Subst ([2*(a+btanh™'(cz)) dz,z, /) N 2Subst (f ( +iic;;2 et

N c? c?
a2 (a+btanh™ (cv/z'))  2Subst([ z(a + btanh '(cz)) dz,z, Vz')
T 2c? B ct |
_ z(a+btanh™' (cy/z')) 2%(a+btanh™ (cv/z')) (a-+btanh™ (c
T ct B 2¢2 B bcb

30z bat z(a+btanh™" (cv/z')) 22(a+btanh™ (cv/z')) |

2¢5  6c3 A 2c2

_ 3by/z' bad? N 3btanh™' (cv/z') =z(a+btanh™' (cvz')) z%(a

2cP 6¢c3 26 A

_ 3T ba?? N 3btanh™' (cv/z') z(a+btanh™' (cv/z')) z%(a

2cP 6¢c3 26 A

Mathematica [A]
time = 0.29, size = 130, normalized size = 0.81

9bcy/z + 6acz + bdz/? + 3actz?® — 6btanh ™! (c\/?)2 +3btanh™ (cv/z') (—3 + 2%z + c'z? — 4log (1 + e’““hﬂ(cﬁ))) + 6alog (1 — c®z) + 6bPolyLog(2, —e’“a““’](c‘/;))

6c8

Antiderivative was successfully verified.

[In] Integrate[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -1/6%(9*bxcxSqrt[x] + 6*axc™2*x + b*c~3*x~(3/2) + 3%a*c™4*x"2 - 6*b*ArcTanh
[c*Sqrt[x]]172 + 3%b*ArcTanh[c*Sqrt[x]]*(-3 + 2kc™2xx + c"4*x~2 - 4xLog[l +
E~(-2#ArcTanh[c*Sqrt[x]])]) + 6*axLogl[l - c”2xx] + 6xb*PolyLog[2, -E~(-2*Ar
cTanh[c*Sqrt[x]])])/c”6

Maple [A]

time = 0.42, size = 244, normalized size = 1.52
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method result
4.2 9 aln(c\/m —1) aln(l-}—c\/m > barctanh(c\/.’l: >c4z2 barctanh(c\/x )czw barctanh(c\/
2 S0+ 2 + 2 + 1 + 2 +
derivativedivides | —
42 9 aln(c\lw —1) aln<1+c\/w > barctanh(c\lw >c4z2 barctanh(c\/x >c2w barctanh(c\/
2| A 2 + 2 + 4 + 2 +
default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*x~(1/2)))/(-c~2*x+1),x,method=_RETURNVERBOSE)

[Out] -2/c”6*(1/4*axc”4*x"2+1/2*xa*xc”2*x+1/2*a*xIn(c*xx~(1/2)-1)+1/2*a*x1n(1+c*xx~(1/2
))+1/4xb*arctanh(c*x™ (1/2) ) *c~4*xx~2+1/2*b*arctanh (c*x~ (1/2) ) *c~2xx+1/2*b*ar
ctanh(c*x~(1/2))*1n(c*xx~(1/2)-1)+1/2%b*arctanh(c*x”~(1/2) ) *1n(1+c*x~(1/2))-1
/2¥b*dilog(1/2*c*x~(1/2)+1/2)-1/4%bx1n(c*x~(1/2)-1)*1n(1/2*c*x~(1/2)+1/2)+1
/8*bx1n(c*x~(1/2)-1)"2+1/4xbx1n(-1/2*c*xx~(1/2)+1/2)*1n(1+c*x~(1/2) ) -1/4%b*1
n(-1/2%c*xx~(1/2)+1/2)*1n(1/2%c*x~(1/2)+1/2)-1/8*b*1n(1+c*x~(1/2)) "2+1/12*bx*
c”3%x~(3/2)+3/4*xbxcxx” (1/2)+3/8*b*1n(c*x~(1/2)-1)-3/8*b*x1n(1+c*x~(1/2)))

Maxima [A]
time = 0.39, size = 208, normalized size = 1.30

1 (&uix , 2|og(éz—1)) (log (e +1)log (-} eV +1) +Lis(ev +1))b  3blog (e +1) _ 3blog (cVa ~1) _ 20cz? +3blog (ev/T +1)" ~ 3blog (~ev +1)" +18bevT + 3 (be's? + 2bc%) log (v +1) =3 (be'a? + 2bc's + 2blog (evT +1))log (~evF +1)
L (gt . _ _
2 o z & 4 4 1268

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(at+bxarctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="maxima")

[Out] -1/2%a*((c™2*x"2 + 2*x)/c"4 + 2%log(c™2*x - 1)/c”6) - (log(c*sqrt(x) + 1)x1
og(-1/2%c*sqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”™6 + 3/4*b*log(c*
sqrt(x) + 1)/c”6 - 3/4*b*xlog(c*ksqrt(x) - 1)/c”6 - 1/12%(2xbxc~3*x~(3/2) + 3
*xbxlog(cksqrt(x) + 1)72 - 3xbxlog(-c*sqrt(x) + 1)72 + 18xb*c*sqrt(x) + 3*(b
*CT4*x"2 + 2xb*xc”2*x)*log(ckxsqrt(x) + 1) - 3x(b*c™4%x"2 + 2xbxc~2%x + 2xbx1
og(cxsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”6

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atbxarctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")
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[Out] integral(-(b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(c™2*x - 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

B / ax? e / bz? atanh (cv/z')

d
2z —1 c2x —1 T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*atanh(cxx**(1/2)))/(-c**2xx+1),x)

[Out] -Integral(a*x**2/(c**2xx - 1), x) - Integral (b*x*x2*atanh(c*sqrt(x))/(c*x*2x
x - 1), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arctanh(c*x~(1/2)))/(-c~2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~2/(c™2*x - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

o
ccrx—1

/_352 (a+ batanh(cv/z'))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2*(a + b*xatanh(c*x~(1/2))))/(c™2*x - 1),x)
[Out] int(-(x"2*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1), x)
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x <a+b tanh ™! <c \/E‘ > )

1—c2z

dx

3.38 |

Optimal. Leaf size=120

2 2(a+btanh™" (cy/z'))lo
- - +

byvz btanh™ (cy/z') z(a+btanh ' (cv/z')) (a+btanh™ (cv/z'))

—— 4
c? ct c? bct ct

[Out] bxarctanh(c*x~(1/2))/c~4-x*(a+b*arctanh(c*x~(1/2)))/c~2-(at+b*arctanh(c*x~ (1
/2)))~2/b/c”4+2x (atbxarctanh (cxx~ (1/2)))*1n(2/(1-c*x~(1/2))) /c"4+b*polylog(
2,1-2/(1-c*x~(1/2))) /c”4-b*x~(1/2) /c”3
Rubi [A]
time = 0.19, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

_ — 0 i e number of rules _
steps used = 9, number of rules used = 9, integrand size = 24, integrand size 0.375,

Rules used = {45, 6127, 6037, 327, 212, 6131, 6055, 2449, 2352}

_ (a +btanh™! (C\/;))Z n 2log (1_ci/g?> (a +btanh™! (C\/'?)) a z(a +btanh™! (C\/ﬂ?)) n bLi <1 - 1—ci/y?> n btanh™! (C\/;) _ ﬂ
bt ct c? ct ct ¢

Antiderivative was successfully verified.
[In] Int[(x*(a + bxArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((b*Sqrt[x])/c~3) + (b*ArcTanh[c*Sqrt[x]])/c”4 - (x*(a + bxArcTanh[c*Sqrt[
x]1))/c”2 - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c"4) + (2*(a + b*ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - cxSqrt[x])]1)/c"4 + (b*PolyLogl[2, 1 - 2/(1 - cxSqrt[x])])/c

~4

Rule 45

Int[((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + D*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Dist[
axcnx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*xx"n)"p, x],
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x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQl[c, 2*d] &% EqQl[e~2xf + d~2*g, 0]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
*(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c™2*x~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2,
0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f"2/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ e*x~2)), x], x] /; FreeQl{a, b, c, d, e, f}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d.) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] &% IGtQ[p, O]

Rubi steps



253

/ .z'(a 4 btanht (c\/;)) o — 2Subst </ 3 (a + btanh—l(cx)) de, z, \/;)

1—c2z 1 — 22
2Subst ([ z(a + btanh_l(cw)) dz,z,\/z) 2Subst (f W‘
- 2 + 2
z(a+ btanh™* (evz')) (a+ btanh™* (cvz)) 2Subst (f mt?lfi

2
- c? B bct + C

bvz z(a+btanh™ (cv@)) (a+btanh™! (cv))” . 2(a + b1

C3 c2 bC4

bz N btanh™ (cv/z') z(a+btanh™ (cy/z')) (a+btanh™ (o

c A c? bct

bz btanh™* (c\/x ) m(a + btanh™? (c\/x )) (a + btanh™? ((
= — +
c3 ct c? bct

Mathematica [A]
time = 0.14, size = 96, normalized size = 0.80

bey/z' + ac®z — btanh™! (cﬁ)z + btanh™? (evT) (—1 + %z —2log (1 + e’“a"hil(c‘/’ﬁ))) +alog (1 — c*z) + bPolyLog(Q, —e’“anhﬂ(”ﬁ))
- ct

Antiderivative was successfully verified.

[In] Integrate[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((b*c*Sqrt[x] + a*c™2*x - bxArcTanh[c*Sqrt[x]]~2 + b*ArcTanh[c*Sqrt [x]]*(-
1 + c™2*x - 2xLog[1l + E~(-2*%ArcTanh[c*Sqrt[x]]1)]) + axLogl[l - c~2xx] + bx*Po
lyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]]1)])/c"4)

Maple [A]

time = 0.36, size = 211, normalized size = 1.76

method result

aln<c\/x —1) aln(l-ﬁ-c\/.’L‘ ) barctanh(c\/x >c2:c barctanh(c\/x >1n<c\/x —1) barctanh(c‘

2
pledey VO S\ Ty 3 + 3 +

derivativedivides | —
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2 aln<c\/5‘—1> aln<1+c\/f> barctanh(cﬁ)czz barctanh(cﬁ) 1n<c\/;—l) barctanh(c\/

2| eg=4 5 + 5 + 5 + 5 +

default -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*arctanh(c*x~(1/2)))/(-c"2*x+1),x,method=_RETURNVERBOSE)

[Out] -2/c”4x%(1/2*xaxc”2*x+1/2*xax1n(c*x~(1/2)-1)+1/2*a*x1n(1+c*x~(1/2))+1/2*b*arcta
nh(c*xx~(1/2))*c”2*x+1/2*b*arctanh (c*xx~(1/2) ) *1n(c*x~(1/2)-1)+1/2*xb*arctanh (
cxx”(1/2))*1n(1+cxx~(1/2) ) +1/2*xbxc*x~ (1/2)+1/4%b*x1n(c*x~(1/2)-1)-1/4%b*x1n (1
+c*x”(1/2))+1/8%b*1n(c*x~ (1/2)-1)"2-1/2*%b*dilog(1/2*c*x~(1/2)+1/2)-1/4*b*1n
(cxx~(1/2)-1)*1n(1/2%c*x~(1/2)+1/2)-1/8*b*1n(1+c*x~ (1/2) ) ~2-1/4*b*1n(-1/2*c
*x~(1/2)+1/2)*1n(1/2%c*x~(1/2)+1/2)+1/4xb*x1n(-1/2*xc*xx~ (1/2)+1/2) *1n (1+c*xx~(
1/2)))

Maxima [A]

time = 0.40, size = 166, normalized size = 1.38

(1, N log (c*z — 1) (log (cvz' +1)log (~1 ey + 1) + Lip(3 vz +1))b N blog (evZ +1) blog(cya —1) 2bPzlog (cy/T +1) + blog (evZ +1)° = blog (—ev@ +1)° + 4bey@ — 2 (b + blog (VT + 1)) log (—ey/z +1)
e & - & 2 - 208 - i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -a*(x/c”2 + log(c™2*x - 1)/c”4) - (log(cxsqrt(x) + 1)*log(-1/2*c*sqrt(x) +
1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”4 + 1/2*bxlog(c*sqrt(x) + 1)/c™4 - 1
/2¥b*log(cxsqrt(x) - 1)/c”4 - 1/4%(2*¥b*c”2xx*log(cxsqrt(x) + 1) + bxlog(c*s
qrt(x) + 1)72 - bxlog(-c*sqrt(x) + 1)72 + 4*bxcxsqrt(x) - 2*(bxc~2*x + bxlo
g(cxsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c™4

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(b*x*arctanh(c*sqrt(x)) + a*x)/(c™2*x - 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/ ax dx_/bxatanh (cvz) i

2z —1 c2x —1
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*(a+b*atanh(c*x**(1/2)))/(-c**2*x+1) ,x)
[Out] -Integral(a*x/(c*x2*x - 1), x) - Integral(b*x*atanh(c*sqrt(x))/(c**2xx - 1)

, X)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x/(c™2*x - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dz

/_a: (a+ batanh(cv/z'))

cr—1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x*(a + b*atanh(c*x~(1/2))))/(c™2%x - 1),x)
[Out] int(-(x*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1), x)
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a+btanh™1 <c \/E‘ >

1—c2z

3.39 | dz

Optimal. Leaf size=78

-1 2 2
(a+btanh™ (c\/;))2+2(a + btanh™ (cy/z")) log (1—0\/5) +bPolyLog;(Q, 1— 1—0\/;)
bc? c? c?

[Out] -(a+b*arctanh(c*x~(1/2)))"2/b/c~2+2* (a+b*arctanh(c*x~(1/2)))*1n(2/(1-c*x~ (1
/2)))/c”2+b*polylog(2,1-2/(1-c*xx~(1/2)))/c~2

Rubi [A]

time = 0.09, antiderivative size = 78, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.217,

steps used = 5, number of rules used = 5, integrand size = 23
Rules used = {6069, 6131, 6055, 2449, 2352}

(ot oy5)) 2 (ﬁ) (a+btanh™ (cva)) i (1 - 1_;/37)

bc? c? c?

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c~2%x),x]

[Out] -((a + b*ArcTanh[c*Sqrt[x]])~2/(b*c"2)) + (2x(a + b*ArcTanh[c*Sqrt[x]])*Log
[2/(1 - c*Sqrt[x])])/c™2 + (b*PolyLogl[2, 1 - 2/(1 - c*Sqrt[x])])/c"2

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]/(1 - c~2xx~2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2,
0]

Rule 6069
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Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symboll
:> With[{k = Denominator[n]}, Dist[k, Subst[Int[x~(k - 1)*((a + b*ArcTanh[

cxx~(k*n)])/(d + exx"k)), x], x, x~(1/k)], x1]1 /; FreeQ[{a, b, c, d, e}, x]
&& FractionQ[n]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.)) " (p_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && IGtQ[p, O]

Rubi steps

1-—c2z 1—c2z2

/ o+ btanh~! (C\/;) e — 2Subst (/ z(a + btanh—l(cw)) de, z, \/a?)

(a—l— btanh ™ (C\/ﬂT))2 + 2Subst <f a+btanh e dz, z, f)

bc? c

__(atbtanh™ (eva))* 2(a+btanh™" (cv/z')) log (1_:/5) @S
bc? 2

__(atbtanh™ (eva))” 2(a+btanh™ (cv/z')) log (1_:/;) . (2b)
bc? 2

_ (a+btanh™ (cva))’ s 2(a+btanh™ (cv/z')) log < \/;) . bLiz(
bc? 2

Mathematica [A]
time = 0.06, size = 75, normalized size = 0.96

alog (1 — ¢z) b(— tanh™ (cy/z") (tanh_1 (cv/z') + 2log (1 + e*“"‘“hﬂ(cﬁo) + PolyLog( g—2tanh ™! (e ﬁ)))

c2 2

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c™2*x),x]

[Out] -((a*Log[l - c~2*x])/c”2) - (b*(-(ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] +
2xLog[1 + E~(-2xArcTanh[c*Sqrt[x]])])) + PolyLogl[2, -E~(-2*ArcTanh[c*Sqrt[x
11)1))/c™2
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 161 vs.

2(70) = 140.
time = 0.22, size = 162, normalized size = 2.08

method result

e ) I e eV I ey B Y L v B G

2 2 + 2 + 2 + 2 8

derivativedivides | —

i I e e ey I e B Y L v B %

2 2 + 2 + 2 + 2 8

default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/(-c~2*x+1),x,method=_RETURNVERBOSE)

[Out] -2/c”2*x(1/2*a*x1ln(c*x~(1/2)-1)+1/2*%a*xIn(1+c*x~(1/2))+1/2*%b*arctanh(c*x”~(1/2)
)*1n(c*x~(1/2)-1)+1/2xb*arctanh (c*x~(1/2) ) *1n(1+c*x~(1/2))+1/8*b*1n(c*xx~(1/
2)-1)"2-1/2*%bxdilog(1/2*c*xx~(1/2)+1/2)-1/4*b*1n(c*x~(1/2)-1)*1n(1/2*c*xx~(1/
2)+1/2)-1/8%b*x1n(1+c*x~(1/2))"2-1/4%b*x1n(-1/2%c*x~(1/2)+1/2)*1n(1/2*c*x~(1/
2)+1/2)+1/4%b*x1n(-1/2*c*x~(1/2)+1/2)*1n(1+c*x~(1/2)))

Maxima [A]
time = 0.57, size = 101, normalized size = 1.29

b alog(cz—1) _blog(c\/a?+1)2—2b10g(c\/;+1)log(—c\/;+1)—blog(—c\/:? -‘,—1)2

c? 4c?

_(log (V@' +1)log (—3¢v/z +3) +Lia(3 V@ +3))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥b/c”2 - axlog(c™2*x - 1)/c”2 - 1/4x(b*log(c*sqrt(x) + 1)72 - 2*bxlog(c*sq
rt(x) + 1)*log(-c*sqrt(x) + 1) - b*log(-c*sqrt(x) + 1)72)/c~2

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/ a dm_/batanh(c\/a?) de

cxr—1 cr—1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x**(1/2)))/(-cx*2xx+1),x)
[Out] -Integral(a/(c**2*x - 1), x) - Integral(bxatanh(c*sqrt(x))/(cx*2*x - 1), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/_a-l—ba’;anh(c\/a?) s
ccx—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*xatanh(c*x~(1/2)))/(c™2*x - 1),x)
[Out] int(-(a + b*xatanh(c*x~(1/2)))/(c™2*x - 1), x)
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a+btanh™1 <c \/E‘ >

x(l—c%)

dx

3.40 [

Optimal. Leaf size=69

(a + btanh™ (c\/a?))
b

2 2
— | —bPolyLog|( 2, -1+ ——
1-|—c\/a:) oy og(, +1—|—c\/x)

[Out] (at+b*arctanh(c*x~(1/2)))"2/b+2*(a+b*arctanh(c*x~(1/2)))*1n(2-2/(1+c*xx~(1/2)
))-b*polylog(2,-1+2/(1+c*x~(1/2)))

Rubi [A]
time = 0.18, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.269,

+2(a+ btanh" (ey)) log (2 _

steps used = 5, number of rules used = 7, integrand size = 26,
Rules used = {36, 29, 31, 1607, 6135, 6079, 2497}

(a+ btanh: (eve))” 2log (2 - W%) (a+btanh™ (cy/z')) — bLig(ﬁ - 1)

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh([c*Sqrt[x]])/(x*(1 - c~2%x)),x]

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2x(a + b*ArcTanh[c*Sqrt([x]])*Log[2 - 2/(1
+ cxSqrt[x])] - b*PolyLogl[2, -1 + 2/(1 + c*Sqrt([x])]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Log[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + b*xx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]
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Rule 2497

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x1)]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) p*(Log[2 - 2/(1 + ex(x/d))1/d), x] -
Dist [bxc*(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]1/
(1 - ¢*2%x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQlc”
2xd"2 - e~2, 0]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])"p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

Rubi steps

z (1 —c%x) x — 2x?

~1
= 2Subst (/ a+btanh (cz) dz,z, \/17)

z (1 — c%x?)

btanh~! ’ -1
_ (a+btanh™ (cv/z')) +2Subst</a+btanh (cx) dx,x,ﬁ)

/ ot bton” (Cﬁ) dx = 2Subst (/ = btanh_l(cx) dz,z ﬁ)

b z(1 + cx)
(a—i—btamh_1 (c\/a?))Z _ 2
= 7 —|—2(a+btanh (f))log( 1_}_0\/;)—(2
(a—f—bt:’:mh_1 (c\/f))2 _ 2
= - +2(a—|—btanh (cf))log( 1+c\/3?) — bl

Mathematica [A]
time = 0.08, size = 72, normalized size = 1.04

btanh™ (cy/z) (tanh (cv/z') + 2log ( g 2tanh ™! (e f)>> + alog(z) — alog (1 — c*z) — bPolyLog <2, e‘“"‘“h_l(“ﬁ))

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]]1)/(x*(1 - c~2*x)),x]

[Out] b*ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] + 2xLog[l - E~(-2*ArcTanh[c*Sqrt[x
11)1) + a*Logl[x] - axLogl[l - c”2xx] - bxPolyLog[2, E~(-2%ArcTanh[c*Sqrt[x]]

)]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 216 vs.

2(61) = 122.
time = 0.25, size = 217, normalized size = 3.14

method result

derivativedivides | —aln (1+cy/Z ) —aln(cy/z —1) + 2aln (cy/z) — barctanh (cy/z ) In (1 + ¢/7") -

default —aln(1+c¢yz ) —aln(cy/z —1) +2aln (cy/z') — barctanh (cy/z ) In (1 + ¢/z") -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1) ,x,method=_RETURNVERBOSE)

[Out] -a*1n(1+c*x~(1/2))-a*1ln(cxx”(1/2)-1)+2*a*In(c*x~(1/2))-b*arctanh(c*x~(1/2))
*1n(1+c*x~(1/2) ) -b*arctanh(c*x~(1/2))*1n(c*x~ (1/2)-1)+2*b*arctanh (c*x~ (1/2)
)*1n(c*x”(1/2))-bxdilog(1+c*x~(1/2))-b*1n(c*x~(1/2))*1n(1+c*x” (1/2))-b*dilo
g(c*xx~(1/2))-1/4xbx1n(c*xx~(1/2)-1) "2+b*dilog(1/2*cxx~(1/2)+1/2)+1/2xb*1n(c*
x7(1/2)-1)*1n(1/2*cxx~ (1/2)+1/2) +1/4%b*x1n(1+c*x~ (1/2) ) "2+1/2*b*1n(-1/2*c*x~
(1/2)+1/2)*1n(1/2*%c*x" (1/2)+1/2)-1/2xb*1n(-1/2*c*x~(1/2)+1/2) *1n(1+c*x~(1/2

))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 159 vs.

2(60) = 120.

time = 0.37, size = 159, normalized size = 2.30

30108 (cVF +1)" + 3 blog (evF" +1)log (~ev/F +1) + § blog (~evF +1)" = (log (cvz +1)log (%L‘/T + %) +LA2(%(\/7 +%))b7 (10§ (cVE) log (~ey/E + 1) + Li(~eVE +1))b+ (log (ev/F + 1) log (—eyE) + Lia(eyd + 1))b - a(log (evE +1) +log (v — 1)  log (x))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x/(-c”2*x+1),x, algorithm="maxima")

[Out] -1/4%b*log(c*sqrt(x) + 1)72 + 1/2%b*log(c*sqrt(x) + 1)*log(-c*sqrt(x) + 1)
+ 1/4%b*log(-c*sqrt(x) + 1)72 - (log(c*sqrt(x) + 1)*log(-1/2*cxsqrt(x) + 1/

2) + dilog(1/2*c*sqrt(x) + 1/2))*b - (log(c*sqrt(x))*log(-cxsqrt(x) + 1) +
dilog(-cxsqrt(x) + 1))*b + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sq
rt(x) + 1))*b - a*(log(c*ksqrt(x) + 1) + log(cxsqrt(x) - 1) - log(x))

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arctanh(c*x~(1/2)))/x/(-c”2*x+1),x, algorithm="fricas")
[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c”2*x"2 - x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/de_/batanh(c\/f)dw

c2r? — g c2z? —z

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(c*x**(1/2)))/x/(-c**2*x+1) ,x)
[Out] -Integral(a/(c**2xx**2 - x), x) - Integral(bxatanh(c*sqrt(x))/(cx*2*xx**2 -

X), X)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x/(-c"2*x+1) ,x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

i

_/a+batanh(c\/g?)

z (2zx—1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x*x(c™2*x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x*x(c™2*x - 1)), x)
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a+btanh_1<0\/5;>

341 [y do

Optimal. Leaf size=117

a+btanh™ (cy/z') +c2 (a+ btanh™ (c\/f))2

- > +2¢*(a + btanh ™" (cy/z")) log

—%+bc2 tanh™" (cv/z')—

[Out] b*xc~2*xarctanh(c*x~(1/2))+(-a-b*arctanh(c*x~(1/2)))/x+c”2*(a+b*arctanh (c*x™(
1/2)))~2/b+2*c”2x (atb*arctanh(c*x~(1/2)))*1n(2-2/(1+c*xx~(1/2))) -b*xc~2*polyl
0g(2,-1+2/ (1+c*x~(1/2) ) ) -b*c/x~(1/2)

Rubi [A]
time = 0.27, antiderivative size = 117, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.346

steps used = 9, number of rules used = 9, integrand size = 26,
Rules used = {46, 1607, 6129, 6037, 331, 212, 6135, 6079, 2497}

Y

¢?(a+btanh™" (c\/a?))2
b

a+btanh™! (c\/a?)
T

_ e

+bc? tanh ™" (cv/z) 7

- bCZLiz (

+2c%log (2 ) (a+ btanh™ (evz')) — ﬁ — 1)

2
_cx/;-'rl

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*(1 - c~2*x)),x]

[Out] -((b*c)/Sqrt[x]) + bxc~2*ArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c™2x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2%c”2*(a + b*ArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + cxSqrt[x])] - b*c™2*PolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 46

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n + 2, 0)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (m + D*((a + b*xx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)

+ 1)/(a*c™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)”p, x], x] /; FreeQl{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
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x]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x]1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Dist [bxc*x(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]/
(1 - c™2%x72)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] &% EqQlc~
2xd"2 - e~2, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x])“p, x]
, x] - Dist[e/(d*f~2), Int[(f*x)~(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*xx"2
)), x], x] /; FreeQ[{a, b, ¢, 4, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])“p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2+d + e, 0] && GtQ[p, O]

Rubi steps
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/ o biah (Cﬁ) dz = 2Subst (/ - btaﬂh_l(cx) dx,x \/37)

z2 (1 — c%x) x3 — 2xb

1
= 2Subst </ a+btanh " (cz) dz,z, \/:?)

z3 (1 — c2x?)

= 2Subst (/ a+btanh (cz) dz,x, \/E) + (262) Subst </ a+btanh (cz) a

x3 z (1 — 2x?)

-1 2 -1 2
_a+btanh (cvz) L6 (a+btanh™ (cv/z')) | (be)Subst / 1
x b 2(1—¢?
bc  a+btanh ™' (cv/z') c*(a+btanh™ (c\/a?))z
= +
N3 x b
be a+btanh™ (cy/z') N (a+btanh™ (cy/z')

_ = 2 -1
=~/ + bc® tanh ™ (cv/x") - :

+2c*(a + btanh™

Mathematica [A]
time = 0.22, size = 118, normalized size = 1.01

— 2 1 -1
LI tanh™ (cv/z) ( 1-cw +tanh ™ (cy/z') + 2log (1 — g~ 2tanh” (C\/’?))> + PolyLog(Z,e’“f“‘h (Cﬁ)))

_a 2 a2 20 b2 _
zw‘—2ac log (v/z') — ac’log (1 — c*z) — bc (c\/a? o

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*(1 - c~2%x)),x]

[Out] -(a/x) + 2*axc”2*Log[Sqrt[x]] - a*c™2xLog[l - c™2*x] - bxc~2*(1/(c*Sqrt[x])
- ArcTanh[c*Sqrt [x]]*(-((1 - c™2*x)/(c"2*x)) + ArcTanh[c*Sqrt([x]] + 2*Logl
1 - E"(-2%ArcTanh[c*Sqrt[x]]1)]) + PolyLog[2, E~(-2xArcTanh[c*Sqrt[x]])])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 277 vs.
2(105) = 210.
time = 0.26, size = 278, normalized size = 2.38

method result

aln(l—i—cﬁ) aln(cﬁ—l) barctanh(cﬁ)

derivativedivides | —2¢? | 3% —aln (cy/Z') + 5 + 5 + 52 — barctanh (c

aln(1+cy/T ) aln(ey/T 1)  barctanh(cy/T)

default -2 | 3% —aln(cyz') + 5 + 5 + S — barctanh (c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/x~2/(-c~2*x+1),x,method=_RETURNVERBOSE)

[Out] -2*xc™2%(1/2*a/c”2/x-a*1n(c*x”(1/2))+1/2*%a*1ln(1+c*xx”(1/2))+1/2*a*In(c*xx~(1/2
)-1)+1/2*b*arctanh(c*x~(1/2))/c”2/x-b*arctanh (cxx~ (1/2) ) *1n(c*x~(1/2))+1/2%
b*arctanh (c*x~(1/2))*1n(1+c*x~(1/2))+1/2*b*arctanh(c*x~ (1/2) ) *1n(c*xx~(1/2) -
1)+1/2xb/c/x~(1/2)-1/4*%b*1n(1+c*x~(1/2))+1/4*%b*1n(c*x~(1/2)-1)+1/2*%b*dilog(
1+c*x~(1/2) ) +1/2xb*1n(c*xx~(1/2) ) *1n(1+c*x~(1/2) ) +1/2*b*dilog(c*xx~(1/2))+1/8
*bx1n(c*xx~(1/2)-1)"2-1/2*b*dilog(1/2*c*x~(1/2)+1/2)-1/4*%b*1n(c*x”(1/2)-1) *1
n(1/2xc*x~(1/2)+1/2)-1/8*b*1n(1+c*x~(1/2)) "2-1/4%bx1n(-1/2*c*xx~ (1/2)+1/2) *1
n(1/2%c*xx~(1/2)+1/2)+1/4*xb*1n(-1/2xc*x~(1/2)+1/2) *1n(1+c*xx~(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 248 vs.
2(102) = 204.
time = 0.41, size = 248, normalized size = 2.12

= = . 1\ ( — 1) — = — ( — \ bezlog (ev/T +1)° — bezlog (—eVE +1)° 4 dbeyT + 2blog (VT +1) — 2 (bezlog (cVE + 1) +b) log (~ey/T +1
(i e+ )~ ) 1 L) o ) oV 1) -V 1)+ o e+ 1) o) T+ 1)+ Sl (1)~ g oV 1) (g oE +1) g 05 1)~ gt + ) - Z2BET (eE 1y g e 7 5oV +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥b*c™2 - (log(c*sqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bx*c”

2 + (log(cxsqrt(x) + 1)*log(-cxsqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™2 + 1/2
xbxc~2*log(cxsqrt(x) + 1) - 1/2%b*c”2*xlog(c*sqrt(x) - 1) - (c"2xlog(c*sqrt(

x) + 1) + c"2xlog(c*ksqrt(x) - 1) - c™2xlog(x) + 1/x)*a - 1/4x(b*c™2xxxlog(c
*sqrt(x) + 1)72 - bxc™2*x*log(-c*sqrt(x) + 1)72 + 4xb*c*sqrt(x) + 2*bxlog(c
*sqrt(x) + 1) - 2*(bxc™2*x*log(cksqrt(x) + 1) + b)*log(-c*sqrt(x) + 1))/x

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c™2*x"3 - x72), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/ @« / batanh (cv/z) g

c2x3 — 2 c2x3 — 2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(c*x**(1/2)))/x**2/(-c**2xx+1) ,x)
[Out] -Integral(a/(c**2xx**3 - x*x2), x) - Integral(b*atanh(c*sqrt(x))/(ck*2*x**3
- x*%2), Xx)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c”2*x - 1)*x~2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dx

_/a+batanh(c\/a?)

z? (2z—1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x~2%(c"2*x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x"2*(c"2*x - 1)), x)
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a+btanh_1<0\/5;>

342 [y do

Optimal. Leaf size=157

be  3b* 3 , 1 a+btanh™ (cy/z') c*(a+btanh™' (cv/z')) c*(a+btanh™ (c
Tooh oz To0¢ tenh (V)= 212 N z + b

[Out] -1/6%b*xc/x~(3/2)+3/2*%bxc~4*arctanh(c*x~(1/2))+1/2*(-a-b*arctanh(c*x~(1/2)))
/x"2-c"2x(at+b*arctanh (c*x~(1/2)) ) /x+c~4* (at+b*arctanh (cxx~ (1/2))) ~2/b+2*c™4*
(at+b*arctanh(c*x~(1/2)))*1n(2-2/ (1+c*x~(1/2) ) ) -b*c~4*polylog(2,-1+2/ (1+c*x™
(1/2)))-3/2%b*c~3/x~(1/2)

Rubi [A]

time = 0.34, antiderivative size = 157, normalized size of antiderivative = 1.00, number of

_ —Q o number of rules __
steps used = 14, number of rules used = 9, integrand size = 26, integrand size — 0.346,

Rules used = {46, 1607, 6129, 6037, 331, 212, 6135, 6079, 2497}

3bc? be

o+ btanh™* (c\/?))2
T2z 6232

a+btanh™ (cy/z')) a-+btanh™! (cyva') 4
b - — bc*Liy

3 4 -1
ps 72 + Zbc tanh™" (cv/z')

2
-1
Vac+1 )

+2¢*log (2 ) (aertanh’l (c\/F)) - al

2
TevT +1

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c~2#*x)),x]

[Out] -1/6%(b*c)/x~(3/2) - (3*%b*c~3)/(2*Sqrt[x]) + (3*b*c~4*ArcTanh[c*Sqrt([x]])/2
- (a + bxArcTanh[c*Sqrt[x]])/(2*x"2) - (c"2*(a + b*ArcTanh[c*Sqrt[x]]))/x

+ (c"4x(a + b*ArcTanh[c*Sqrt[x]])~2)/b + 2xc"4*(a + b*ArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + cxSqrt[x])] - b*c”4*PolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 46

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - axd, 0] && ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n+ 2, 0)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 331

Int [((c_.)*(x_))"(m_)*x((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol]l :> Simp[(c*x
)"(m + D*((a + b*x™n)~(p + 1)/(a*cx(m + 1))), x] - Dist[bx((m + n*x(p + 1)
+ 1)/(a*c"nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
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b, ¢, p}, x] & IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 1607

Int[(u_.)*((a_.)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x])]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x1]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + b*ArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQlp, 0] & (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x)*((d)) + (e_.)*(x))), x
_Symbol] :> Simp[(a + bxArcTanh[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]1/d), x] -

Dist [b*c*(p/d), Int[(a + bxArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]1/
(1 - ¢™2%x~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc”
2%xd~2 - e~2, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)*x((f_.)*(x_))"(m ))/((d) + (
e_.)*(x_)72), x_Symbol] :> Dist[1/d, Int[(f*x)”"m*(a + b*ArcTanh[c*x])~p, xI]
, x] - Dist[e/(d*£"2), Int[(f*x)~(m + 2)*((a + b*ArcTanh[c*x])"p/(d + e*x"2
)), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])“p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2%d + e, 0] && GtQ[p, O]
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Rubi steps

/ o bianh (Cﬁ) dz = 2Subst (/ - btaﬂh_l(cx) dx,x \/:?)

z3 (1 — ?x) x® — 2"

~1
= 2Subst (/ a+btanh " (cz) dz,z, \/17)

z% (1 — c2x?)
_ a + btanh™'(cx) 5 a + btanh™'(cx)
= 2Subst </ e dz,z,v/z | + (2¢°) Subst / P
a+btanh™ (cv/z') 1 1 9

212

be a+btanh™ (cy/z') B (a+btanh™ (cy/z')) N c*(a+btanh™

T 6x32 212 x b
ke 3bc®  a+btanh ' (cv/Z') *(a+btanh™' (cy/z')) N c*(a-
6232 21 212 a T

be 3bc2 3 a+btanh™ (cy/z') c*(a+bta

__bc  8bc 3. 4 1 _ _
=~ 2\/E+2bc tanh ™' (cv/z) 52

Mathematica [A]
time = 0.39, size = 158, normalized size = 1.01

3a + bey/z + 6ac’ + 9bcPz/? — 6bc'z? tanh ™! (c\/F)2 —3btanh™" (cv/z') (—1 — 2%z + 3c'z? + 4c'z? log (1 - 5’““"}‘4(”‘/;))> — 6ac'z?log(z) + 6ac'z?log (1 — c*z)
6z2

— bc*PolyLog (2, g~2tanh™ (Cﬁ))

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]]1)/(x"3*(1 - c~2%x)),x]

[Out] -1/6%(3%a + b*cxSqrt[x] + 6*axc™2*x + 9*b*xc~3*x~(3/2) - 6%b*c~4*x~2*ArcTanh
[c*Sqrt[x]]172 - 3*b*ArcTanh[c*Sqrt[x]]1*(-1 - 2%c™2%x + 3%c™4*x"2 + 4*c™4*x~
2xLog[1 - E~(-2xArcTanh[c*Sqrt[x]])]) - 6*axc”4xx"2*Logl[x] + 6*axc~4*x~2xLo

gll - c™2%x])/x"2 - b*c"4*PolyLog[2, E~(-2xArcTanh[c*Sqrt[x]])]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 310 vs.
2(134) = 268.
time = 0.27, size = 311, normalized size = 1.98

method result

a,ln<1+(:\/.?) aln(cﬁ—l) barctanh(cﬁ)ln<l+c'

derivativedivides | —2c* 3 + iz + 58, —aln (c\/a? ) + 3 + 5
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default D aln(l—i—zcﬁ) n 462&82 n ﬁ _aln (C\/E) n aln(c{;—l) " barctanh(cx/52> 11'1(1+C\/

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/x~3/(-c~2*x+1) ,x,method=_RETURNVERBOSE)

[Out] -2*xc”4*(1/2*xax1n(1+c*x~(1/2))+1/4*a/c”4/x"2+1/2*a/c”2/x-a*x1n(c*x~(1/2))+1/2
*ax1n(c*x~(1/2)-1)+1/2*b*arctanh(c*x~(1/2)) *1n(1+c*xx~(1/2))+1/4xb*arctanh(c
*x~(1/2))/c”4/x"2+1/2*b*arctanh (c*x~(1/2))/c”~2/x-b*arctanh(c*x~(1/2) ) *1n(c*
x~(1/2))+1/2*b*arctanh (c*xx~(1/2) ) *1n(c*x~(1/2)-1)+1/2*b*dilog(1+c*x~(1/2) )+
1/2%b*1n(c*x~(1/2) ) *1n(1+c*xx~(1/2))+1/2*%b*xdilog(c*x~(1/2))-1/2*b*dilog(1/2%
cxx”(1/2)+1/2)-1/4*%b*x1n(c*x”(1/2)-1)*1n(1/2*c*x~(1/2)+1/2)+1/8*b*1n(c*x~(1/
2)-1)"2-1/4xb*1n(-1/2*c*x~ (1/2)+1/2)*1n(1/2*c*x~(1/2)+1/2)+1/4*b*1n(-1/2*c*
x~(1/2)+1/2) *1n(1+c*xx~(1/2) ) -1/8*b*1n(1+c*xx~(1/2)) ~2-3/8*b*1n(1+c*xx~(1/2) )+
1/12%b/c~3/x~(3/2)+3/4%b/c/x~(1/2)+3/8*b*1n(c*x~(1/2)-1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 291 vs.
2(130) = 260.
time = 0.41, size = 291, normalized size = 1.85

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*xlog(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥b*c™4 - (log(c*sqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bx*c”

4 + (log(c*sqrt(x) + 1)*xlog(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*bxc~4 + 3/4
*xbxc~4*log(cxsqrt(x) + 1) - 3/4xb*c”4xlog(c*sqrt(x) - 1) - 1/2%(2*c”4*log(c
xsqrt(x) + 1) + 2xc"4*log(cxsqrt(x) - 1) - 2xc"4*log(x) + (2*%c™2*x + 1)/x72

)*¥a - 1/12%(3*b*c”~4*x"2*log(cxsqrt(x) + 1)72 - 3xb*c”4*x"2xlog(-c*sqrt(x) +

1)72 + 18%b*xc~3%x~(3/2) + 2*bkxcxsqrt(x) + 3*(2xbxc~2*x + b)*log(c*sqrt(x)

+ 1) - 3x(2xbxc~4*x"2*xlog(c*sqrt(x) + 1) + 2%b*c™2xx + b)*log(-c*sqrt(x) +
1))/x72

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x, algorithm="fricas")
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[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c”2*x"4 - x73), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/de_ / batanh (cv/z")

dz
2ot _ 23 2ot _ 23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**(1/2)))/x**3/(-c**2xx+1),x)

[Out] -Integral(a/(c**2xx**4 - x*x3), x) - Integral(b*atanh(c*sqrt(x))/(ck*2*x**4
- x**3), x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1) ,x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x73), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

i

_/a—i—batanh(c\/g?)

z3 (x—1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x"3*(c™2*x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x"3*(c™2*x - 1)), x)
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a+btanh~1 C\/E?
3.43 | x4(1_£2w> ) dx

Optimal. Leaf size=192

be 5bc  11bc® 11 a+btanh™ (cy/z') c*(a+btanh™ (cv/z')) c*(a+b

6 -1
Fbc tanh ™' (cv/z' ) — 373 - 52 -

15252 18232 64/z +
[Out] -1/15%bxc/x"(5/2)-5/18*b*xc~3/x~(3/2)+11/6*b*c”6*arctanh(c*x~(1/2))+1/3*(-a-
b*arctanh(cxx~(1/2)))/x"3-1/2*%c"2x (a+b*arctanh(c*x~(1/2)))/x"2-c"4* (a+b*arc

tanh (c*x~(1/2)))/x+c”6*(a+b*arctanh(c*x~(1/2))) "2/b+2*xc”~6* (a+b*arctanh (c*x~
(1/2)))*1n(2-2/ (1+c*x~(1/2) ) ) -bxc~6*polylog(2,-1+2/(1+c*x~(1/2)))-11/6*b*c”
5/x~(1/2)

Rubi [A]
time = 0.40, antiderivative size = 192, normalized size of antiderivative = 1.00, number of

number of rules _ 0.346,

steps used = 20, number of rules used = 9, integrand size = 26, integrand size

Rules used = {46, 1607, 6129, 6037, 331, 212, 6135, 6079, 2497}

S(a+btanh™ (evz))® | 4 2 . c*(a+btanh™ (cy7')) (a+btanh (7)) a+btanhl (ev@) o 2 o6 116 5bc® be
et ) 4 aotog (2- 21 ) o+ bt evT) - h - L - e —bcLl,(\/T_c+l—l>+€bc tanh™ (eyF) - (% -

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh([c*Sqrt[x]]1)/(x~4*(1 - c~2*x)),x]

[Out] -1/15%(b*c)/x~(5/2) - (56%xbxc~3)/(18%x~(3/2)) - (11xbxc~5)/(6*Sqrt[x]) + (11
*b*c~6*ArcTanh [c*Sqrt[x]])/6 - (a + bxArcTanh[c*Sqrt[x]1])/(3*x~3) - (c™2*(a

+ bxArcTanh[c*Sqrt[x]]))/(2%x"2) - (c"4*(a + b*ArcTanh[c*Sqrt[x]]))/x + (c
~6x(a + bxArcTanh[c*Sqrt([x]])~2)/b + 2*c”™6*(a + bxArcTanh[c*Sqrt[x]])*Logl[2

- 2/(1 + cxSqrt[x])] - b*c”6*%PolyLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 46

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n + 2, 0])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
)"(m + 1)*((a + bxx"n)"(p + 1)/(axcx(m + 1))), x] - Dist[b*((m + n*x(p + 1)
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+ 1)/(a*c"nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*xx
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq"m*((1 - u)/

D[u, x])1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6079

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d.) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Dist [b*cx(p/d), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]1/
(1 - ¢c~2*x72)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~
2%d"2 - e~2, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] — Dist[e/(d*£72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6135

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && GtQ[p, 0]
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Rubi steps

/a—l—btanh_1 (cvz') dp — 2Subst(/ a + btanh™*(cx) dz. 2, T

z* (1 — Px) " — c%g

a+ btanh™!
= 2Sllet </ $7 (1 62.’172) T, T, VT )

= 2Subst </ @+ btanh™ dm z,\/T

-1
" T (262) Subs t(/ a + btanh™ " (cz) .

x5 (1 — c2x?)

_ a+ btanh™! (cf) )
= — 379 bc Subst 6 (1 c2m2) dz,z, \/3?) + (2c ) Su
be a+btanh™! (c\/—) cz( + btanh "evz)) 1
= T 1sp2 323 + 3 (bc3) Subst (
_ be 5bc2  a+btanh”' (cv/z') ¢ (a +btanh™ (cv/z')) cta
15252 18z3/% 323 B 22 B
_ be 5bc? 116> a+btanh™' (cv/z') c*(a+btanh™ (cy/z))
15252 18z32 6z 33 - 202
3 -1
__ be 5k 11bc® Eb 5 tanh! (cy/@) — a+btanh™ (cv/z') B

15252 18232 Gf 33

Mathematica [A]
time = 0.56, size = 187, normalized size = 0.97

300+ 6bey/@” -+ 45ac%s + 256c%2 + 0acts? + 165bc%a? — 90bc’a? tanh " (cvz)’ — 15btanh™! (ev/z") (~2 = 3% — 6cta? + 115 + 12¢%? log (1 — &2 (V) ) ) — 90acs® log(a) + 90ac’s? log (1 — %)

9027 - bchpolyLog(z . m,.h—t(,m)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]]1)/(x"4*(1 - c"2xx)),x]

[Out] -1/90%(30%a + 6xbxc*Sqrt[x] + 45*axc™2*x + 25*%b*c~3*x~(3/2) + 90*axc™4*x"2
+ 165%b*c~5*x~(5/2) - 90%b*c~6*x~3*ArcTanh[c*Sqrt[x]]~2 - 15%bxArcTanh[c*Sq
rt[x]]1* (-2 - 3*%c™2xx — 6*%c™4*x"2 + 11%c”6%x"3 + 12xc”6*x"3*Log[l - E~(-2*Ar
cTanh[c*Sqrt[x]]1)]) - 90xa*c”6*x"3xLog[x] + 90%a*c”6*x"3xLogl[l - c~2x*x])/x~

3 - b*c"6*PolyLog[2, E~(-2*ArcTanh[c*Sqrt([x]])]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 343 vs.
2(161) = 322.
time = 0.28, size = 344, normalized size = 1.79

] method \ result
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o . . . 11610 (1+c1/T ) ) bin(cy/Z 1) ln(
derivativedivides | —2c® swts T 1oz T g — 51 + 12(:1\1/5 —aln (c\/g? ) —
. . . 1161n(1+4c1/T ) X bin(cy/Z 1) ln<
default =28 55+ s s — 51 + 1201\1/17 —aln (cyz') —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/x"4/(-c~2*x+1),x,method=_RETURNVERBOSE)

[Out] -2*xc~6%(1/2*a/c~2/x+1/4*a/c”4/x"2+1/6%a/c"6/x"3-11/24*xbx1n(1+cxx~(1/2))+1/4
xb*xarctanh(c*x~(1/2))/c~4/x~2+1/2*b*arctanh(c*x~(1/2))/c~2/x+11/12%b/c/x~ (1
/2)-ax1n(c*xx~(1/2))+1/2xbxdilog(1+c*x~(1/2))+1/2*bxdilog(c*x~ (1/2))+1/2*b*a
rctanh(c*xx~(1/2))*1n(c*x~(1/2)-1)+1/2*xb*arctanh(c*x~(1/2)) *1n(1+c*xx~(1/2))-
1/4xbx1n(c*x~(1/2)-1)*1In(1/2*%c*x~(1/2)+1/2)+1/4%b*1n(-1/2*c*x~(1/2)+1/2) *1n
(14+c*xx~(1/2))-1/4%b*1n(-1/2%c*x~ (1/2)+1/2) *1n(1/2*c*xx~ (1/2)+1/2)+1/30%b/c"5
/x~(5/2)+5/36%b/c~3/x"(3/2)+1/2*%ax1n(c*x~(1/2)-1)+1/2*%ax1ln(1+cxx~(1/2))-1/2
*xbxdilog(1/2*c*x~(1/2)+1/2)+1/8%b*1n(c*x~(1/2)-1)"2-1/8%b*1n(1+c*x~(1/2)) "2
+11/24xbx1n(c*x~(1/2)-1)+1/6%b*arctanh(c*x~(1/2))/c~6/x"3-b*arctanh(c*x~(1/
2))*1n(c*x~(1/2))+1/2%b*1n(c*x~(1/2) ) *In(1+c*x~(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 330 vs.
2(157) = 314.
time = 0.41, size = 330, normalized size = 1.72

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)xlog(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*b*xc~6 - (log(c*sqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bxc”
6 + (log(cxsqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™6 + 11/
12¥bxc~6*log(cxsqrt(x) + 1) - 11/12%b*c”6*log(c*sqrt(x) - 1) - 1/6%(6*c”6%1
og(cksqrt(x) + 1) + 6*%c"6xlog(c*ksqrt(x) - 1) - 6*%c"6xlog(x) + (6%xc™4*x"2 +
3%c™2*%x + 2)/x73)*a - 1/180%(45%b*c”6*x"3*log(c*sqrt(x) + 1)72 - 45xbxc~6%*x
~3*log(-c*sqrt(x) + 1)72 + 330*b*c”5*x~(5/2) + 50%bxc~3*x~(3/2) + 12xb*c*sq
rt(x) + 156%(6%b*xc™4*x"2 + 3xb*c”2+x + 2*b)*log(c*sqrt(x) + 1) - 15%(6%b*c”™6
*x"3%log(cxsqrt(x) + 1) + 6%bxc™4*x™2 + 3xb*c™2%x + 2%b)*log(-c*sqrt(x) + 1
))/x"3

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c”2*x"5 - x74), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/ L / batanh (cv/z") s

c2xd — rd c2rd — 4

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(c*x**(1/2)))/x**4/(-c**2xx+1) ,x)
[Out] -Integral(a/(c**2xx**5 - x**x4), x) - Integral(b*atanh(c*sqrt(x))/(c**2*x*x5
- x*¥4), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c”2*x+1) ,x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x74), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

i

_/a+batanh(c\/g?)

z* (x—1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x"4*x(c™2*x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x~4*x(c"2*x - 1)), x)
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a+btanh~! (c \/5 ) >

d+ex

dx

3.44 | al

Optimal. Leaf size=460

_bd\/a? +b\/? +b$3/2+bdtanh_l (cvz) _btanh_1 (cvz') _dx(a +btanh™ (cy/z)) +$2 (a+ btanh™

ce? 2c3e  6Bce c2e? 2cte e? 2e

[Out] 1/6*b*xx~(3/2)/c/e+b*d*arctanh(c*x~(1/2))/c"2/e"2-1/2*b*arctanh(c*x~(1/2))/c
~4/e-d*x* (at+b*arctanh (c*x~(1/2))) /e~ 2+1/2+x"2* (a+b*arctanh (c*x~ (1/2))) /e-2x*

d"2#* (a+b*arctanh(c*x~(1/2)))*1n(2/ (1+c*x~(1/2))) /e~ 3+d"2* (a+b*arctanh (c*x~ (
1/2)))*1n(2xc*x((-d)~(1/2)-e~(1/2)*x~(1/2) )/ (c*x(-d)~(1/2)-e~(1/2)) / (1+c*x~ (1
/2)))/e"3+d"2* (a+b*arctanh (cxx~(1/2)))*1n(2*xc*((-d) ~(1/2)+e~(1/2)*x~(1/2))/
(cx(-d)~(1/2)+e~(1/2))/ (1+c*x~(1/2))) /e~ 3+b*d"2*polylog(2,1-2/ (1+cxx~(1/2))
)/e~3-1/2xb*d~2*polylog(2,1-2*xcx((-d)~(1/2)-e~(1/2)*x~(1/2)) /(c*x(-d)~(1/2) -

e~ (1/2))/(1+c*x~(1/2)) ) /e"3-1/2%b*d"2*polylog(2,1-2*c* ((-d) ~(1/2)+e~ (1/2) *x
~(1/2))/(cx(-d)~(1/2)+e~(1/2))/ (1+c*x~(1/2))) /e~ 3-bxd*x~(1/2) /c/e~2+1/2*%b*x
~(1/2)/c"3/e

Rubi [A]
time = 0.58, antiderivative size = 460, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.478,

Rules used = {45, 6127, 6037, 308, 212, 327, 6191, 6057, 2449, 2352, 2497}

steps used = 20, number of rules used = 11, integrand size = 23

VT VEVE) ) «(VTTVEVF) )
TV (Ve

s1og () (a4 btant? (eyF)) Pl branh? w1 —2 ) wPLi(1- w1 i :
2og () (a7 W () btanh™ (eF)  wE | bitaat™ (ey7) (1~ ) ( VTV ] ( (VA (VEr))  sayE | o
= ; = - : 5

Antiderivative was successfully verified.
[In] Int[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] -((b*d*Sqrt[x]1)/(c*e~2)) + (bxSqrt[x])/(2xc~3*xe) + (b*x~(3/2))/(6xc*xe) + (b
*xdxArcTanh [cxSqrt [x]])/(c"2*xe”2) - (b*ArcTanh[c*Sqrt[x]])/(2*c"4*e) - (d*x*
(a + b*ArcTanh[c*Sqrt[x]]))/e”2 + (x72*(a + b*ArcTanh[c*Sqrt[x]]))/(2*%e) -
(2*d"2*%(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e”3 + (d"2%(a + b
*xArcTanh [c*Sqrt [x]])*Log[(2*xc*x(Sqrt [-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] -
Sqrtle]l)*(1 + c*Sqrt[x]))])/e~3 + (d"2*(a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*
(Sqrt[-d] + Sqrtlel*Sqrt([x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*Sqrtlx]))]1)/e”
3 + (b*d~2xPolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/e”3 - (bxd~2*PolyLog[2, 1 - (
2xcx(Sqrt [-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + cxSqrt[x]))]
)/ (2%xe~3) - (bxd~2*PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sq
rt[-d] + Sqrtle])*(1 + c*Sqrt[x]))])/(2%e~3)

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
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x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 308

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x™n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 327

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[c~(n

- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcnk((m - n + 1)/(bx(m + n¥p + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x])]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x]
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, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d)) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]1/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*x(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x1) /; FreeQl{a, b, c, d,

e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x1, x] - Dist[d*(£f72/e), Int[(f*x)"(m - 2)*((a + b*ArcTanh[c*x]) p/(d
+ e*x”2)), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((£_.)*(x_))"(m_.)*((d_) + (e
_I)*x(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"m*(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlq]l && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[m])

Rubi steps
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/ z?(a+btanh™' (cv/z')) dz — 2Subst (/ z°(a + btanh™ (cz)) dz, 7, \/g)

d+ex d + ex?

23 (a+btanh 1 (ca

_ 2Subst ([ z®(a + btanh™'(cz)) dz,z, V) (2d)Subst (f T de?

e

_ 2?(a+btanh™ (cv/z'))  (2d)Subst([ z(a+ btanh™'(cz)) dz,z, Vz)

2e e?

dx(a + btanh™ (c\/a?)) N x? (a + btanh™ (c\/:?)) N (bed)Subst (fi

e? 2e

_bd\/:? bz  bz¥?  dz(a+btanh™ (cy/z'))

z?(a+b tanh™*

- ce? + 2c3e + 6ce e? + 2e
bd+\/z’ N b/’ N bx>/? N bdtanh™' (cy/z') btanh ' (cv/z')  dz(
ce? 2c3e 6ce c2e? 2cte
VT bVT N b2 N bdtanh™' (cv/z') btanh™ (cv/z')  dz(c
o ce? 2c3e 6ce c2e? 2cte
_ bdyx N b/’ N bx3/? N bdtanh™ (cy/z') btanh™' (cv/z')  dz(c

ce? 2c3e 6ce c2e? 2cte

Mathematica [C] Result contains complex when optimal does not.
time = 2.66, size = 558, normalized size = 1.21

Antiderivative was successfully verified.

[In] Integrate[(x~2*(a + b*ArcTanh[c*Sqrt([x]]))/(d + exx),x]

[Out] (-6*axd*exx + 3*a*xe 2xx"2 + 6¥axd"2*Logld + e*x] + (b*(2xcke*(-3xc™2*xd + 2%
e)*Sqrt[x] + cxe”2xSqrt[x]*(-1 + c™2*x) - 6x(c”2*d - e)*ex(-1 + c~2*x)*ArcT
anh[c*Sqrt[x]] + 3*e”2%(-1 + c~2xx) ~2xArcTanh[c*Sqrt[x]] - 6*%c~4xd~2*(ArcTa
nh[cxSqrt [x]]*(ArcTanh[c*Sqrt[x]] + 2*Logl[l + E~(-2*ArcTanh[c*Sqrt[x]])]) -
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PolyLog[2, -E~(-2*ArcTanh[c*Sqrt([x]])]) + 3%c~4xd~2*(2*ArcTanh[c*Sqrt[x]]~
2 - (4xI)*ArcSin[Sqrt[(c™2*d)/(c"2*d + e)]]*ArcTanh[(c*e*Sqrt[x])/Sqrt[-(c~
2xd*e)]] + 2x((-I)*ArcSin[Sqrt[(c”2#d)/(c”2*d + e)]] + ArcTanh[c*Sqrt[x]])*
Log[(-2*Sqrt [-(c"2*d*e)] + ex(-1 + E~(2*ArcTanh([c*Sqrt[x]])) + c"2*d*(1 + E
~(2xArcTanh [c*Sqrt [x]1]1)))/((c™2*d + e)*E~ (2*ArcTanh[c*Sqrt[x]]1))] + 2x(I*Ar
cSin[Sqrt[(c™2*d)/(c"2xd + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c~2xd*e
)] + ex(-1 + E"(2xArcTanh[c*Sqrt[x]])) + c™2xd*x(1 + E~(2xArcTanh[c*Sqrt [x]]
)))/((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]1))] - PolyLogl[2, (-(c"2*d) + e - 2%
Sqrt [-(c™2xd*e)])/((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))] - PolyLog[2, (-(c
~2xd) + e + 2*Sqrt[-(c”2*xd*e)])/((c”2*d + e)*E~(2xArcTanh[c*Sqrt[x]]1))]1)))/
c~4)/(6%e~3)

Maple [A]
time = 0.65, size = 706, normalized size = 1.53

method result
0B + 0 b2 N a c6d2 ln(c2ez+c2d) b c6 arctanh <c'\/ i >dz N b CG arctanh <c'\ /T >1;2 . b b arctanh <c1 /T ) d2 ln(cze
derivativedivides <2 2e <3 2 3e 3

6 2 o842 ln(c2ez+02d> b0 arctanh (c\/ X >dm b0 arctanh <c\/ >m2 bcf arctanh (c\/ T )d2 In (025

6
ac’dz ac"x

default e2 e <3 e2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*x~(1/2)))/(e*x+d) ,x,method=_RETURNVERBOSE)

[Out] 2/c”6x(-1/2*a*xc”6/e"2*%d*x+1/4*a*xc”6/exx~2+1/2*xa*xc”6*%d"2/e"~3*1n(c~2*e*xx+c~ 2%
d)-1/2*%bxc~6*arctanh(c*x~(1/2)) /e~ 2xd*x+1/4*b*c 6*arctanh(cxx~(1/2))/e*x"2+
1/2xb*c~6*arctanh (cxx~ (1/2))*d~2/e~3*1n(c”2*exx+c~2*d) -1/2%bxc”5/e”2*+d*x~ (1
/2)+1/12*%bxc"5/exx~(3/2)+1/4%b*c"3/exx”(1/2)-1/4xbxc~4/e"2*%1In(c*x~ (1/2)-1)*
d+1/8*bxc”~2*1n(c*x~(1/2)-1) /e+1/4*xb*c"4/e~2x1n(1+c*x~(1/2)) *d-1/8*b*xc~2*1n(
1+c*x~(1/2)) /e-1/4xbxc"6%d"2/e~3*x1n(1+c*x~(1/2) ) *1n(c™2*e*xx+c~2*d) +1/4*b*c”
6*%d"2/e"3*1In(1+c*x~(1/2) ) *1n((c*(-d*e) " (1/2) —ex(1+c*x~(1/2))+e) / (cx(—d*xe) ~(
1/2)+e) ) +1/4xb*xc"6*%d"2/e " 3*1n(1+c*x”(1/2) ) *1n((c*x (-d*e) ~(1/2)+ex (1+c*x~(1/2
))-e)/(c*x(-d*xe)~(1/2)-e))+1/4xbxc~6+%d"2/e"3*dilog((c*(-d*e) ~(1/2)-e*(1+c*x"
(1/2))+e) /(cx(-d*e) ~(1/2)+e))+1/4%b*c~6*d"2/e"3*dilog((cx(-d*e) ~(1/2)+ex (1+
c*xx”(1/2))-e)/(cx(-d*xe)~(1/2)-e))+1/4%b*c”6*d"2/e"3*x1n(c*x~(1/2)-1)*1n(c"2x*
e*xx+c”2*d) -1/4xbxc"6*%d"2/e"3*1In(c*x~ (1/2)-1)*1n((c* (-d*e) ~(1/2)-e*x(c*x~(1/2
)-1)-e)/(cx(-d*e) " (1/2)-e))-1/4*xb*c~6*d"2/e " 3*1n(c*xx~ (1/2)-1)*1n((c*(-d*e) "~
(1/2)+ex(cxx~(1/2)-1)+e) /(cx(-d*e) ~(1/2)+e))-1/4*b*c~6*d"2/e"3*dilog((c*(-d
*xe) " (1/2)-ex(cxx~(1/2)-1)-e)/(c*x(-d*e)~(1/2)-e))-1/4*%b*c~6*d"2/e"3*dilog((c
*x(-d*e) ~(1/2)+ex(cxx~(1/2)-1)+e) /(cx(-d*e)~(1/2)+e)))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima")
[Out] 1/2%(2*d"2%e~(-3)*log(x*e + d) + (x"2%e - 2*d*x)*e”(-2))*a + bxintegrate(1l/
2xx~2x1log(c*ksqrt(x) + 1)/(xxe + d), x) - bxintegrate(1/2*x"2*xlog(-c*sqrt(x)

+ 1)/ (x*%e + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*atanh(c*x**(1/2)))/(e*x+d) ,x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atbxarctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x"2/(e*x + d), x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
/x2 (a+batanh(cvz')) p
x

d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2*(a + b*atanh(c*x~(1/2))))/(d + e*x),x)
[Out] int((x~2x(a + b*atanh(c*x~(1/2))))/(d + exx), x)
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x<a+btanh_1<0\/a;>)

d+ex

dx

3.45 [

Optimal. Leaf size=374

-1 2 d(a + btanl
bvz _btanh_1 (cvz') +z(a +btanh™ (cv/z)) +2d(a +btanh™ (cv/z')) log (1+C\/a?) (

ce cZe e e?

[Out] -b*arctanh(c*x~(1/2))/c”2/e+x*(a+b*arctanh(c*x~(1/2)))/e+2*xd* (a+b*arctanh(c
*x~(1/2)))*1n(2/ (1+c*x~(1/2))) /e 2-d* (a+b*arctanh (cxx~ (1/2)) ) *1n(2*c* ((-d) "~
(1/2)-e~(1/2)*x~(1/2))/ (cx(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2) ) ) /e~ 2-d* (a+b*arc
tanh(c*x™(1/2)))*1n(2*%c*((-d) ~(1/2)+e”~ (1/2) *x~(1/2)) / (cx(-d) ~(1/2)+e~(1/2))

/ (1+c*xx~(1/2))) /e~ 2-b*d*polylog(2,1-2/(1+c*xx~(1/2))) /e~2+1/2xbxd*polylog(2,
1-2%c*((-d)~(1/2)-e~(1/2)*x~(1/2) )/ (c*(-d) ~(1/2)-e~(1/2) )/ (1+c*x~(1/2))) /e~
2+1/2xb*d*polylog(2,1-2xcx((-d)~(1/2)+e~(1/2)*x~(1/2))/(cx(-d)~(1/2)+e~(1/2
))/(1+c*x~(1/2))) /e~ 2+b*xx~(1/2) /c/e

Rubi [A]

time = 0.37, antiderivative size = 374, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 10, integrand size = 21, number of rules _ 0.476,
integrand size

Rules used = {45, 6127, 6037, 327, 212, 6191, 6057, 2449, 2352, 2497}

. (VA -V V) X . 2o Va4V VE)
g () o+ bk ey)) o braah (‘m"“‘(@ﬁ‘.y(ﬂmm) o+ branky (‘””‘“((Lﬁ“w‘m‘m)+x(u+m,mucmv?mm.wrmi”’"‘“("ﬁk -

w1 (VoA -/EVE) st (1 2(V=d +/EVT)
(V-Tve)(Veer) T VTR (E)) wE
a2 T PEE e

Antiderivative was successfully verified.
[In] Int[(x*(a + bxArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] (b*Sqrt[x])/(c*e) - (bxArcTanh[c*Sqrt[x]])/(c"2*e) + (x*(a + bxArcTanh[c*Sq
rt[x]]1))/e + (2*d*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e"2 -

(d*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] - Sqrtl[e]l*Sqrt[x]))/((c*Sq
rt[-d] - Sqrtlel)*(1 + c*Sqrtlx]))])/e”2 - (d*x(a + bxArcTanh[c*Sqrt[x]])*Lo
g[(2xcx(Sqrt[-d] + Sqrt[el*Sqrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]
))1)/e”2 - (b*d*PolyLog[2, 1 - 2/(1 + c*xSqrt[x])])/e"2 + (b*d*xPolyLog[2, 1

- (2*%c*x(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + c*Sqrt[x]
))1)/(2%e~2) + (b*d*PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*S
qrt[-d] + Sqrtle])*(1 + cxSqrt[x]))])/(2*e~2)

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]1) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] && EqQle~2%f + d~2%g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq"m*((1 - u)/

D[u, x])1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQIC, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])~p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2*n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c#*x]))*(Log[2/(1 + c*x)]1/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]/(1 - c™2%x"2), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
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e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6127

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d)) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + b*ArcTanh[c*x
17p, x], x] - Dist[d*x(£72/e), Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/(d
+ exx~2)), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((£f_.)*(x_))"(m_.)*((d_) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"m*(d + e*x~2)"q, x1}, Intl[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[m])

Rubi steps
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1 3 1
[ 2 [l
d+ex d + ex?

z(a+btanh™!(cz)) (

_ 2Subst ([ z(a + btanh™'(cz)) dz,, V1) B (2d)Subst (f dtea?

€ €

2 2d)Subs
_ z(a+btanh™ (cv/z')) (bc)Subst <f 5 da, @, ﬁ) (2d)Subst (J

e (&

a+btanh~!(cz)
bz N z(a+btanh™" (cv/z)) N dSubst (f V=d s dz, z, \/ﬂ?)

ce e e3/2

2d(a+ btanh ™" (c

_ vz btanh™ (cy/z) N z(a+btanh™ (cy/z')) N

ce c2e e

-1
. bvz btanh™! (cﬁ) N w(a—l-btanh_l (C\/;)) s 2d(a—|—btanh (CA

ce cZe e

-1
23 btanh™* (V') N x(a-i-btanh_l (cvz)) ) 2d(a + btanh™ (c

ce c’e e

Mathematica [A]
time = 1.03, size = 337, normalized size = 0.90

(VT +atann=s (/) stann (/) (esctessactaion(1e 2 (VF) ) ) _2aPolyLog 2,-e~2 4~ (V¥ st (e a1 (eVF) ) 240y 200 (VE) 2gp) o (VE)
2aex — 2adlog(d + ex) + 2evFroaan (VE ) v () ! T‘ ! )eelviosts ) 4»4[(21%1:" (ev7) (7 tanh™! (cy) + log (l+ ol 7 ) +1og (1+ ";A‘; - ‘/;i‘)) +PolyLog(2, e “/;j ) 7P\\|yLog(2 e \/F,))
2

Antiderivative was successfully verified.

[In] Integrate[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + exx),x]

[Out] (2xa*e*x - 2xaxd*Logl[d + e*x] + (2xb*(cxexSqrt[x] + c~2*d*ArcTanh[c*Sqrt[x]
172 + ArcTanh[c*Sqrt[x]]*(-e + c™2*%exx + 2xc~2*xd*Log[l + E~(-2*ArcTanh[c*Sq
rt[x]]1)]) - c"2*xd*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]11)]))/c”2 - b*d*(2*Arc
Tanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt[x]] + Logl[l + ((c™2xd + e)*E~(2*ArcTanh[c*
Sqrt[x]1))/(c”2xd - 2*c*Sqrt[-d]*Sqrtle] - e)] + Log[l + ((c™2xd + e)*E~(2*
ArcTanh([c*Sqrt[x]]))/(c™2*d + 2*cxSqrt[-d]*Sqrtl[e] - e)]) + PolyLogl[2, -(((
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c"2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”2*%d - 2*cxSqrt[-d]*Sqrtle] - e))] +
PolyLog[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]1))/(c™2xd + 2*c*Sqrt[-d]*

Sqrtle] - e))]))/(2%e”2)

Maple [A]

time = 0.64, size = 589, normalized size = 1.57

method result

4 2 2 bc4 arctanh | ¢ T |z bc4 arctanh | ¢ XL )|din c2e:v+02d bc4dln 1+c X In c2ez+c2
4 ac dln(c ex+c d)+

actz 5 _ . n ,
derivativedivides | —= B e e 2e

wcts ac4d1n(625z+c2d) bt arctanh(c'\/ X >z bet arctanh(c'\/ X )dln(c2ez+c2d) bctdin <1+c‘\/ X ) ln(czez+62
default e — E— e - 2 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x,method=_RETURNVERBOSE)

[Out] 2/c”4x(1/2*xaxc”4/e*x-1/2*%a*xc”4*xd/e"2x1n(c 2*xe*x+c”2*d)+1/2*b*c 4*arctanh (c*
x~(1/2))/e*xx-1/2*bxc 4*arctanh (c*xx” (1/2))*d/e”2*1n(c " 2*xe*xx+c”2*d)+1/4*xb*xc"4
*d/e”2x1n (1+c*x~(1/2) ) *1n(c”2*exx+c~2*d) -1/4%bxc”4*d/e"2*x1n(1+c*x~(1/2) ) *1n
((c*x(-d*e)~(1/2)-ex(1+c*x~(1/2))+e) /(c*x(-d*e) ~(1/2)+e) ) -1/4*b*xc"4*d/e"2x1n(
1+c*x~(1/2) ) *1n((cx (-d*e) " (1/2) +ex(1+c*x~(1/2) ) -e) / (cx(-d*e) ~(1/2)-e) ) -1/4%
bxc~4xd/e"2xdilog((c*(-d*e)~ (1/2)-e*x(1+c*xx~(1/2))+e) /(c*(-d*e)~(1/2)+e))-1/
4xbxc~4*d/e"2xdilog((c*(-d*e)~(1/2)+e*x(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))-
1/4xbxc~4xd/e"2x1n(c*x™ (1/2)-1) *1n(c"2*exx+c~2*d) +1/4%bxc”4*d/e”2x1n (cxx~ (1
/2)-1)*1n((c*(-d*e) " (1/2)-ex(c*x~(1/2)-1)-e) /(c*x(-d*e) " (1/2)-e) ) +1/4%b*c~4x*
d/e"2x1n(c*xx~(1/2)-1)*1In((c*(-d*e) " (1/2) +ex(c*x~(1/2)-1)+e) /(cx(-d*e)~(1/2)
+e))+1/4%b*xc™4*d/e"2*dilog((cx (-d*e) ~(1/2)-e*x(c*x~(1/2)-1)-e)/(c*x(-d*e)~(1/
2)-e))+1/4xb*xc~4*d/e"2*dilog((c* (-d*e)~(1/2)+e*(c*xx~(1/2)-1)+e)/(c*x(-d*e) ~(
1/2)+e))+1/2%bxc”3/e*xx~ (1/2)+1/4%bxc”2*x1n(c*x"(1/2)-1) /e-1/4*xb*c~2*1n (1+c*x
~(1/2))/e)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima")

[Out] -(d*e”(-2)*log(x*e + d) - x*e~(-1))*a + b*integrate(1/2*x*log(c*sqrt(x) + 1
)/ (xxe + d), x) - bxintegrate(1/2*x*log(-c*sqrt(x) + 1)/(xxe + d), x)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*x*arctanh(c*sqrt(x)) + a*x)/(xxe + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

d+ex a:

/x(a+batanh (cvz')) p

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*atanh(c*x**(1/2)))/(exx+d),x)
[Out] Integral(x*(a + bxatanh(c*sqrt(x)))/(d + e*xx), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x/(exx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

d+ex T

/:c (a+batanh(c\/?)) p

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*(a + b*atanh(c*x~(1/2))))/(d + e*x),x)
[Out] int((x*(a + b*atanh(c*x~(1/2))))/(d + e*x), x)
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a+btanh™1 <c \/E‘ >

d+ex

dx

3.46 [

Optimal. Leaf size=318

1 2c m-ﬁﬁ
2(a+ btanh™ (cy/z)) log (—Hci/z) (a+btanh™ (ev/z’ ))10g< (C¢(_7 ) (e */)“’7)> (a+b
— +

+

e €

[Out] -2*(a+b*arctanh(c*x~(1/2)))*1n(2/(1+c*xx~(1/2)))/e+(a+b*arctanh(c*x~(1/2)))*
In(2*xc*x((-d)~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2))) /e
+(a+b*arctanh(c*x~(1/2)))*1n(2*xc*((-d)~(1/2)+e~ (1/2) *x~(1/2)) / (c*x(-d)~(1/2)
+e~(1/2))/(1+c*x~(1/2)) ) /et+tbxpolylog(2,1-2/(1+c*x~(1/2))) /e-1/2%b*polylog(2
,1-2%c* ((-d)~(1/2)-e~(1/2)*x~(1/2) ) / (c*(-d) ~(1/2)-e~(1/2)) / (1+c*x~(1/2))) /e
-1/2%b*polylog(2,1-2xc*((-d)~(1/2)+e~ (1/2)*x~(1/2))/(c*x(-d)~(1/2)+e~(1/2))/
(1+cxx~(1/2))) /e

Rubi [A]
time = 0.23, antiderivative size = 318, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 11, number of rules used = 6, integrand size = 20
Rules used = {6069, 6191, 6057, 2449, 2352, 2497}

(a+btanh™ (cy/T')) log < z'(giﬁﬁl

2(V=d+/E V) (VA -VeVE) ) m( _w(VEEVE)
() (VTVE) ) U

> (““"““h"(C‘/T>)l°g<(ﬂ.,)(iﬁ+¢:)> og (72 ) (o brani™ (e0F) ”L”(l’(km,\/;)(\/;_, ! m(-ﬁ)(m;,ﬂ+hLiz(lf—\/;fM)
3 B 3 B 2¢ e

+

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt([x]])/(d + e*x),x]

[Out] (-2*(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + bxArcTanh[
c*Sqrt [x]]) *Log [(2*c*(Sqrt [-d] - Sqrt[el*Sqrt[x]))/((cxSqrt[-d] - Sqrt[e])x*
(1 + cxSqrt(x]))])/e + ((a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqr
t[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]))])/e + (b*PolyLogl2,
1 -2/(1 + cxSqrt[x])])/e - (b*PolyLog[2, 1 - (2xc*(Sqrt[-d] - Sqrt[e]*Sqr
t[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*Sqrt(x]))])/(2xe) - (b*PolyLogl[2, 1 -
(2xcx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtl[e]l)*(1 + c*Sqrt([x])
)1)/(2%e)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
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c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1], Expon[Pq, x1]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2xcx((d + exx
)/((cxd + e)*(1 + c*x)))]1/(1 - c™2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,

e}, x] && NeQ[c™2*xd~2 - e~2, 0]

Rule 6069

Int[((a_.) + ArcTanh[(c_.)*(x_)"(m_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
:> With[{k = Denominator[n]}, Dist[k, Subst[Int[x~(k - 1)*((a + b*ArcTanh[

ckx~(k*n)])/(d + exx"k)), x], x, x~(1/k)], x1]1 /; FreeQ[{a, b, c, d, e}, x]
&& FractionQ[n]

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((£f_.)*(x_))"(m_.)*((d_) + (e
_I)*x(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)"p, (f*x)"m*x(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul]] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[m])

Rubi steps
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d+ex d + ex?

RO e st )

= 2Subst (/ (—2\/6_ <\/__ - ﬁx) + 2/e (\/ﬁ N ﬁx)

a+ btanh™'(cz) a + btanh™'(cz) ) iz, 7,/

Subst(fz;b—t:in—h_l\/(f)dx,x,\/f) Subst(fz}rb—t:ln—}rl\/(f)dx,x,\/?>
—a —\/eéx —a+vVEx

= - +

Ve Ve

2(a+btanh™' (cv/z')) log (ﬁ) (a+btanh™ (cv/z')) log

=— +
€

2(a+btanh™" (cy/z')) log <1+ci/.’73) (a+btanh™ (cv/z")) log
- - +

e

2(a+btanh™" (cv/z')) log (1+ci/f) (a+btanh™ (cv/z')) log

=— -

e

Mathematica [C] Result contains complex when optimal does not.
time = 1.48, size = 432, normalized size = 1.36

) st G it (Gl ) v () e (7)1 01)) o et ) s ) o (-t T ) s ) o)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (a*Logld + e*x])/e - (bx(-2*ArcTanh[c*Sqrt[x]]~2 + (4%I)*ArcSin[Sqrt[(c~2*d
)/(c”2%d + e)]]*ArcTanh[(c*e*Sqrt[x])/Sqrt[-(c"2*d*e)]] + 2*ArcTanh[c*Sqrt[
x]]*(ArcTanh[c*Sqrt[x]] + 2%Logl[1l + E~(-2*ArcTanh[c*Sqrt[x]]1)]) - 2*x((-I)*A
rcSin[Sqrt[(c~2%d)/(c"2xd + e)]] + ArcTanh[c*Sqrt[x]])*Log[(-2*Sqrt[-(c~2*d
*xe)] + ex(-1 + E~(2+ArcTanh[c*Sqrt[x]])) + c"2*d*(1 + E~(2*ArcTanh[c*Sqrt [x
11)))/((c"2*d + e)*E~(2xArcTanh[c*Sqrt[x]]1))] - 2*(I*ArcSin[Sqrt[(c~2*d)/(c
~2xd + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c~2*d*e)] + ex(-1 + E~(2*Ar
cTanh[c*xSqrt[x]])) + c™2xd*(1 + E~(2*ArcTanh[c*Sqrt([x]]1)))/((c™2*d + e)*E~(
2xArcTanh [c*Sqrt[x]]1))] - 2xPolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])] + PolyLo
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gl2, (-(c™2xd) + e - 2*Sqrt[-(c"2xdxe)])/((c"2*d + e)*E~(2*ArcTanh[c*Sqrt[x
11))]1 + PolyLog[2, (-(c™2%d) + e + 2xSqrt[-(c”2*d*e)])/((c"2*d + e)*E~(2*Ar
cTanh [c*Sqrt [x]11))1))/(2xe)

Maple [A]

time = 0.56, size = 505, normalized size = 1.59

method result

derivativedivides e €

— +

c _de
be21 <1+ VT )1
ac2 ln(czem+c2d) bc2 ln(z:25cv+c2d) arctanh <c\/ T > b02 1n<1+c\/ T > ln(czem+02d) o ‘ n( c\
+ - 2e + 2e
v/ —de
be?1 <1+ VI )1
ac? ln(c2ez+c2d) b2 ln(625z+c2d) arctanh(c\/ > be2 1n<1+c\/ A > ln(c2ez+02d) o ‘ n( c\

2e

default : + : Ze

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/(e*x+d),x,method=_RETURNVERBOSE)

[Out] 2/c”2x(1/2*axc”2/ex1n(c”2xe*x+c~2*d)+1/2*%bxc”2/ex1n(c”2*e*x+c~2*d) *arctanh (
cxx~(1/2))-1/4xbxc”2/e*x1n(1+c*x” (1/2) ) *1n(c"2*exx+c”~2*d) +1/4*bxc”2*1n (1+c*x
~(1/2))/e*1n((cx(-d*e) " (1/2) -ex (1+c*x~(1/2) )+e) / (cx(-d*e) ~(1/2) +e) ) +1/4*b*c
~2x1n(1+c*x~(1/2)) /e*1n((cx(-d*xe) ~(1/2)+ex (1+c*x~(1/2))-e) / (cx(-d*e) ~(1/2) -
e))+1/4xb*c"2/e*xdilog((cx(-d*e)~(1/2)-e*(1+c*x~(1/2))+e) /(c*x(-dx*e) ~(1/2) +e)
)+1/4xbxc~2/e*xdilog((c*(-d*e) ~(1/2)+ex (1+c*x~(1/2))-e) /(cx(-dxe)~(1/2)-e) )+
1/4xbxc~2/ex1n(c*x~ (1/2)-1) *1n(c~2*exx+c~2xd) -1/4*b*c”2*%1In(c*x~ (1/2)-1) /ex1l
n((c*x(-d*e)~(1/2)-ex(c*xx~(1/2)-1)-e)/(c*(-d*e) " (1/2)-e) )-1/4*xb*c™2*1n (c*x" (
1/2)-1)/exIn((c*(-d*e) " (1/2)+ex(cxx~(1/2)-1)+e) /(c*(-d*e) " (1/2)+e) ) —-1/4*b*c
~2/exdilog((cx(-d*e)~(1/2)-e*(c*x~(1/2)-1)-e)/(c*(-d*e)~(1/2)-e))-1/4*b*c~2
/e*dilog((c*x(-d*e)~(1/2)+e*x(c*x~(1/2)-1)+e)/(c*(-d*e)~(1/2)+e)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima")

[Out] a*e”(-1)*log(x*e + d) + b*xintegrate(1/2*log(c*sqrt(x) + 1)/(x*e + d), x) -
bxintegrate(1/2*log(-c*sqrt(x) + 1)/(xxe + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(x*e + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/a—l—batanh (V') p
T

d+ex

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*atanh(c*x**(1/2)))/(exx+d),x)
[Out] Integral((a + b*atanh(c*sqrt(x)))/(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arctanh(c*x”~(1/2)))/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)/(e*x + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/a+batanh(c\/5) p
x

d+ezx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(d + e*x),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(d + e*xx), x)
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a+btanh_1<0\/5;>

z(d+ex)

dx

3.47

Optimal. Leaf size=358

) (VR
2(a + btanh™! (c\/f)) log (ﬁ) (a + btanh (C\/ﬂ?)) log ((c\/(——d\/g> (Hc\/);)) (a + btan
d B d -

[Out] a*1ln(x)/d+2*(a+b*arctanh(c*x”~(1/2)))*1n(2/(1+c*x~(1/2)))/d-(a+b*arctanh (c*xx
~(1/2)))*1n(2*c*((-d) ~(1/2)-e~(1/2)*x~(1/2)) / (c*x(-d)~(1/2)-e~(1/2)) / (1+c*x~
(1/2)))/d-(at+b*arctanh(c*x~(1/2)) ) *1n(2xc* ((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*(
-d)~(1/2)+e~(1/2))/(1+c*x~(1/2))) /d-b*polylog(2,-c*x~(1/2)) /d+b*polylog(2,c
*x~(1/2))/d-bxpolylog(2,1-2/(1+c*x~(1/2)))/d+1/2xb*polylog(2,1-2*c*((-d) ~(1
/2)-e~(1/2)*x~(1/2)) / (c*(-d)~(1/2)-e~(1/2) ) / (1+c*x~(1/2)) ) /d+1/2*b*polylog(
2,1-2xcx((-d)~(1/2)+e~(1/2)*x~(1/2) ) / (c*(-d) ~(1/2)+e~(1/2) ) / (1+c*x~(1/2)) )/

d

Rubi [A]

time = 0.43, antiderivative size = 358, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 11, integrand size = 23, number of rules _ 0.478,
integrand size

Rules used = {36, 29, 31, 1607, 6139, 6031, 6191, 6057, 2449, 2352, 2497}

. 2o(V=d Ve VT) ~ 2(V=d+V/e VT') 2(vV=d Ve VT') 2 V=d+VEVT)
(a+btanh™ (cy/z')) log — - (a+btanh™ (eyz')) log _MvTdivevs) 2 -1 bLig[ 1 { ) LN —" — 2
S\ (Ve (V=d-ve) I (Vo) (V=d=Ve) 210g(”/7”)(a+bml. (ev)) alog(z) (V=d-v&) (Vo) ‘ (V=derv/e) (Va'er) bhz(lf J;m> Big(-ey) | Bia(evF)
4 24 2d d B d d

a

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*(d + e*x)),x]

[Out] (2x(a + b*ArcTanh[c*Sqrt([x]])*Logl[2/(1 + c*Sqrt[x])])/d - ((a + b*ArcTanh[c
*3qrt [x]])*Log[(2xc*(Sqrt [-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(
1 + c*Sqrt[x]))])/d - ((a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqrt
[e]l*Sqrt([x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]))]1)/d + (a*Loglx])/d -
(b*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d + (b*PolyLog[2, 1 - (2*c*(Sqrt[-d]
- Sqrt[el*Sqrt[x]))/((cxSqrt[-d] - Sqrtle]l)*(1 + c*xSqrtl[x]))])/(2xd) + (b*
PolyLog[2, 1 - (2*c*(Sqrt[-d] + Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtl[el)*(
1 + c*Sqrt[x]))]1)/(2*%d) - (bxPolyLogl[2, -(c*Sqrt[x])])/d + (b*PolyLogl[2, c*
Sqrt[x1]1)/d

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Log[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*xc - axd, 0]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 2352

Int[Logl(c_.)*(x_)]1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2497

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl[2, c*x], x]) /
; FreeQ[{a, b, c}, x]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]1/(1 - c~2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*((d + e*x
)/((cxd + e)*x(1 + c*x)))]1/(1 - c"2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*cx((d + exx)/((cxd + e)*(1 + c*x)))]/e), x]1) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6139
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Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]
)

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((£f_.)*(x_)) " (m_.)*((d_) + (e
_I)*x(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"m*x(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul]] /; FreeQ[{a, b, c,
d, e, f, m}, x] & IntegerQ[q]l && IGtQ[p, 0] && (GtQlq, O] || IntegerQ[m])

Rubi steps
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a+ btanh™
dx + ex?

/ a+btanh™ (cy/z')

2(d + ex) dz = 2Subst /

(e )dx,x,\/a?)

a + btanh™'(cx)
t( 2 (d + ) dz,z,\/x
a+ btanh Ycz) ex(a+ btanh™'(cz))
= 2Subst< ( 1(d+ ex?) dz,z,\/T
2Subst< [ atbtanh atbtanhHez) g g f) (2e)Subst <f W(ix,m, N3
B d

a+btanh™!(cx)

(2e)Subst< (—
alog(z) B bLiz(—cvz) N bLiz(cv/z') B / 2\/5(\/3—\/2
d d d

a+btanh™!(cz)
alog(a;) bLig(—C« /1 ) bL12 (C [z ) \/ESUbSt (f —m_\/gz dCC, T, A

_ 20(\
2(a+btanh™" (cy/z')) log (1+c\/9?) (a+btanh™ (cv/z")) log <<C\/:
-1 QC(\
2(a+btanh™ (cv/z')) log <ﬁ) (a +btanh™ (cv/z")) log (C\/:
1 20(\
2(a+btanh™" (cy/z')) log <1+ \/ﬂ?) (a+btanh™ (cv/z")) log (C\/:
Mathematica [A]
time = 0.83, size = 302, normalized size = 0.84
~tbtanh™! (e )" - dbtanh™ (cv/F) log (1 - e V) ) 4 2ptanh™ (e ) log (1 + 7:2’mﬁr) + 2btanh™! (/) log (1 + jm/jﬁm ) ~ 2alog(z) + 2alog(d + ex) + 2PolyLog (2, e (7)) 4 ""°‘yL°E(?v ’7‘;’2’\/3\/; ) + ""°‘~‘"~°¥(2~ o oy m\/;r )

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*Sqrt[x]])/(x*(d + e*x)),x]

[Out] -1/2%(-4*bxArcTanh[c*Sqrt[x]]~2 - 4*bxArcTanh[c*Sqrt[x]]*Log[l - E~(-2*ArcT
anh[c*Sqrt[x]]1)] + 2xbxArcTanh[c*Sqrt[x]]*Log[l + ((c"2*d + e)*E~(2xArcTanh
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[c*Sqrt[x]]1))/(c™2xd - 2*c*Sqrt[-d]*Sqrt[e] - e)] + 2*bxArcTanh[c*Sqrt[x]]=*
Log[1l + ((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”™2*d + 2xc*Sqrt[-d]*Sqrt[e
] - e)] - 2*%a*xLog[x] + 2xaxLogl[d + exx] + 2%bxPolyLog[2, E~(-2*ArcTanh[c*Sq
rt[x]]1)] + b*PolyLog[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c”2*d - 2
xcxSqrt [-d] *Sqrt[e] - e))] + b*PolyLogl[2, -(((c"2%d + e)*E~(2xArcTanh[c*Sqr
t[x]11))/(c”2*%d + 2xc*Sqrt[-d]*Sqrtle] - e))]1)/d

Maple [A]
time = 0.64, size = 540, normalized size = 1.51

method result

_aln(026w+c2d) n 2aln(cﬁ) barctanh(cﬁ) ln(c2ew+c2d) I Zbarctanh(cﬁ) 1n<0\/£?) n bln(

derivativedivides = p] - P d

_aln(026x+c2d) 2aln(cﬁ) barctanh(cﬁ) ln(c2ex+c2d) i 2barctanh(0\/;) ln(cﬁ) n bln(

default = + p] — p ] —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x/(exx+d) ,x,method=_RETURNVERBOSE)

[Out] -a/d*1n(c™2*exx+c”2*d)+2*xa/d*1n(c*x~(1/2))-b*arctanh(c*x~(1/2))/d*1n(c"2xex*
x+c~2*xd) +2*b*arctanh (c*x~(1/2))/d*1n(c*xx~(1/2) )+1/2%b/d*1n(1+c*x~ (1/2) ) *1n(
c " 2%e*x+c”2*d) -1/2*xb/d*x1n(1+c*x~(1/2) ) *1n((cx (-d*e) ~(1/2) —ex (1+c*x~(1/2) ) +e
)/ (cx(=d*e)~(1/2)+e))-1/2xb/d*1n(1+c*x~(1/2) )*1n((cx (—d*e) ~(1/2) +ex (1+c*xx™(
1/2))-e)/(cx(-d*e)~(1/2)-e))-1/2%b/d*dilog((cx(~d*e) ~(1/2)-ex(1+cxx~(1/2))+
e)/(cx(-d*e)~(1/2)+e))-1/2%b/d*dilog((c*(-d*e) ~(1/2)+ex(1+c*x~(1/2))-e)/(c*
(-d*xe)~(1/2)-e))-1/2%b/d*1n(c*x~(1/2)-1) *1n(c"2*e*xx+c~2*d) +1/2*xb/d*1n (c*xx"(
1/2)-1)*1n((cx(-d*e) ~(1/2)-e*(c*x~(1/2)-1)-e) /(cx(-d*e) ~(1/2)-e) ) +1/2%b/d*1
n(cxx~(1/2)-1)*1n((c*(-d*e) ~(1/2)+e*x(c*x~(1/2)-1)+e) / (c*(-d*e) ~(1/2)+e) ) +1/
2xb/d*dilog((c*(-d*e)~(1/2)-e*(c*x~(1/2)-1)-e)/(c*(-d*e)~(1/2)-e))+1/2%b/d*
dilog((cx(-d*e)~(1/2)+ex(cxx~(1/2)-1)+e)/(cx(-d*e)~(1/2)+e))-b/d*dilog(1+c*
x~(1/2))-b/d*1n(c*x” (1/2) ) *1n(1+c*x~(1/2))-b/d*dilog(c*x~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x/(e*x+d),x, algorithm="maxima")

[Out] -ax(log(x*e + d)/d - log(x)/d) + bxintegrate(1/2*log(c*sqrt(x) + 1)/((x~(3/
2)*e + d¥sqrt(x))*sqrt(x)), x) - bxintegrate(1/2*log(-c*sqrt(x) + 1)/((x~(3
/2)*e + dxsqrt(x))*sqrt(x)), x)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(x"2xe + d*x), x)
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x/(e*x+d) ,x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/ a + batanh(cv/z')

z (d+ex)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(x*x(d + e*x)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x*(d + e*x)), x)
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a+btanh™1 <c \/E‘ >

12(d+ex)

dx

3.48 [

Optimal. Leaf size=413

-1 2 e(a + btanh
bc  bc*tanh™' (cv/z') a+btanh™! (cv/z') 2e(a+btanh™ (cv/z')) log (1+C\/3?) (

N d do P

[Out] b*c~2xarctanh(c*x~(1/2))/d+(-a-b*arctanh(cxx~(1/2)))/d/x-a*xe*1ln(x)/d~2-2*xe*
(at+b*arctanh(c*x~(1/2)))*1n(2/(1+c*x~(1/2))) /d"2+ex (a+b*arctanh (c*x~(1/2)))
*1n (2*c* ((-d) ~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2)))/
d~2+e* (a+b*arctanh(c*x~(1/2)) ) *1n(2*c*((-d)~(1/2)+e~ (1/2)*x~(1/2) )/ (cx(-d)~
(1/2)+e~(1/2))/(1+c*xx~(1/2))) /d"2+b*expolylog(2,-c*x~ (1/2))/d"2-b*e*polylog
(2,c*x~(1/2)) /d"~2+bxe*polylog(2,1-2/ (1+c*x~(1/2)))/d"2-1/2*b*e*polylog(2,1-
2xcx((-d)~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2)) ) /d"2-
1/2xbxexpolylog(2,1-2xc*x((-d)~(1/2)+e~ (1/2)*x~(1/2)) /(c*(-d)~(1/2)+e"~(1/2))
/(1+c*xx~(1/2)))/d~2-b*c/d/x~(1/2)

Rubi [A]

time = 0.53, antiderivative size = 413, normalized size of antiderivative = 1.00, number of

steps used = 19, number of rules used = 13, integrand size = 23, Bumber of rules _ 0.565,
integrand size

Rules used = {46, 1607, 6129, 6037, 331, 212, 6139, 6031, 6191, 6057, 2449, 2352, 2497}

(VT AV )

§ [ 7) % 7) ) (VA -VEVE)
N (oymy) ot btan (eyE))log (Y ﬁ) e(a-+ btank™ (evE)) o ( (LA _;) . ml.z(\ e "V ) m.,z(\ _ il
2elog (7 ) (a4 btanh™ (V7)) b(l«\/fﬂ,\ff»*d—vf; . VTNV TNE)) 0t btanh™ (0F) _aclogta) | e tanh™ (eyF) i 1 Tf)i (V=T-V&) (V=) (VAAE)VE))  belin(-eyT)  belislev®) b
g g rd & T rd w " 7 3

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*(d + e*x)),x]

[Out] -((b*c)/(d*Sqrt[x])) + (b*xc~2xArcTanh[c*Sqrt([x]])/d - (a + b*ArcTanh[c*Sqrt
[x11)/(d*x) - (2%ex(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/d"2 +

(ex(a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] - Sqrt[e]l*Sqrt([x]))/((c*S
qrt[-d] - Sqrtle])*(1 + cxSqrt[x]))]1)/d"2 + (e*x(a + b*ArcTanh[c*Sqrt[x]])+*L
ogl[(2xc*(Sqrt[-d] + Sqrtle]l*Sqrt([x]))/((c*Sqrt[-d] + Sqrtl[e]l)*(1 + c*Sqrt[x
1))1)/da"2 - (a*xexLogl[x])/d"2 + (b*exPolyLogl[2, 1 - 2/(1 + c*Sqrt[x])])/d"2
- (bxexPolyLog[2, 1 - (2xc*(Sqrt[-d] - Sqrtle]*Sqrt[x]))/((cxSqrt[-d] - Sqr
tle])*(1 + c*Sqrt[x]))]1)/(2%d"2) - (b*e*PolyLog[2, 1 - (2%c*(Sqrt[-d] + Sqr
t[el*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrt[x]))]1)/(2xd~2) + (b*exPo
lyLog[2, -(cxSqrt[x])])/d"2 - (bxexPolyLogl[2, c*Sqrt[x]])/d~2

Rule 46

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
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n+ 2, 0])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 331

Int[((c_.)*(x_))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (@ + Dx*((a + bxx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)
+ 1)/(axc™nx(m + 1))), Int[(c*x)"(m + n)*(a + bxx™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] & IntegerQ[n] &&
PosQ[q - p]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2xg, 0]

Rule 2497

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x1]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl[2, c*x], x]) /
; FreeQ[{a, b, c}, x]
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Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_.)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c"2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*xx)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/ ((cxd + e)*(1 + c*x)))]1/(1 - c™2*x~2), x], x] + Simp[(a + bxArcTanh[c*x])
*(Log[2*cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,
e}, x] && NeQ[c™2xd~2 - e~2, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] - Dist[e/(d*£f72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*(x )" (m_.))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]
)

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((£f_.)*(x_))"(m_.)*((d_) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"m*x(d + e*x~2)"q, x1}, Intl[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQLg, 0] || IntegerQ[m])

Rubi steps
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/ a + btanh™
z2(d + ex)

dz = 2Subst < /
= 2Subst ( /

2Subst (f “H’tar;—lé_l(w) dz, x, \/3?) (2e)Subst (f

a + btanh™'(cx)

dx3 + ex®
a + btanh™'(cz)

z3 (d + ex?)

dx,x,\/f)
dm,m,\/f)

305

a+btanh™ 1(a7:) d$ z, f)

T z(dtex?)

d d
o+ btanh™! (cv/7) (bc)Subst (f m dz, z, ﬁ) (2e)Subst (f

N dx + d o

_be a+btanh™! (c\/g?) (bc®) Subst ([ =5z dz, z, f) (2¢)Su

N dx d

b N bc? tanh ™" (cv/z") _a+ btanh™" (cv/z") _ aelog(x) beLiy (—

B dv/z’ d dx d2 d2

b N bc?tanh ™' (c/z') _a+ btanh™" (cy/z') _ aelog(z) beLis (—

 dV d dzr a2 7
_1

_ bc 4 bc? tanh ™ (cvz') a+ btanh? (ev/z) 2e(a + btanh™ (cv/

N d dz P
_1

_ be N bc’tanh™' (cv/z') a-+btanh™' (cv/z') 2e(a+btanh™ (cv/

 dyz d dx d
1

_ be N bc’tanh™ (cv/z') a-+btanh™' (cv/z') 2e(a+btanh™ (cv/

B dv/z’ d dx d

Mathematica [A]
time = 1.13, size = 360, normalized size = 0.87
() s ) o) o ) (o o) i 1+ ) e (0 i) e R G ) )|

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x~2*(d + e*x)),x]

[Out] -(a/(d*x)) - (2*a*exLogl[Sqrt([x]])/d"2 + (axexLogld + e*x])/d"2 + 2xbxc™4*(-
1/2%((c*d) /Sqrt[x] + ArcTanh[c*Sqrt[x]]*((d*(1 - c~2*x))/x + e*xArcTanh[c*Sq
rt[x]] + 2%exLog[l - E~(-2*ArcTanh[c*Sqrt[x]]1)]) - exPolyLogl[2, E~(-2xArcTa
nh[c*Sqrt[x]11)]1)/(c”4xd"2) + (ex(2*ArcTanh[c*Sqrt[x]]*(-ArcTanh[c*Sqrt[x]]

+ Logl[l + ((c™2+d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c"2*xd - 2*c*Sqrt[-d]*Sqrt

[e] - e)] + Logll + ((c™2*d + e)*E~(2*ArcTanh[c*Sqrt([x]]))/(c"2*d + 2*c*Sqr
t[-d]*Sqrtle] - e)]) + PolyLogl[2, -(((c™2*d + e)*E~(2%ArcTanh[c*Sqrt[x]]))/
(c™2xd - 2xcxSqrt[-d]*Sqrtl[e] - e))] + PolyLogl[2, -(((c™2*d + e)*E~(2*ArcTa
nh[cxSqrt[x]]))/(c”2*%d + 2xc*Sqrt[-d]l*Sqrtle]l - e))]1))/(4*c”4*d"2))

Maple [A]
time = 0.67, size = 683, normalized size = 1.65

method result

ae ln(czew—i-czd) @ aeln <C'\/E) n barctanh (cﬁ)eln(cZem—i—czd) barctanh (C'\/E)

. . . . 2 _ _ _
derivativedivides | 2¢ S 50 Ta e ST T

2 _ _
default 2c 22 2d%a pop 2242 2dc?x

aeln(026x+02d) a aeln(cﬁ) n barctanh(cﬁ)eln(026x+c2d) _ barctanh(cﬁ) _

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"2/(e*x+d) ,x,method=_RETURNVERBOSE)

[Out] 2xc™2x(1/2*a/c"2*e/d"2*1n(c”2*e*xx+c~2xd)-1/2*a/d/c"2/x-a/c”2/d"2*xex1n (c*xx™ (
1/2))+1/2xb/c”2*arctanh(c*x~(1/2) ) *e/d"2*1n(c"2*e*x+c~2*d) -1/2*b*arctanh (c*
x~(1/2))/d/c”2/x-b/c"2*arctanh(c*xx~ (1/2))/d"2*e*x1n(c*x~(1/2))+1/4*b/d*1n(1+
c*x”(1/2))-1/4*b/d*1n(c*x~(1/2)-1)-1/2%b/d/c/x~(1/2)+1/2xb/c~2/d"2*exdilog(
1+c*x~(1/2))+1/2%b/c"2/d"2*e*1n(cxx~ (1/2) ) *1n(1+c*x~(1/2) )+1/2%b/c~2/d" 2*e*
dilog(c*x~(1/2))-1/4%b/c~2/d"2*e*x1n(1+c*x™(1/2) ) *1n(c~2*e*x+c~2*d) +1/4*b/c”
2/d"2%exIn(1+cxx~(1/2) ) *1n((c*(-d*e) " (1/2) —ex(1+c*xx~(1/2))+e) /(cx(-d*e) ~(1/
2)+e))+1/4%b/c”2/d"2*ex1n(1+c*x~(1/2) ) *1n((c* (-d*e) ~(1/2)+e*x (1+c*x~(1/2))-e
)/ (cx(-d*e)~(1/2)-e))+1/4%b/c"2/d"2*e*dilog((cx(-d*e) ~(1/2)-ex(1+c*x~(1/2))
+e)/(cx(-d*e)~(1/2)+e))+1/4%b/c"2/d"2*e*dilog((c*(-d*e) " (1/2)+e* (1+c*x~(1/2
))-e)/(cx(-d*e)~(1/2)-e))+1/4xb/c"2/d"2*e*1n(c*x~ (1/2) -1) *1n(c"2*xexx+c~2*d)
-1/4%b/c”2/d"2%e*1n(c*x~(1/2)-1)*1n((c*x(-d*e) ~(1/2) -ex(c*x~(1/2)-1)-e) / (c*(
-d*e)~(1/2)-e))-1/4*xb/c"2/d"2*xex1n(c*x~(1/2)-1) *1n((cx(-d*e) " (1/2) +e*x (c*x™(
1/2)-1)+e)/(c*x(-d*e)~(1/2)+e))-1/4%b/c"2/d"2*e*dilog((cx(-d*e) ~(1/2)-ex(c*x
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~(1/2)-1)-e)/(cx(-d*e)~(1/2)-e))-1/4%b/c"2/d"2*e*dilog((c* (-dxe) ~(1/2)+e*(c
*x~(1/2)-1)+e) /(c*(-dxe)~(1/2)+e)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="maxima")

[Out] a*(exlog(x*e + d)/d"2 - exlog(x)/d"2 - 1/(d*x)) + bxintegrate(1/2xlog(c*sqr
t(x) + 1)/((x~(5/2)*%e + d*x~(3/2))*sqrt(x)), x) - b*integrate(1/2*xlog(-c*sq
rt(x) + 1)/((x~(5/2)*e + d*x~(3/2))*sqrt(x)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*sqrt(x)) + a)/(x"3%e + d*x~2), x)
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx**(1/2)))/x**2/(exx+d),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x72), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/a—i—batanh(c\/f) J
T

z? (d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(x"2x(d + e*x)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x"2%(d + e*x)), x)

308
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a+btanh™1 <c \/E‘ >

z3(d+ex)

dx

3.49 [

Optimal. Leaf size=506

be bc? bce  bc*tanh™ (cy/7)) _bc2e tanh™" (cv/z') _a+ btanh™" (cy/z') +e(a + btanh

TN A 2d & 2dz?

[Out] -1/6xbxc/d/x~(3/2)+1/2*%b*c”4*arctanh(c*x~(1/2))/d-b*c"2*e*arctanh(c*x~(1/2)

)/d"2+1/2x(-a-b*arctanh(c*x~(1/2)))/d/x"2+e* (atb*xarctanh(cxx~(1/2)))/d"2/x+
axe”2*x1n(x)/d"3+2xe"2x (a+b*arctanh(c*x~(1/2)))*1n(2/ (1+c*x~(1/2)))/d"3-e"2x*
(atb*arctanh(c*x~(1/2)) ) *1n(2*c*x((-d) ~(1/2)-e~(1/2)*x~(1/2)) / (cx(-d) " (1/2) -
e~ (1/2))/(1+cxx~(1/2)))/d"3-e"2* (at+b*arctanh (c*x~ (1/2)) ) *1n (2*c* ((-d) ~(1/2)
+e”(1/2)*x~(1/2) )/ (c*x(-d)~(1/2)+e~(1/2)) / (1+c*x~(1/2))) /d"3-b*e~2*polylog(2
,—c*x~(1/2))/d"3+b*e”2xpolylog(2,cxx~(1/2))/d"3-b*e~2*polylog(2,1-2/ (1+c*x~
(1/2)))/d"3+1/2xbxe~2xpolylog(2,1-2xcx((-d)~(1/2)-e~(1/2)*x~(1/2)) /(c*(-d)~
(1/2)-e~(1/2))/ (1+c*x~(1/2))) /d"3+1/2xbxe~2xpolylog(2,1-2xcx ((-d) ~(1/2)+e"(
1/2)*x~(1/2))/(cx(-d)~(1/2)+e~(1/2)) / (1+c*x~(1/2))) /d~3-1/2xb*c~3/d/x" (1/2)
+bxcxe/d~2/x~(1/2)

Rubi [A]

time = 0.64, antiderivative size = 506, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 24, number of rules used = 13, integrand size = 23, integrand size — 0.565,

Rules used = {46, 1607, 6129, 6037, 331, 212, 6139, 6031, 6191, 6057, 2449, 2352, 2497}

(VA EVET) N ([ u(VEE-VEVE) (. (VTVEVE)
) TP W (R I Y (R
TA)) | bt () o sbind (o0F) | acigt) it (F) e ensit 7)1~ ) el o) stied) | sied)

= e

2ig () b (7 i ) et ) s W) | b e
M El 2WVT & @ o 3 @ il @VE 6

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt([x]])/(x"3*(d + e*x)),x]

[Out] -1/6%(bxc)/(d*x~(3/2)) - (bxc~3)/(2*d*Sqrt[x]) + (bxc*e)/(d"2xSqrt([x]) + (b

xc~4xArcTanh [c*Sqrt [x]])/(2xd) - (b*c"2xexArcTanh[c*Sqrt([x]])/d"2 - (a + bx*
ArcTanh[c*Sqrt[x]])/(2*%d*x"2) + (e*(a + b*ArcTanh[c*Sqrt[x]]))/(d"2*x) + (2
*xe"2%(a + bxArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/d"3 - (e"2x(a + b*A
rcTanh [c*xSqrt [x]])*Log[(2*c*(Sqrt [-d] - Sqrt[e]l*Sqrt([x]))/((c*Sqrt[-d] - Sq
rt[el)*(1 + cxSqrt[x]))])/d"3 - (e"2*(a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*(S
qrt[-d] + Sqrt[e]l*Sqrt([x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]))]1)/d"3

+ (axe”2xLog[x])/d"3 - (b*e"2*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d"3 + (bxe
~2*PolyLog[2, 1 - (2*c*(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrt[e]
)*(1 + c*Sqrt[x]))]1)/(2%d"3) + (b*e~2*PolyLog[2, 1 - (2%c*(Sqrt[-d] + Sqrtl[
el *Sqrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2*d"3) - (b*e~2*Po
lyLog[2, -(c*Sqrt[x])])/d"3 + (b*e~2+PolyLog[2, c*Sqrt[x]])/d"~3

Rule 46

d?a
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Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n+ 2, 0)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 331

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (@ + Dx*x((a + bxx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)
+ 1)/(a*c™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 1607

Int[(u_.)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2497

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%

PolyQ[Pq, x] &% RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 6031

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b/2)*PolyLog[2, (-c)*x], x] + Simp[(b/2)*PolyLogl[2, c*x], x]) /
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; FreeQ[{a, b, c}, x]

Rule 6037

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m
+ 1)), Int[x"(m + n)*((a + bxArcTanh[c*x"n])~(p - 1)/(1 - c™2*x~(2%n))), x]
, x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1]
&& IntegerQ[m])) && NeQ[m, -1]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d)) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]1/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]1/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/((cxd + e)*(1 + c*x)))]1/(1 - c~2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x1) /; FreeQl{a, b, c, d,

e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6129

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] - Dist[e/(d*£72), Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + exx~2
)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*(x_)"(m_.))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]

)

Rule 6191

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((£f_.)*(x_))"(m_.)*((d_) + (e
_I)*x(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)"p, (f*x)"m*x(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul]] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQLg, 0] || IntegerQ[m])

Rubi steps
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a+btanh™ (cy/z') a + btanh™*(cx)
=2
/ Bd T ex) dx = 2Subst (/ R dr,z, \/37)
a + btanh™'(cx)
=2
Subst (/ (A1 e dz,z,\/T
2Subst ( i “ertaz—};_l(w) dz,z,\/T ) (2e)Subst < i a+£3t21nfe;2()cx) dz,z,\/T )
B d d
_ a+btanh (ev@) (bc)Subst <f e 4T, T, f) (2e)Subst (f
2dx? + 2d
B be a+btanh™' (cv/z') e(a+btanh™ (cv/z)) (bc ) Subst <f
6dx3/2 2dx? + dz
_ be bc? N bce a+btanh™' (cv/z') N e(a+btanh™" (cy/z)
6dc3?  2dv/z | @z 2dz? Pz
. be bc? N bee N be*tanh™ (cv/z')  bcetanh™' (cv/z') @
© 6dz3?  2d/z A2z 2d d?
_ be bc? N bee N be*tanh™' (cv/z')  bcPetanh™' (cv/z') @
© 6dz3? 2z @ d2\x 2d d?
_ be bc? N bee N bettanh™ (cv/z')  bcetanh™' (cv/z') @
©6dz3? 2z A2\ 2d d?
. be bc? N bee N be*tanh™' (cv/z')  bcetanh™' (cv/z') @
© 6dz3?  2d/z A2\ 2d d?
. be bc? N bee N be*tanh™' (cv/z')  bcPetanh ™' (cv/z') @
© 6dz3?  2d/z &2\ 2d d?

Mathematica [A]

time = 1.83, size = 394, normalized size = 0.78

og(d+ ex) + b YT (d-+ 36 — Ger) — Stanh ™ (evF) (d(-1-+ ) (0 + e

2t () 80 (1 - ) s a2 ) 450ttt () (b F) 10 (1 S22 ) g st

sssss
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Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(d + e*x)),x]

[Out] -1/6%(3*a*d”2 - 6xaxd*e*xx - 6xa*xe”2*x"2xLog[x] + 6*axe”2xx"2*Logl[d + e*x] +
bx (c*d*Sqrt [x]*(d + 3*c™2*d*x - 6%e*xx) - 3xArcTanh[cxSqrt[x]]*(d*x(-1 + c~2
*xx)*(d + c”2xd*x - 2%e*xx) + 2%e”2xx"2xArcTanh[c*Sqrt[x]] + 4*e~2*x"2*Logl[1
- E7(-2%ArcTanh[c*Sqrt[x]])]) + 6%e~2xx"2%PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x
11)] + 3*e~2%x"2%(2*ArcTanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt[x]] + Log[l + ((c~2

*d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”2*%d - 2xcxSqrt[-d]l*Sqrt[e] - e)] + Log

[1 + ((c™2%d + e)*E~ (2*ArcTanh[c*Sqrt[x]]))/(c"2xd + 2xcxSqrt[-d]*Sqrt[e] -

e)]) + PolyLogl[2, -(((c™2%d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c™2*xd - 2*c*Sq
rt[-d]*Sqrt[e] - e))] + PolyLogl[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))
/(c”2xd + 2*cxSqrt[-d]*Sqrtle] - e))]1)))/(d"3*x"2)

Maple [A]
time = 0.65, size = 808, normalized size = 1.60

method result
. . .. 4 b a be bln(l—i—cv.’L‘ )e bln(cy/il? —1)e ae?In(cex+c2d)
derivativedivides | 2¢* | — — + - + — +
3 42 22 22 4 713
12d 3z 2 4dctx 2c3d2+/ 1 4c?d 4c?d 2ctd
default 904 | — b _ a be _ bln<1+0\/$ )e n bln(cy/l’ —1)e _ ae?In(c?ex+c2d) n
clat ¢ 12d 3z 4dcz? 263d2+/ 1 4c2d? 4c2d? 2c4d3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(e*x+d) ,x,method=_RETURNVERBOSE)

[Out] 2*xc~4*(1/2*b/c”4*arctanh(cxx~(1/2))/d"2*xe/x-1/12*xb/d/c"3/x~(3/2)-1/4*a/d/c”
4/x"2+1/2xb/c"3/d"2/x"(1/2) *e-1/4xb*arctanh(c*x~(1/2))/d/c"4/x"2-1/4*xb/c"2/
d~2*1n(1+c*x~(1/2) ) *e+1/4%b/c~2/d"2*1n(c*x~(1/2)-1) *e-1/2%b/c~4/d"3*e~2*dil
og(1+c*x~(1/2))-1/2%b/c"4/d"3%e"2*dilog(c*x~(1/2))-1/4%b/c"4/d"3*xe~2*dilog(
(c*x(-d*xe)~(1/2)-ex(1+c*x~(1/2))+e) /(cx(-d*e)~(1/2)+e))-1/4%b/c"4/d"3*e~2*di
log((cx(-d*e) ~(1/2)+e*x(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))+1/4%b/c"4/d"3%e”
2xdilog((cx(-d*e) ~(1/2)-ex(c*x~(1/2)-1)-e) /(cx(-d*e)~(1/2)-e))+1/4%b/c"4/d~
3xe"2*dilog((cx(-dxe) ~(1/2)+e*x(cxx~(1/2)-1)+e)/(c*x(-d*e)~(1/2)+e))-1/2%a/c”
4xe~2/d"3*1n(c"2*exx+c”2*d)+a/c"4/d"3*e"2x1n(c*x~ (1/2))+1/2*a/c~4/d"2*e/x+1
/8%b/d*x1n(1+c*xx~(1/2))-1/8*b/d*1n(c*x~(1/2)-1)-1/4xb/d/c/x"(1/2)-1/2*%b/c"4x*
arctanh(c*x~(1/2))*e”2/d"3*1n(c”2*e*x+c~2*xd) +b/c 4*arctanh (c*x~(1/2))/d"3*e
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~2x1n(c*x~(1/2))-1/2%b/c”4/d"3*e " 2*1n(c*x~ (1/2) )*1n(1+c*x~(1/2))+1/4%b/c"4/
d"3*e"2x1n(1+c*x~(1/2) ) *1n(c"2*xe*xx+c”2*%d)-1/4*b/c”4/d"3*e”2*1n (1+c*xx~(1/2))
*1n((cx(—d*e) " (1/2)-ex(1+cxx~(1/2))+e) /(cx(-d*e) " (1/2)+e))-1/4xb/c"4/d"3*e”
2%1n(1+c*x~(1/2) ) *1n((c*(-d*e) " (1/2)+ex(1+c*x~(1/2))-e) /(c*(-d*e) ~(1/2)-e))
-1/4%b/c”4/d"3*xe"2x1n(c*x~ (1/2)-1) *1n(c~2*e*xx+c~2*%d)+1/4%b/c”4/d"3*e”~2*x1n(c
*x~(1/2)-1)*1n((c*x(-d*e) "~ (1/2)-e*(c*x~(1/2)-1)-e) /(c*x(-d*e) "~ (1/2)-e) ) +1/4%b
/c”4/d"3*%e"2*1n(cxx” (1/2)-1)*1n((c* (-d*e) " (1/2)+ex(c*xx~(1/2)-1)+e) / (c* (-d*e
)" (1/2)+e)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="maxima")

[Out] -1/2%ax(2%e"2xlog(x*e + d)/d~3 - 2¥xe"2*xlog(x)/d"3 - (2*x*e - d)/(d"2*x"2))
+ bxintegrate(1/2*log(c*sqrt(x) + 1)/((x~(7/2)*e + d*x~(5/2))*sqrt(x)), x)
- bxintegrate(1/2*log(-c*sqrt(x) + 1)/((x~(7/2)*e + d*x~(5/2))*sqrt(x)), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~3/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(x"4xe + d*x~3), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**(1/2)))/x**3/(e*x+d) ,x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x~(1/2)))/x~3/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/a—i—batanh(cﬁ) p
T

z3 (d+ex)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x~(1/2)))/(x"3*%(d + e*x)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x"3*%(d + e*x)), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):

327

except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation

329

4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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